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IMPROVED SAMPLING OF CONFIGURATION SPACE OF BIOMOLECULES
USING SHADOW HYBRID MONTE CARLO

Abstract

by
Scott S. Hampton

Sampling the configuration space of complex biological molecules is an important
and formidable problem. One major difficulty is the high dimensionality of this space,
roughly 3N, with the number of atomgv typically in the thousands. This thesis in-
troduces shadow hybrid Monte Carlo (SHMC), a propagator through phase space that
enhances the scaling of sampling with space dimensionality. SHMC is a biased variation
on the hybrid Monte Carlo algorithm (HMC) that uses an approximation to the modified
Hamiltonian to sample more efficiently through phase space. The overhead introduced
is modest in terms of time, involving only dot products of the history of positions and
momenta generated by the integrator. We present the derivation of SHMC, along with:
proof that it preserves microscopic reversibility; analysis of the asymptotic speedup of
SHMC over HMC, which is shown to b€ (N'/*) when using Verlet integrators; and

results evaluating correctness and efficiency.
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CHAPTER 1

INTRODUCTION

The sampling of the configuration space of complex biological molecules is an im-
portant and formidable problem. One major difficulty is the high dimensionality of this
space, roughly /N, with the number of atom#/ typically in the thousands. Other dif-
ficulties include the presence of multiple time and length scales, and the rugged energy
hyper-surfaces that make trapping in local minima common, cf. [2]. This thesis intro-
duces the shadow Hybrid Monte Carlo (SHMC), a propagator through phasé gpatce
enhances the scaling of sampling with space dimensionality.

Sampling of configuration space can be done with Markov chain Monte Carlo meth-
ods (MC) or using molecular dynamics (MD). MC methods are rigorous sampling tech-
niques. However, their application for sampling large biological molecules is limited
because of the difficulty of specifying good moves for dense systems [4] and the large
cost of computing the long range electrostatic energy, cf. [31, p. 380]. In addition, MC
methods are usually limited to single particle perturbations in order to keep the probability
of accepting a move feasible. MD, on the other hand, can be readily applied. It enables
relatively large steps in phase space and allows global updates of all the positions and
momenta in the system. Nevertheless, the numerical implementation of MD introduces a
bias due to the finite step size in the numerical integrator used to solve the equations of

motion.

Phase space is@V-dimensional hyper-space whe3#&’ dimensions correspond to the positions and
3N dimensions correspond to the momenta for a system pérticles.



Hybrid Monte Carlo (HMC), introduced in [8], uses MD to generate a global MC
move and then uses a technique known as the Metropolis criterion to accept or reject the
move. HMC rigorously samples the canonfcdistribution and eliminates the bias of
MD due to finite step size. As we will see in Chapter 2, it is sufficient that the numerical
integrator for MD be reversible and preserve volume in phase space to ensure detailed
balance.

Unfortunately, the rejection rate of HMC increases exponentially with the system size
N due to fluctuations in the energy introduced by the numerical integrator, cf. [6, 16].
The fluctuations can be reduced by using higher order integrators for the MD step, as was
attempted for lattice-gauge simulations in [7]. Unfortunately, higher order integrators
are not an efficient alternative for MD for two reasons. First, because the evaluation of
the force is very expensive, and these integrators typically require more than one force
evaluation per step. Second, because the higher accuracy in the trajectories is not needed
in MD, where statistical errors and errors in the force evaluation are very large.

SHMC is a biased variation on HMC, which uses a smooth approximation to the
shadow Hamiltonian to sample more efficiently through phase space. The shadow Hamil-
tonian is exactly conserved by the numerical integrator, and a cheap and arbitrarily ac-
curate approximation has been proposed in [33]. SHMC samples a non-canonical distri-
bution defined by high order approximations to the shadow Hamiltonian, which greatly
increases the acceptance rate of the method. A reweighting of the observable to be sam-
pled is performed in order to obtain proper canonical averages, thus eliminating the bias
introduced by the shadow Hamiltonian. The overhead introduced by the method is mod-
est in terms of time, involving only dot products of the history of positions and momenta
generated by the integrator. There is moderate extra storage needed to maintain this his-

tory.

2The canonical ensemble can be thought of as a probability distribution function for configuration space
where the number of atoms, volume and temperature are all held constant.



We present the derivation of SHMC, along with: (i) a proof that it preserves micro-
scopic reversibility, which makes it a rigorous sampling method; (ii) an analysis of the
asymptotic speedup of SHMC over HMC, which is shown to(ieV'/*) when using
Verlet/leapfrog or r-RESPA/Impulse as the integrator; (iii) and results of evaluating cor-
rectness and efficiency of sampling in a number of molecular systems: butane, decalanine,
and BPTI, ranging in size from 4 to 1,101 atoms. We evaluate correctness by comput-
ing: (i) the average torsion energy for butane and (ii) the average potential energy for
decalanine and BPTI. We evaluate efficiency of sampling for the molecular systems by
computing the computer time per new conformation visited. We also show the acceptance

rate and the number of new conformations discovered per simulation.

1.1 Sampling problem

The problem of sampling can be thought of as estimating expectation values for a
function A(I") with respect to a probability distribution function (p.d.f()l"), wherel" is
a state variabl€ = {v1,72, ..., 7.}, andy; = (z;, p;), wherex; are positions ang; the

momenta for theé' atom. For the case of continuous components, of

(A(T)), = /A(F)p(F)dF. (1.1)

Examples of observableswhose averages we may want to compute include potential
energy, pressure, free energy, and distribution of solvent molecules in vacancies[14]. For
the sampling of configuration space of biological molecutetypically corresponds to a

constant temperatufe and volumel” ensemble (canonical ensemble),

pxvr(I) oc exp(=H(I')/(ksT)), (1.2)

whereH is the Hamiltonian or total energy of the system &pds Boltzmann’s constant.

Even better, because it can be compared to experiments, is the cAnstahpressur®’



ensemble

pxer (L, V) oc exp(=(H(T) + PV) /(ksT)), (1.3)

where the volume can fluctuate< V' < 400, and the positions belong to a box scaled
to have voluméd’/. The momenta of the systepnare typically drawn from a well known

distribution, such as a Gaussian.

1.2 Results and contributions of this thesis

This thesis contains the derivation and proof that SHMC is a rigorous sampling method.
It is also shown that SHMC has an asymptotic speedup6f) over HMC. An approxi-
mation to SHMC, denoted SHMC*, has been implemented and tested. SHMC* is nearly
equivalent to SHMC in the limit thatapproaches 0. SHMC* maintains many of the per-
formance characteristics of SHMC but is simpler to implement. Several small molecules
and simple protein systems have been tested. A nearly 8-fold speedup is observed in the
efficiency of sampling of SHMC* for a system containing 1101 atoms. We analytically
predict speedups over HMC approaching an order of magnitude for typically sized pro-
teins of 10 - 30 thousand atoms. Experimental data shows evidence of this to be true.
Bias was not detected in the computation of the average torsion energybiaiane,
which was verified analytically, nor in the average potential energy for decalanine and
BPTI. In addition, several metrics have been extended for determining the efficiency of

sampling for biomolecular systems.



CHAPTER 2

DERIVATION OF SHADOW HYBRID MONTE CARLO

We first present the fundamental sampling methods MD, MC, and HMC. Next, we
introduce SHMC by showing its derivation along with a proof that it satisfies microscopic
reversibility. This chapter is concluded with a discussion of the theoretical performance

of SHMC.

2.1 Molecular dynamics as a sampling method

As previously mentioned, MD is an important sampling method for biomolecules. It
can be readily applied as long as one has a “force field” description of all the atoms and
interactions among atoms in a molecule. MD finds changes over time in conformations of
the molecule (semi-stable geometric configurations, to be defined more precisely later).

MD typically solves Newton’s equations of motion, a Hamiltonian system of equa-

tions,
. 0 I
['(t) = JHr(T'(2)), J = , (2.1)
—I 0
wherel = (z, p), with a Hamiltonian
1
H(z,p) = 5p" M'p+ U(x), (2.2)

where) is a diagonal matrix of massds(x) is the potential energy of the system, and



p = M. Atypical form of U(x) for biological molecules is

U — Ubonded + U'11011—13011d(3d7 (23)

bonded __ bond angle dihedral improper
U = ybend 4 granele 4 7 +U ,

Unonf bonded

Uelectrostatic + ULennardeones

Equation (2.1) can be rewritten as

B(t)=M""p(t),  p(t) = F(x(t)), (2.4)

where F'(x(t)) are conservative forces and are defined to be the negative gradient of the
potential energy;-VU ().

Numerical integrators for MD generate a solutidh~ I'(ndt), wheredt is the step
size or time step used in the discretization. It should be noted'thet only an approx-
imation toI'(ndt). Higher order integrators help to reduce the error. Typical integrators
can be expressed as

[ = (), (2.5)

such that the values at time stepr 1 are a function of the values at time steplin this
work we will use the common Verlet or leapfrog discretization of Equation (2.4), which

using the form expressed above can be written as:

1
g"t = 2" 4 6tM " — §5t2M_1F($”), (2.6)
1
ptt o= pt - 5(51& (F(z") + F(z")) .
If the system is ergodic (defined below), modifications to the equations of motion for

MD can give the correct averages for sampling framr, as for example Nasthermo-

stat methods (cf. [3] ), or fromypr, Such as the Langevin piston method (cf. [10]).



In any case, the use of a finite time stépntroduces a bias in the estimate of samples
using MD. Also, given the presence of many local minima and energy barriers in typical
force fields to describ& (z) and F'(z), MD can get easily trapped. Furthermore, there
are indications that low frequency correlations are under sampled in MD simulations of

biological macromolecules [5].

2.2 Monte Carlo Markov chain

We explore next the possibility of using Monte Carlo methods, which are rigorous
sampling methods, and also use stochasticity to avoid trapping. We can sample from
px(z), the desired probability density function (p.d.f.) for configuration space, by simu-
lating a Monte Carlo Markov Chain, where moves are generated accordpm@:tor),
the conditional p.d.f. for the new configuratiofi given that the previous configuration
is X = z. This is implemented as Algorithm 1. Hasting (1970, as quoted in [26, p. 137])
introduced this generalization of Metropolis Monte Carlo to non-symmetric proposal dis-

tributions.

Algorithm 1 HASTINGS MARKOV CHAIN MONTE CARLO
GivenX :

(1) GenerateX’

(2) AcceptX’ with probability

min{l px(X’)ps(XlX’)}
" (X)) ps(X7]X)

(3) If rejected, choos«'.

Definition 1. For Metropolis MC, detailed balance means that the proposal distribution
is symmetricps(x|z") = ps(2'|z).

Definition 2. In general, microscopic reversibility means thatz|z') p, (2) ps (2| ) px (),
cf. [1, p. 116].

Convergence of a Markov Chain requires (1) ergodicity—except for a set of measure

zero of initial configurations, all configurations are reached arbitrarily closely infinitely

7



often; and (2) thap(z) does not vary with time, i.e. stationary. For an ergodic chain there
can only be one stationary p.d.f.

Proposition 1. Microscopic reversibility implieg, (=) is stationary.

Proof. If p,(z) is the p.d.f. forX, then the p.d.f. forX” is

o) = / o)) pr () = / o) pe(a )z = pi(a),

sincep(z'|z) is a p.d.f. with respect to. |

Proposition 2. Algorithm 1 satisfies microscopic reversibility.

Proof. Enough to show it for’ # x :
p($/|x) = min {1’ M} ps(x"l-)
X

Then
p(2'|2) px(x) = min {ps(2'[2) po (), ps(x]2") px(2) } ,

which is clearly symmetric in andx’. [ |

2.3 Hybrid Monte Carlo (HMC)

MD and MC complement each other in their ability to explore phase space: MD can
take long steps in phase space, whereas MC can exhibit random walk behavior. How-
ever, MC can escape more easily from local minima due to the stochasticity built into the
method, plus the rejection step makes it exact. Hybrid Monte Carlo (HMC) combines the
long steps in phase space of an MD trajectory, with an MC step that introduces stochastic-
ity and also eliminates inaccuracies due to finite time step and other numerical artifacts.

See Algorithm 2.



Let

Wy
U =
vy
be an MD integrator,
T
"}/ =
p
be a point in phase space, and
X
I =
P

be the set of all points in phase space. Assume that the integrator is volume preserving,

det ¥'(y) = 1, and reversiblel ' (y) = R¥(R~), where

R:

Algorithm 2 Hybrid Monte Carlo (HMC)
GivenX :

(1) Generate” from p,(p)

2 X' =V¥(X,P)

(3) AcceptX’ with probability

wherep(X, P) = px(z)pp(p)
(4) If rejected, choos&'.

Proposition 3. HMC satisfies microscopic reversibility in configuration space.

Proof. It is sufficient to consider’ # x. Microscopic reversibility here means that the
probability of transition from somewhere in a regignto a regionB of configuration

space is the same as that of the reverse transition (cf. [26, p. 43]).



Let 745 be the probability ofX' € A andX’ € B, assumingX has p.d.f.p,(x). Then

4B = / / p(a'|2)py ()da’daz.

It suffices to show that 45 = 754 for arbitrary AN B = ¢. Now,

Tap = //1A(x)13(\111(x,p))min{1, %}pp(p)px(x)dpdx,

wherel 4 and1g are indicator, or characteristic, functions. Then,

man= [ [ 1a@)1a(0(r.p)) min {p(o. ). o0 p) b dpde. @17

It is enough to show that Equation (2.7) satisfiess = m4p. Replacing(x,p) by

U~(z,p) = RY(z, —p), we obtain

Tap = / / 14(Wy (2, —p)) L () min {p(RY (. —p). p(z, )} dpd.

Replacingp by —p, flipping limits, and using evenness pfwe derive:

Tap = / / 14(W, (2, p)) Lp () min {p(¥ (x p). plcz, p)} dpdzc = .

[ |
Remark 1. Randomp and coupling ofr to p imply that HMC is ergodic. In practice,
people believe that MD of biological molecules is ergodic as well.

2.4 Shadow hybrid Monte Carlo (SHMC)

We will see soon that HMC's performance degrades wheor N grow. This is
related to the fluctuations in the energy, which increase witand N and cause an
extremely high rejection rate. Here we present a method that samples using a much
smoother energy function. In this generalization of HMC, we do sampling in all of phase

space as opposed to configuration space alone.

10



Let p™(z, p) be the modified target density of SHMC, where

pM(z,p) o exp (—BHM(z,p)) |

and

HM(z,p) = max {H(x,p) —c, Hs(x,p)} )

Here, H5(z, p) is the much smoother shadow Hamiltonian, defined in Section 3.3; and
is an arbitrary constant that limits the amount by wri¢his allowed to depart fror.

We also assume thatM(z, Rp) = HM(z, p).

Algorithm 3 Shadow Hybrid Monte Carlo (SHMC)

(1) MC Step:

Given X, generate” with p.d.f. o™ (X, p). For example, one may proceed as follows:
(a) Generate” having p.d.f.p,(p)
(b) Accept with probability

min {1, exp(—B(H3(T) + ¢ — H(D))}

(c) Repeat (1a) - (1b) unt is accepted.

(2) MD Step:

GivenI :
(@) I" = RY(T") (whereV nearly conserves(®)
(b) Acceptl” with probability

M1V
: pr (1)
{1 5
(c) If rejected, choosE.
(3) Reweighting Step:
Given{A,T'} , reweight observabld usingy(T")/p™(T") before computing averages.
For example, to obtain proper canonical distributions:

where the expected value 6f>""" , w; = 1, and

o — exp (—OH(L;))
©oexp (—AHM(TY))

11



Appropriate values for the constantare proposed next. Consider the probability
of acceptanceP,.. of the MC step 1(a) of Algorithm 3 a#{ departs fromH>. Let

AH = H® — H. There are two cases: £H > 0, thenc <0, and

1 if 0 < AH < —c,
Pacc - (28)

exp(—B(AH +¢)) if AH > —c.

Else, if AH < 0, thenc > 0, and

1 if —c<AH <O,
Pacc - (29)

exp(—B(AH +¢)) if AH < —c.

Negativec should be used whei® > H, and positivec when the opposite holds.
Experiments suggest that{ is predominantly positive in MD simulations. Two crite-
ria are also proposed to determine numerical values dthe first criterion bounds the
weightsw; from below or above, depending on the signXdf{. These weights are expo-
nentially proportional to the value @fH. The second determineghat yield acceptable
P,.. iIn the MC step. This can be obtained from a histogram\®f based on short MD
simulations, either at the beginning of the simulations, or periodically%f changes
significantly during exploration of phase space.

Suppose a maximum weight,,., o N is desired whem\’H > 0, and a minimum
weightw,,;, = 1/(e - N) whenAH < 0. Values ofc that satisfy these constraints on
average can be found from

Inw = —fe,

because the MD step of SHMC tends to reject moves whté > c. These values are

In N

c o Tandcoc In N

B
weight could also be chosen to balance the systematic and statistical error, for example.

whenAH > 0 andAH < 0, respectively. The bounds for the

12



Proposition 4. The MD step of SHMC satisfies microscopic reversibility.

Proof. Sufficient to considet/ £ ~. Let 745 be the probability of” € A andI” € B,

assumingd” has p.d.fp(v). Then

Tap = /A /B p(y' 1) (v)dy'dy.

It suffices to show that 45 = 754 for arbitrary AN B = ¢. Now,

Tap = //1A(7)1B(R‘11(7))min{1, p(fii;))}p(v)dv,

wherel 4, and1pz are indicator, or characteristic, functions, and then

an = / / 14()15(RU(7)) min {p(7), p(¥ (7))} dv.
Replacingy by U~!(v) = RU(R~), we get
Tan = / / 1(RU(RY))1s(Ry) min {p(R¥(Ry)), p(1)} .

Replacingy by R, we finally get:

TAB = //1A(RQJ(7))1B(7) min {p(y), p(¥ (7))} dy = 7pa.

Proposition 5. The MC step generates'(z, p).

Proof. According to Von Neumann (1951; as quoted in [1, p. 349)), this method gener-
ates a random number from an arbitrary complex distribution, which in this case is given
by

pM (@, p) = f()pp(p) min {1, exp (=B(H(y) + ¢ —H(7))) } -

13



Proposition 6. The MC step of SHMC satisfies microscopic reversibility.

Proof. Sincep™(z,p) andp(2’,p') are independent, the probabilities of going from
one to the other are clearly symmetric. [ |
Corollary 1. SHMC satisfies microscopic reversibility, since both the MD and MC steps
separately satisfy it.

2.5 Performance of SHMC

The cost of HMC as a function of system si¥eand time stept has been investigated

in [6]. HMC drives(X, P) towards an equilibrium with a coupled probability
p(X, P) = px(x)pp(p) o< exp(=H(7)).
Computing the expected values over this distribution, one finds that
<6Xp(—5H(xap))>p(x,P) =1, (2.10)
wheredH = H(z',p") — H(x, p). We take thdog of both sides of Equation (2.10):
log (exp(—6H(,p))) x.p) = 0-

Henceforth, we drop the parameters of the Hamiltofitaand the density. Sinceexp is

a convex function, we use Jensen’s inequality to write
(0H) >0, (2.11)

with equality possible only if the MD integratdr exactly conserves energy.

For smallyH, we expand Equatiof®2.10) up to a third order term,
1
(exp(dH)) = 1+ (H) + 3 (0H*) + O(6H*) =1,

and thus

(0H) = % (0H?) + O(6H?). (2.12)

14



For an MD integratof that isO(0t™) accurate, Equatiof2.12) becomes
(6H) = O(6t*™). (2.13)

We want to know the expected value of the probability of acceptance in HMC. Because
of Equation (2.11), updatingy variables together is expected to cause an increasg in

that is, positive)H. Thus the acceptance rate falls as
exp(—BNt*™). (2.14)

This equation means that to keep the acceptance rate constaninaseases, and for a
fixed 3, one needs to changeé oc N—1/(2m)
Let L be the MD trajectory length needed to produce an uncorrelated sample. Assum-

ing L is fixed, the cost of producing uncorrelated samples increases as
T oo N + TS (2.15)

where N''/(2™) is the number of MD steps to achieve a trajectory of lengthi{{y<,. .
is the cost of each MD step, which depends on the cost of the force evaluation, and will
be anywhere fromO(N) for cutoff computation taO(N?) for all pairs evaluation, or
more typicallyO(N log N) for tree methods or FFT-based metho@§!<,., is the cost
of generatingP, basically the generation @(/N) random numbers from a Gaussian
distribution.

A similar argument can be made for the acceptance rate of SHMC, but now with

respect to the equilibrium p.d M. Thus,(6HM) = O(5t**), wherek is the order of the

shadow Hamiltoniart, and the cost of producing uncorrelated samples increases as

TN + T @210

C_step*

15



The asymptotic speedup of SHMC over HMC is given by the quotient of Equations
(2.15) and (2.16). Note th&fy\ie ) > Taltie, and Ty S, > Tt s.ep- I addition,
TR sepr TaiD stepr Taibosep: @NATHENE - have the same asymptotic complexity. Thus,
the speedup is given by the ratio

Nl/(2m) 1kem

Typical values ofV andk are given next, assuming that one is using the Verlet/leapfrog
or r-RESPA/Impulse, which is second order accurates 2. In this case the asymptotic
speedup of SHMC over HMC iss N'/4. These values are in good agreement with the
numerical results presented in the next section. There are implementations available of

the&th and24th order shadow Hamiltonians, hence the choicgé ef 8 andk = 24.

TABLE 2.1. ASYMPTOTIC SPEEDUP OF SHMC OVER HMC FOR INCREASING

| N [k=8[k=24] n |
10°] 37 | 49 |56
10'] 56 | 83 [10.0
10°| 87 | 140 [17.38
10°] 18.3 | 237 | 316
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CHAPTER 3

IMPLEMENTATION OF SHMC*

In the previous section, we derived a precise version of SHMC. However, we ini-
tially chose to implement an approximation to SHMC, denoted SHMC*. SHMC* differs
from exact SHMC by simplifying the MC step and eliminating the parametsym the
Metropolis acceptance step. This simplified version reduces the complexity of the code
and eases testing of the algorithm. At the same time, SHMC* is useful in determining the
proper values of that avoid damaging the variance of reweighted observables when using
SHMC. These minor changes enable a quicker implementation while providing similar

results.

3.1 SHMC*class

SHMC* was implemented in RoToMoL, a framework whose purpose is to aid in
the design and testing of molecular simulation algorithmsoRoMoL was built from
scratch using an object oriented (OO) approach. The framework is composed of the three
component layers shown in Figure 3.1.

The front-end and back-end layers deal mostly with setup and operation of the sim-
ulation. The middle layer contains the integrator hierarchy where SHMC* is actually
implemented. Figure 3.2 contains a very simplified version of the integrator hierarchy
of PROTOMOL written in a UML-like fashion. Only those classes relevant to the im-

plementation of SHMC* as an integrator have been included in the figirreT&M oL
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Component libfrontend

Framework I Middle Laye libintegrators

libbase, libtopology

Class Lib Back-end
ass Library ack-en libparallel, libforce

Figure 3.1. The component based design ROPOMOL. Image courtesy T. Matthey

[23].
contains many more integrators than those shown here. Likewise, instead of listing all
data members and methods, a representative set has been chodetedrator and
Standardintegrator classes form the basis for all integrators by defining a basic
implementation. Each integrator must have access to necessary data such as positions,
velocities, forces and energies. In addition, it is required that each integrator implement
arun() method. This method is called once per simulation step and is responsible for
integratingthe system.

However, both of these classes contain pure virtual functions. Since it is not pos-
sible to instantiate a class containing a pure virtual function, actual integrators must be
derived from these classes. The next level in the hierarchy differentiates between single
time stepping (STS) and multiple time stepping (MTS) integrators. STS integrators are
the most commonly used and involve a full force evaluation step during each cycle. MTS
integrators split the force evaluations among differing levels in order to reduce computa-
tion time. MTS integrators form a chain analogous to a set of ndstedloops. Each
“loop” is a MTS integrator except for the innermost one, which must be an STS integra-
tor. The forces are distributed among the differing levels of the chain such thHattiest
varying forces are evaluated most often andglosvestvarying forces are evaluated the
least. HMClntegrator ~andShadowHMClIntegrator  are not true MTS integrators

in the sense that they do not actuatijegratethe system, but rather they use a Metropolis
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criteria to determine system moves. However, they fit well into the MTS hierarchy be-
cause they require a STS integrator in the same way that MTS integrators do.

Much of the functionality of HMC and SHMC* is the same, so the clakadow-
HMClIntegrator  was implemented as a derived clas$HdiCintegrator . Only the
run() method and a few initialization items needed to be overloaded by SHMC*. This
exhibits the power of OO programming as well as the quality of the design of the integra-
tor hierarchy. The most obvious difference in the two methods is that SHMC* bases its
Metropolis acceptance on the change in the shadow eagtgyand not the change in the
total energyy’H. This design works well with the overall OO structure gfdroMoL and
produces very little overhead. Unlike HMC, which can use an existing STS integrator, the
internal MD integrator of SHMC* must be designed for calculating the shadow Hamilto-
nian. There are several structures of previous values that must be maintained as well as
the implementation of the formulas for calculating the shadow. In additiGrteam must
be propagated along with the integration of the system. This particular implementation
of the shadow Hamiltonian is built around Leapfrog, although there are other integrators
that could be used. As was the case with SHMC*/HMC, most of the existing structure
of Leapfroglntegrator was reusable s&hadowlLeapfroglntegrator was
created as a subclass.

For a shadow Hamiltonian of ordér(5t%*), k values of the positions, velocities and
(g-term must be available in addition to the current ones. For purposes of storage, we
need a data structure that supports inserting elements at both the “beginning” and at the
“end” as well as efficient random access to all of the elements. For these reasons, the
STL classDeque, a double ended queue, was chosen as the primary data structure to
hold the values. In order to calculaté®, k/2 previous values, the current values and
k/2 forward values are needed. When SHMC* starts a step, it first callserse()

method inShadowLeapfrogintegrator that runs the system backward& steps.
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Integrator

#myPositions : CoordinateBlock f
#myVelocities : CoordinateBlock|*
#myForces : CoordinateBlock *
#myEnergies : EnergyStructure *

+run(numTimesteps)

StandardIintegrator

+run(numTimesteps)
#doHalfKick()

#doDriftOrNextIntegrator()
#calculateForces()

T

STSIntegrator

-myTimestep : Real

#doDriftOrNextIntegrator()

Leapfrog

+doDrift()
+doHalfKick()
+doKickDoDrift()
+run()

ShadowLeapfrog

—prevPositions : Deque *
—prevVelocities : Deque *
—prevBetas : Deque *

—calculateShadow()

+run()

—updateBeta()

MTSiIntegrator

#myNextIntegrator : Standardintegrat

#myCycleLength : int

Dr *

#doDriftOrNextIntegrator()

HybridMC

-myOldPositions : CoordinateBlock *
-myOldTotalEnergy : Real

—acceptNewPositions()

—calcRandVelocity()
-returnToOldPositions()

+run()
—updatePositions()

ShadowHMC

+run()

Figure 3.2. A simplified version of the integrator hierarchy RoRPoMoL.
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This is valid since Leapfrog is a time-reversible integrator. After thisrain¢) method
is called as normal. Wheh/2 additional steps have executed, the value offtfieat ¢,
is available. At the end of. steps the shadow is only available for step- 2 so, k/2

additional steps must be run to be able to compute the shadow dt.step

3.2 SHMC* and HMC implementations

Algorithms 4 and 5 describe how HMC and SHMC* are implementedRa M oL

respectively.

Algorithm 4 Hybrid Monte Carlo Algorithm (HMC)
Given positionsX, and = 1/(kgT') wherekg is Boltzmann’s constant aridis the temperature:
(1) MC Step:
(a) Generate new random momeiitdrom a Gaussian distribution
(b) Generate MD trajectory length from uniform distribution[0.7 Ly, 1.3 Lg].
(2) MD Step:
Given time stepyt:
(a) Compute energ¥io (X, P)
(b) Run MD algorithm fom,,q = L/dt steps to produceX’, P’)
(c) Compute new energdit, (X', P’)
(d) Compute change in energ{ = H1 — Ho
(e) Choose a uniform random numberbetweer0, 1]
(f) Accept new positionsY” if r < exp(—B0H)
(9) If new positionsX' are rejected, restore old positioAs
(3) Sampling Step:
Compute observabld(z) at accepted positions.
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Algorithm 5 Approximate Shadow Hybrid Monte Carlo Algorithm (SHMC¥*)
Given positionsX, and = 1/(kgT') wherekg is Boltzmann’s constant aridis the temperature:
(1) MC Step:

(a) Generate new random momeiitdrom a Gaussian distribution

(b) Generate MD trajectory length from uniform distribution[0.7 Ly, 1.3 Lg].
(2) MD Step:

(a) Compute modified shadow enert}! (X, P)

(b) Run MD algorithm forL /4t steps to produceX’, P’)

(c) Compute new modified shadow enefy'(X’, P')

(d) Compute change in modified shadow enefggh! = HM — H}!

(e) Choose a uniform random numberbetween0, 1]

(f) Accept new positionsX” if r < exp(—BoHM)

(9) If new positionsX’ are rejected, restore old positioAs
(3) Sampling Step:

(a) Compute observablé(z) using accepted positions

(b) ReweightA(x) by H(z,p)/H*(x, p)).

3.3 Approximation to the modified Hamiltonian

The modified equations of a system of differential equations are exactly satisfied by
the approximate discrete solution of the numerical integrator used to solve them. These
equations are usually defined as an asymptotic expansion in powers of the discretization
time step. If the expansion is truncated, there is excellent agreement between the modified
equations and the discrete solution [13].

In the case of a Hamiltonian system,

V() = JHe(y(1), T = : (3.1)
~1 0

with a HamiltonianH(~), T' = (z,p), symplectic integrators conserve exactly (within
roundoff errors) a modified Hamiltonid’t. The integrator is symplectic iy JT ¥~ =

J. For short MD simulations (such as in HMCJ°* stays close to the true Hamiltonian,
cf. [30, p. 129-136]. Work by Skeel & Hardy [33] shows how to compute an arbitrarily

accurate approximation to the modified Hamiltonian integrated by symplectic integrators

22



based on splitting. The idea is to compute

H5, is the shadow Hamiltonian of ordet;, and is assembled froi copies of available
positions and momenta generated by the MD integration. It is also necessary to propagate

an extra degree of freedofmalong with the momenta. For example,
Hg(rn) — An72fwn72 _i_Anflf\nfl +Anfwn +An+1f\n+1 _'_An+2fwn+2’

where theA are diagonal matrices, ardd = (T', 3) generated by the integration. This

is basically a linear combination of trajectory information. By constructighjs exact

for quadratic Hamiltonians, which are very common in MD. Details can be found in the
original reference. The' order shadow}3, is currently implemented in our software.
Implementations of higher order shadow Hamiltonians (U39 will be made available

by Skeel & Hardy.

We reproduce here tHes order shadow as it is coded ilRBTOMOL:

1 2 19 5 13
5 (210A10 — =A1p — 2—10A14 + EA3° + ——Agy — 315A3,) (3.3)

Hs =55 7 105

If we define thei'” centered difference formula to Be . So, for examplejx? would

represent the"? centered difference of the positions:
oxl?l = xmH —ox™ 4 x" L (3.4)

Now, defineA;:

oxtl . spUIM — oxU! . splIM — 650 = j=0
Ay = (3.5)
oxl . splIM — oxU! . splIM = 5 #£0
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Finally, thes term propagated by Leapfrog is:

B = —6t(x" - F" 4 2U(x")), (3.6)

M is a diagonal matrix containing the mass of each atom. A superscript denotes values

at a different timestep where the current timestep is consideredito be
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CHAPTER 4

TESTING OF SHMC*

The goal for the testing of the approximate version of SHMC (SHMC*) was to deter-

mine the validity of the following hypotheses:

(H1) SHMC* samples with reasonable efficiency as the system size and the time step are
increased.

(H2) SHMC* has an asymptotic speedup over HM(BﬁN%).
(H3) The overhead of computing the shadow Hamiltonian is moderate.

(H4) Any bias introduced by sampling from the shadow Hamiltonian can be removed by
a reweighting of sampled values.

(H5) Any bias can be made negligible.

The first hypothesis is tested by varying the time step and system size. Slight per-
formance degradation is expected as the system size increases due to greater truncation
and round off error. Similarly, as the time step approaches the upper bound, set both by
instabilities in the MD integrator and the fastest motions of the system, performance will
be affected. However, we show that these effects are negligible for reasonable values.
More information on measuring efficiency of sampling can be found in Section 4.3.3.

In Section 2.5, it was proven that SHMC has an asymptotic speed@p]\ﬁﬁ) over
HMC. This analysis also applies to SHMC* and we find reasonably close scaling during
our testing. Using wall clock time and efficiency of sampling, our tests show that the

overhead for computing the shadow is small, although not negligible (3-10% overhead
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over HMC for typical method parameters). Several optimizations are being explored to
bring this overhead to about 1%, and are discussed as future work.

Section 2.4 shows that SHMC removes the bias introduced into the system by sam-
pling from the shadow Hamiltonian. SHMC* can also be expected to remove the bias.

Reweighted averages are nearly indistinguishable from correct estimates obtained from

HMC.

4.1 Testsystems

SHMC* was implemented and tested withir@roMoL [23], a generalized frame-
work for molecular simulations. SHMC* was tested on a variety of molecules from the
simple alkane:-butane with only 4 (united) atoms to a more complex solvated protein,
BPTI, with 1101 atoms. While-butane is a relatively simple molecule, it was specifi-
cally chosen because it has been previously well documented and many of the results can

be confirmed analytically [11]. Table 4.1 lists the test molecules and the corresponding

number of atoms.

TABLE 4.1. MOLECULES USED FOR TESTING SHMC

Molecule | Number of Atoms
n-butane 4
Decalaning 66

BPTI 1101

Testing was done on a Beowulf cluster [27] administered by the College of Chemistry
and Biochemistry at the University of Notre Dame. Each node contains 2 1.7 GHz Xeon

processors, 1 GB RDRAM, 40 GB HD and a Gigabit Ethernet card.
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4.2 Simulation parameters

In this section we discuss the parameters common to all of our simulations and then

describe those that are particular to the hybrid methods.

4.2.1 Common simulation parameters

Each simulation was run with similar input but there are some parameters, such as
time step, that must be tailored to the molecule being simulated. The parameters common

to all simulations are as follows:

¢ Random initial velocities at a temperature of 300 K

e Exclude 1-3 interactions, which ignores molecules connected by bonds and angles
when calculating non-bonded forces

e Center of mass motion is removed, to keep the center of mass fixed
e Periodic boundary conditions, except for butane, which is isolated

e Forces include angle, bond, Coulombic, dihedral, improper, and Lennard-Jones as
in Equation (2.3)

e Leapfrog is the MD integrator used in both HMC and SHMC*

e CHARMM 22 parameters for butane/alkanes [9] and proteins [21, 22] are used

The method for evaluating the electrostatic forces varied among molecules and was
determined using an automatic recommender system called MDSimAid [19]. MDSimAid
attempts to heuristically determine optimal parameters for the fast electrostatic force eval-
uation. Given input files containing positional and structural information, MDSimAid
will suggest a force evaluation method to use and it will also give the necessary param-
eters for use with RoToMoL. The remaining system options have been summarized in

Table 4.2.1.
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TABLE 4.2. SIMULATION PARAMETERS ACCORDING TO MOLECULE

| | n-Butane] Decalanine BPTI
timestep 4t (fs) 1,3,6,8|0.25,0.5,1,1.25,20.05,0.1,0.2,0.3, 0.4
Trajectory lengthl (fs) | 72, 630 20, 50, 80, 100 6, 12,18, 24
Electrostatics. Alg. none PME PME

4.2.2 HMC parameters

HMC has several parameters that affect its performance, including the random num-
ber generator, the integrator chosen for the molecular dynamics, the timétstpd
trajectory lengthl.

Because HMC is a stochastic method, the (pseudo)random number generator is an
essential component. During the course of a typical HMC stepTBM oL generates 36
uniform random numbers for every atom in the system. It could well happen that a long
simulation would exceed the period of the random number generator. Even worse than
exceeding the period are the effects of choosing a poorly designed generator. A common
family of random number generators are the linear congruential generators (LCG). In

these methods, a sequence is recursively defined as follows:

Zir1 = (azx; + ¢) mod M

a, ¢, andM must be chosen carefully to maximize performance [18, p. 41]. Even when
properly defined, this class of generators is still known to produce lattice structures instead
of random structures [31, p. 355]. Our implementation currently demsd48() , but
we are contemplating using a method with a longer period and better “randomness”.

Any time reversible and volume preserving integrator can be used for HMC. In SHMC
and SHMC?*, there is the additional constraint that it should be based on splitting to be
able to comput&{®. Our implementation uses the Verlet/leapfrog discretization shown in

Equation (2.7), which satisfies the constraints for both propagators.
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In order to compare the efficiency among different runs, it was decided to fix the
expected value of the trajectofy such thatF[L] = L,. In this way, direct comparisons
can be made between simulations with differént

The choices ofl, and ét have dramatic effects on performance of HMC, SHMC,
and SHMC*. L, should be long enough so that the longest correlation times of interest
are sampled during an MD step, and thus the random walk behavior of MC be avoided.
One way of approximating the correlation times in a molecular system is to compute the
normal modes through a linearization of the interaction forces of interest, and take the
maximum period,.. as a desirable value fdy,. Ideally, ¢ should also be no larger than
Tinin, @Nd thuSi,q4 = Tinax/Tmin- IN practice, however, numerical artifacts like instability
and resonance forég < 7, and Ly < Tax.

One way to bringd. closer tor,,., in HMC is to randomize:,,,. Based on suggestions
in [20], we choose a value of,,q from a distribution0.7 Ly /dt, 1.3L/dt], with §t fixed

by stability limits of Verlet/leapfrog.

4.3 Test metrics

We have implemented several techniques in order to test and gauge SHMC* against

similar methods.

4.3.1 Acceptance rate

One of the most convenient metrics to compare between HMC methods is the accep-
tance rate. If you recall Algorithm 4, at the end of a HMC step a Metropolis acceptance
check is made to determine if the current set of positions will be accepted or not. If
the change in energy is too high, then the new positions are rejected and we restore the
old positions. The ratio of accepted moves to total moves attempted is defined to be the

acceptance rate (AR).
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There is no direct relationship between the AR and the quality of the samples being
generated. For example, a simulation that alternates between exactly 2 points in phase
space can maintain perfect acceptance but is not generating characteristic data. However,
there is certainly a correlation between the AR and sample quality. Without an at least
moderately successful algorithm, we can not hope to explore phase space sufficiently.
What constitutes a good or bad AR depends on the problem at hand and is somewhat
subjective. We feel that the best AR is the one that samples configuration space more
quickly, cf. [31, p. 376]

If the samples generated by the propagator are sufficiently uncorrelated, then perfor-
mance of the algorithmc probability of acceptance cost of trial move. If the correla-
tion between samples and the cost per trial for two methods are roughly the same, such

as HMC and SHMC*, we would like the AR to be as high as possible.

4.3.2 Sampling rate

The AR is a start in determining the viability of a new sampling method, but it is not a
completely sufficient measure. What is needed is a metric that directly tests the sampling
ability of the algorithm. If there existed a method for counting the number of “new”
conformations, then sampling rate (SR) could be defined as the ratio of the number of
new conformations discovered to the number of possible conformations. A method that
discovered a new conformation at every step would have a 100% SR.

We extend a method presented in [17, 28] based on the dihedral angles in the system.
In this method, each dihedral angle is assigned a label based on its current value, usually
listed in radians from—, 7|. By studying the strings generated at the end of an MD step,
we can determine when a particular conformati@nfirst visited. Using this labeling

notation, we can calculate the rate at which new conformations are being generated.

1The strict definition of a conformation states ttaaty change in a dihedral angle constitutes a new
conformation. For purposes of sampling we denote a new conformation only when a dihedral angle moves
between local maxima.
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Figure 4.1. Define as the angle between the two planes formed from afanisc) and
(b, c,d).

Dihedral angle description

A dihedral angle occurs when, within a molecule, there are four atoms connected
linearly end-to-end. The first three atoms form a plane, as do the last three atoms. The
dihedral angle is the angle between the two pl&nas shown in Figure 4.1. The potential

energy for a single dihedral angle is defined in Equation (4.1).

Ui — ZZ A1+ cos(ni — 6). (.1)
Associated with each term in the potential energy for a dihedral afggdea force
constantf, a periodicityn, a phase-shii and a multiplicitym. Many dihedral angles are
defined withm = 1, but there are some that can only be constructed as a combination of
multiple terms. The dihedral angle formed from the central carbonsmitane in Figure

A.1lis a common example. For instance, Ryckaert and Bellemans [29] use an equation

2An alternate definition has the dihedral defined to be the angle between the normals to the two planes.
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Figure 4.2. A simple exampleos(20). Figure 4.3. A more complex exampl&<i"
for n-butane.

with m = 6 to accurately describe this dihedral:

Uth(¢) = 1.5105 — 1.1815 cos(¢) + 0.789 cos(2¢) — 1.27575 cos(3¢)  (4.2)

+0.3945 cos(4¢) — 0.23675 cos(5).

Example: Counting conformations

The functioncos(26) has been plotted in Figure 4.2. Notice how there are two wells
formed between the local maxima. Any randomly chosen valuerobist be located in
one of these two wells. Let us define the well betwiemn) asw,; and the well between
[7,27) aswy. Itis now possible to roughly describe the positiorfafsing the name of
the well it occupies.

For a more complex example | have graphed Equation (4.3), describing the dihedral
potential energy ofi-butane, from Figure 4.3. Although this equation has a multiplicity
of 6, notice that there are only 3 wells.

An obvious question to ask is how the parameters of the energy function, Equation
(4.1), affect the definition of the wells. The most important parameterbecause it

determines the maximum number of welfsdetermines the maximum height of a well,
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while ¢ literally shifts the graph. In the case where there is only one term describing
the energy, each root will either be at a maximum or a minimum value. Whes
greater than one, there will be local maxima and minima due to the summation of multiple
periodic terms. In general, the phase shift is usually @.ofThere are some dihedral
energy functions that have a zenoterm. In this case a constant term is added to the
function which changes the values of the maxima and minima, but not the graph itself. It
is safe to assume that at least one term will have a nonszdperiodicity is defined to be

a non-negative integer, but it is usually in the range 1-6.

Conformational search algorithm

We determine the conformation of a molecule by looking at the wells that its dihedral
angles occupy. Since there are not typically more than a few wells for each dihedral angle,
we can create a string of digits by numbering the wells. Once the wells are numbered,
it is then feasible to follow the progress of the system as it is simulated by watching the
changes in the strings being generated. When a new string is generated, the string is
stored along with the time at which it was generated. We now define sampling rate as
the rate at which new conformations are discovered. One feature of this method is that
it can be generalized to all dihedral angles. More importantly, it is independent of the
propagator used to actually generate new conformations. This method is justified by the
fact that once a dihedral angle is within the well formed between two local maxima, the
natural behavior of the angle is to approach the local minima.

As the number of atoms increases, the possible states of these strings increases expo-
nentially. Even a small protein such as BPTI has more than 2000 dihedral angles. The
majority of these contain hydrogen atoms and are immediately discounted from analysis
due to the fast motion of the hydrogen. Even so, there are still hundreds of dihedrals each

with multiple wells. With roughly 200 dihedrals from BPTI, say with 3 wells each, there
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would be a state space & different strings. In practice, there are many non-physical
states (e.g., overlapping configurations) and inaccessible states due to high local energy
barriers. The rugged nature of the energy hyper-surface can not be alleviated by a clever
propagator along the lines of SHMC, but requires methods such as potential smoothing
or multi-canonical ensembles[2]. A method to generate the dihedral strings has been

implemented in RoToMoL and is listed as Algorithm 6.

Algorithm 6 Method for generating strings used in determining the sampling rate.
Preprocessing:

(1). Remove dihedrals containing H and multiple terms, keeping essential dihedrals
(2). Find maxima of Equation (4.1) using its derivative

(3). If the phase shift is nonzero, shift the critical points accordingly

(4). Enumerate wells for essential dihedrals left from (1)

Matching:

(). Determine which well each essential dihedral occupies

(2). Formconformationstring based on wells of essential dihedrals

(3). Update counter and time step for conformation string

Currently, when doing this analysis, any dihedral that has multiplicity greater than
one is ignored. The reason these are ignored is that it is computationally non-trivial to
determine the roots of an arbitrary function. Recall Figure 4.3 where the formula for the
dihedral was of order 6, yet only 3 individual wells were formed. Now consider that there
might be many such essential dihedrals per biological molecule. This computation would
best be done in a preprocessing step for sets of dihedrals in a force field, and is left for

future work.

4.3.3 Sampling efficiency

We now have several tools to help in determining whether our new sampling method
is viable or not. What is needed now is a plan for comparing numbers across different
methods. If a particular algorithm samples extremely well, but is one hundred times more

computationally expensive than an existing algorithm, then it might not be a suitable
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solution. In order to determine this, define sampling efficiency as the (computational)
cost per new conformation. This value is calculated by dividing the running time of the

simulation by the number of conformations discovered,

Execution time (ET)
Unigue conformations (C)

Cost of sampling (CS¥- (4.3)

Obviously, comparisons of this value are only valid for simulations run on the same plat-
form and the same input. However, this is fair metric when comparing different sampling
methods, since it takes care of the overhead of more sophisticated trial moves, and any
other effects on the quality (or lack thereof, e.g., correlation) of samples produced by

different sampling techniques.

4.4 Observables

4.4.1 Average torsion energy

For n-butane, we are going to calculate the average totsimergy. This can be
obtained analytically at any temperatUrevheres = 1/kgT by
Sy UG () exp(—BU™" (6))do

Sy exp(—BU™ (¢))d¢

We compare the analytical resultAt= 300 K against averages obtained using HMC

(U (g)), = (4.4)

and SHMC*. We use the simple parameters for the butane dihedral in CHARMM 22:
UM () = 1.6(1 + cos(3¢ — 7)) + 0.6(1 + cos(¢ — 7)), (4.5)

whereU"(¢) has units ofkcal mol™" (1kcal mol™' = 4.1868 kJmol™'). Substitut-
ing Equation (4.5) into Equation (4.4), and evaluating this integral numerically fer

1/(kp300 K), wherekg = 0.00198719 kcal mol ' K~! we obtain

dih -1
(UM™(8)) 51 o0 sy = 0-628 48 keal mol ™. (4.6)

3Torsion energy is the term used to describe the energy of a dihedral angle.
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This expectation value is correct for butane because the torsion angle coordinate decou-
ples from the rest of the internal coordinates (bonds and angles), and the functional deter-

minant from Cartesian to internal motion is 1, cf. [11].

4.4.2 Average potential energy

For decalanine and BPTI, we calculate the average potential energy as listed in Equa-

tion (2.4). The potential for bonded interactions is described by a simple harmonic spring.
bond 1 — 2
U = gkp (Z5l =07, (4.7)

wherekp is Boltzmann’s constant;;; = z; — &; is the distance between atomandj,
and/ is the equilibrium bond length between the atanasd;j. The potential for angle

interactions is described by an angular bond between three atoms
angle 1 2
Uee = 51@4 (Oijr — 00)", (4.8)

wherek 4 is an angular force constamf;;, the current angle, ar) is the reference angle.
The potential for dihedral and improper forces was given in Equation (4.1). The potential

for an electrostatic pair-wise interaction is given by

. 1 qu,
Ug}ectrostatu: _ v1) 49
’ o 17 -

whereg, is a constant, angi andg; are the charges of atomsnd;. The potential for

the Lennard-Jones pair-wise interaction is

Lennard—Jones __ Aij _ Bij (4 10)

% - — 12 — 6
N |31 111

whereA;; > 0 andB;; > 0 are the LJ parameters for atornand;. Parameters for all of

these equations are taken from CHARMM 22.
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CHAPTER 5

RESULTS

In this chapter results and analysis from our simulations are given. In the first section
we describe the tests antbutane and show results of computing the average torsion

energy. The following sections describe the results for decalanine and BPTI respectively.

5.1 n-butane

We ran simulations of 4 united-atom butane (GHCH, — CH,—CHj3) using the dihe-
dral energy of Equation (4.5) and 3 bond and 2 angle parameters coming from CHARMM
22. The mass of CHis 15.035 u andCH, is 14.027 u. We ran 16 simulations of total
length1l4ns at7 = 300 K. We tested values for the expected MD trajectory length
Lo = {630 fs, 450 fs,234 fs, 72 fs}, where630 fs ~ 7,., for butane, using time steps
ot = {8 1s,6 fs, 3 fs, 1 fs}, wheres8 fs is close to the stability limit of leapfrog for butane.
The values computed from the simulations for the shortest and loigast shown in
Table 5.1

The error bar was estimated as twice the standard deviation computed using the block
averaging method of Flyvbjerg & Petersen as explained in [12, p. 530]. It can be seen
that all the values agree with the analytical result of Equatio®) . This indicates that
there is no bias in the methods. This is expected for HMC, but is what we want to show

for SHMC*.
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TABLE 5.1. EXPECTED VALUE OF THE TORSIONAL ENERGY/4" FOR n-
BUTANE

L=72fs
HMC SHMC*
ot (fs) | (UM™(¢)) | AR | (U™(¢)) | AR
1 | 0.64+0.02 | (100%)| 0.62£0.02 | (100%)

3 | 0.63:0.02 | (96%) | 0.62£0.02 | (100%)
6 | 0.62£0.02 | (79%) | 0.63£0.02 | (100%)
8 | 0.65:0.03 | (51%) | 0.65£0.08 | (99%)
L=630 fs
HMC SHMC*

ot (fs) | (U™(¢)) | AR [ (U™(¢)) | AR
1 [0.62£0.02 | (100%)| 0.64£0.02 | (100%)
0.63£0.02 | (96%) | 0.63+£0.02 | (100%)
0.63£0.02 | (79%) | 0.64£0.02 | (100%)
0.65+0.03 | (51%) | 0.67+0.02 | (99%)

(oc] eI NN

5.2 Decalanine

Figure 5.1 shows the acceptance rate of HMC and SHMC#.fer 100 on decalanine.

Here we see that the acceptance of HMC suffers severely as the timestep is increased.
SHMC?*, on the other hand, shows no sign of decay. Data for the remaining valdes of
can be found in Table A.2.1. For low valuesdsfthe percentages are virtually indistin-
guishable regardless df. However, by the timé: = 1.0 there is already a significant
decrease in acceptance for HMC even though this is not a particularly large timestep for
this system. By the timét = 2.0, it is apparent that SHMC* is much better at accepting
moves than HMC for this set of inputs.

As was stated in Section 4.3.2, the AR is only part of the picture. Figure 5.2 shows
the total number of new conformations discovered by HMC for decalanine.z3hes
displays the time ste¢ and they-axis is the MD lengthl.. The number of conforma-
tions decreases as increases. This is to be expected since the acceptance rate of HMC

decreases dramatically with increasing step size. In Figure 5.3, on the other hand, as
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Figure 5.1. Acceptance rate of HMC and SHMC* for decalanine.

increases, there appears to be a parabolic shape to the percentages. There are several hy-
potheses as to why this is happening. One possible reason is that SHMC* is getting into
a local minimum for which it is hard to get out of. The fact that there is similar behavior
across albt lends credence to this theory.

The decrease in the number of conformations in Figures 5.2 and 9.3yasws is
artificial due to the fact that the simulation length was fixed across all valués A L
increases, the number of HMC steps ( and hence the number of possible conformations )
must also decrease. For this reason Figures 5.2 and 5.3 were recalculated using percent-
ages of possible conformations instead of absolute numbers. Figures 5.4 corresponds to
5.2 as do Figures 5.5 and 5.3. It should be noted that the orderals been reversed
from the previous graphs in order to facilitate better viewing of the 3-dimensional bars.
There are two things to take from Figure 5.4. First/aacreases so does the percentage

of newly discovered conformations. This is not unexpected since a largees the MD

39



1200

Decalanine

r 11000

800

800

600

600

400 -

200 + 400

0.25
200

2 L (fs)

ot (fs)

Figure 5.2. Number of new conformations discovered by HMC for decalanine.
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Figure 5.3. Number of new conformations discovered by SHMC* for decalanine.
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Figure 5.4. Percentage of new conformations discovered by HMC for decalanine.

time to explore further from its starting position. The second observation is thaims

creases, the percentages are decreasing. Again, not totally unexpected due to the decrease
in the acceptance rate. Comparing this to Figure 5.5 we see the same general ftend as
increases. On the other hand, we do not see the decrease in conformations with increasing
ot. This is most likely due to the high acceptance rate of SHMC*. More successful moves
are apt to produce more conformations.

Figure 5.6 has the efficiency of sampling for decalanine of both SHMC* and HMC
plotted. There are four lines total with two lines for each method. The four lines corre-
spond to the shortest and longéstalues for this molecule. For the case whére- 20,

SHMC* is slightly more efficient for all but one of the first four points. In the fifth point,
however, it is apparent that HMC has begun to suffer due to its poor acceptance at this
large timestep. Wheh = 100, there is virtually no difference in efficiency between the

two methods for the first four points. Once again, HMC fails miserably as the timestep is
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Figure 5.5. Percentage of new conformations discovered by SHMC* for decalanine.

extended. Notice, also, for both valuesiothat there appears to be a parabolic shape to
the efficiency of HMC. This would imply that the optimal value of HMC for this molecule
lies somewhere between 1 and 1.25. | am sure that SHMC* would exhibit a similar curve
if we could extend the timestep further. Unfortunately, the fastest motions of decala-
nine and the limited accuracy in the Leapfrog integrator prevent further extension of the
timestep.

Even for the simple decalanine, SHMC* shows great speedup over the traditional
HMC. If we take the “best” values from both methods then we find a speedup of nearly

three:
Best efficiency HMC ~ 1.71

— = = 2.89
Best efficiency SHMC* (.59 s

Since SHMC* still appears to be decreasing as the timestep increases, we could assume

that the speedup is even larger.
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Figure 5.6. Cost per new conformation for SHMC* and HMC. Higher values denote
lower efficiency of sampling.

Figure 5.7 shows the percentage overhead for SHMC* vs HMC. As can be expected,
the runs that have the fewest numbengf; steps are those that have the highest overhead.
In general though, it appears that SHMC* maintains a small percentage overhead. One
particular run has an instance of HMC taking longer to complete than SHMC*. This is
most likely due to external factors.

Figure 5.8 shows the unweighted average potential energy (PE) for SHMC* and HMC
using the shortest and longest valued.ofSince there was little difference between the
two values ofL for HMC, L = 20 was chosen as the reference point. Along with the
average PE are plotted error bars corresponding to 2 standard deviations. As you can see
from the plot, SHMC* still produces values that are statistically correct.

Attempts at reweighting the SHMC* PE for decalanine were unsuccessful due to the
sometimes large differences between the total energy and the shadow energy. Once the
actual SHMC algorithm is implemented, the parametsill be used to keep these values

within reasonable ranges.
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Figure 5.7. Percentage overhead for SHMC vs HMC on decalanine.
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Figure 5.8. Average potential energy for decalanine ith 20.
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5.3 BPTI

Table 5.3 shows the acceptance rate of HMC and SHMC* for BPTI. While HMC has

already started to significantly degrade, SHMC* is still accepting nearly all moves.

TABLE 5.2. ACCEPTANCE RATE OF HMC AND SHMC* FOR BPTI

L=6 L=12 L=18 L=24

0t | HMC | SHMC* | HMC | SHMC* | HMC | SHMC* | HMC | SHMC*
0.05] 97.93| 98.18 | 97.13| 97.60 | 96.30| 97.15 | 97.20| 97.60
0.1 | 91.10| 98.23 | 95.50| 97.67 | 95.60| 97.90 | 95.20| 96.27
0.2 | 85.67| 98.10 | 89.60| 97.67 | 84.00f 96.45 | 84.93| 97.67
0.3 | 36.33| 98.23 | 61.30| 97.40 | 63.20| 97.30 | 58.33| 97.07
0.4 | 3.08 | 98.38 | 22.73| 97.73 | 22.70| 96.95 | 29.40| 97.00

Figure 5.9 shows the number of conformations discovered by HMC. Notice the cor-
relation in the decrease of discovered conformations as the time step increases. Figure
5.10 shows the same date for SHMC*. One interesting side effect of running SHMC* on
larger molecules is that the state space of the conformations is so large, nearly every move
produces a new conformation. This effect would lessen if we were to run the simulation
significantly longer.

Figure 5.11 has the efficiency of sampling for BPTI of both SHMC* and HMC plotted.
For bothL = 6 and L = 24 there is very little difference in efficiency between the two
methods for the first three values@f As was seen in Figure 5.6, SHMC* is clearly more
efficient time step increases. Again we see the same parabolic shape for the HMC graphs.
Clearly, the optimum value for SHMC* is much larger than that for HMC. Based on the
current graph, we see a speedup of approximately 3 for the sHoged approximately
8 for the longerL. It should be apparent that SHMC* is still decreasing, particularly for

the larger value of..
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Figure 5.9. Number of new conformations discovered by HMC for BPTI.
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Figure 5.10. Number of new conformations discovered by SHMC* for BPTI.
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Figure 5.11. Cost per new conformation for SHMC* and HMC. Higher values denote
lower efficiency of sampling.

Figure 5.12 shows the overhead of SHMC* for BPTI. There is significant overhead
for all time steps withinl. = 6, but this is to be expected since there are so few MD steps
nmqa. FOr the rest of the values df, the overhead is much more reasonable. There are
several values less than 1%.

Figure 5.13 shows the unweighted average potential energy (PE) for SHMC* and
HMC using the shortest and longest valued.0fAs in the previous example with decala-
nine, the average PE are plotted error bars corresponding to 2 standard deviations. The

values show that for larger molecules, the bias in SHMC* is even more negligible.

a7



BPTI

125

20

15

10

0.3
0.4 L (fs)

3t (fs)

Figure 5.12. Percentage overhead for SHMC vs HMC on BPTI.
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Figure 5.13. Average potential energy for BPTI with= 24.
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CHAPTER 6

SUMMARY AND FUTURE WORK

SHMC* has been shown to be an adequate approximation to the true SHMC method,
but an implementation of the rigorous version of SHMC has recently been completed.
The correct method will allow us to concentrate on optimizations since the goal of the
current implementation was proof-of-concept and not speed. One of our main objec-
tives with SHMC has been the sampling of large biomolecules, bt gsows we will
undoubtedly require higher order shadow Hamiltonians to maintain the current level of
competitiveness. ROTOMOL has been used as the test bed for SHMC, but before we re-
lease SHMC for public use, the code should be generalized so that a user could specify a
desired accuracy of the shadow Hamiltonian at runtime. This would allow users to decide
for themselves the cost/performance ratio that best suits their needs.

While not explored in this thesis, the combining of SHMC with other simulation tech-
niques, such as multiple time stepping (MTS) methods, has begun. Not directly related
to SHMC, but important nonetheless, is the recent implementation of the NPT ensemble
in PROTOMOL. This extension will aid in comparison with realistic experiments. Along
these same lines, we would like to see SHMC combined with methods sampling from
multi-canonical ensembles so that it can be used for large scale problems such as protein
folding [34] and conformational dynamics for drug design [32].

The current sampling metrics are another area for extension. All of the existing anal-

ysis was done by hand and tailored to the molecules tested herein. If this analysis could
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be generalized for all molecules, it would give users abPoMoL more leeway and

justification for deciding which method was most appropriate.
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APPENDIX A

SUPPLEMENTAL INFORMATION

A.1 Images of tested molecules

A.2 Simulation data

In this section | am listing the data used in the plots in Chapter 5 for reference.

A.2.1 Decalanine

TABLE A.1. ACCEPTANCE RATE OF HMC AND SHMC* FOR DECALANINE

L=20 L=50 L=80 L=100

ot | HMC | SHMC* | HMC | SHMC* | HMC | SHMC* | HMC | SHMC*
0.25] 98.96| 99.18 | 99.20| 99.25 | 98.96| 98.88 | 98.00| 99.50
0.5 |96.68| 99.26 | 96.40| 98.80 | 97.36| 99.04 | 97.10| 99.00
1.0 | 78.42| 98.84 | 76.95| 98.80 | 75.84| 98.08 | 78.00| 98.60
1.25| 61.50| 99.06 |59.60| 97.85 | 63.44| 98.40 | 50.50| 99.40
20| 6.28 | 98.74 | 6.20 | 99.15 | 6.56 | 97.92 | 3.70 | 97.90

A.2.2 BPTI

TABLE A.2. DATA FOR FIGURE 5.2

| Unique Conformations: HMC |

L\ét | 0.25| 05| 1.0|1.25| 2.0
20 | 618 | 758 | 640 | 422 | 158
50 | 655|525|515| 309 | 75
80 | 503 | 357|408 | 306 | 47
100 | 372 | 370|282 | 281 | 31
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Figure A.1. A 14-atomm-butane.

Figure A.2. A 66-atom decalanine.
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Figure A.3. An unsolvated BPTI with 882 atoms.

TABLE A.3. DATA FOR FIGURE 5.3

Unique Conformations: SHMC* \

L\ot

0.25

0.5

1.0

1.25

2.0

20

1123

531

840

840

1202

50

662

585

417

ar7

871

80

527

625

421

310

450

100

376

368

322

295

336
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TABLE A.4. DATA FOR FIGURE 5.4

| Percentage Conformations: HMC |

L\ot

0.25]| 0.5

1.0

1.25

2.0

20

0.37] 0.37

0.28

0.28

0.03

50

0.40| 0.29

0.33

0.24

0.04

80

0.33] 0.26

0.26

0.15

0.04

100

0.12] 0.15

0.13

0.08

0.03

TABLE A.5. DATA FOR FIGURE 5.5

\ Percentage Conformations: SHMCf

L\ot

0.25| 0.5

1.0

1.25

2.0

20

0.38] 0.37

0.32

0.30

0.34

50

0.42] 0.50

0.34

0.25

0.36

80

0.33] 0.29

0.21

0.24

0.44

100

0.22] 0.11

0.17

0.17

0.24

TABLE A.6. DATA FOR FIGURE 5.6

Seconds per Conformation

L\ét| 0.25| 0.5 | 1.0 | 1.25| 2.0

HMC 20 | 6.20 | 2.64|1.71|1.95| 3.49
100 | 9.93 | 5.06| 3.32| 2.70| 15.52

SHMC* | 20 | 3.63 |4.16| 1.41| 1.22| 0.59
100 | 10.05| 5.20| 3.08| 2.63| 1.49

TABLE A.7. DATA FOR FIGURE 5.7

| SHMC* Overhead versus HMC |

L\ot

0.25

0.5

1.0

1.25

2.0

20

6.58

10.66

7.95

24.48

29.53

50

4.71

2.81

-1.17

10.91

15.42

80

2.75

2.33

0.51

7.00

4.68

100

2.33

2.08

6.20

2.51

3.74
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TABLE A.8. DATA FOR FIGURE 5.8

HMC: Average Potential Energy

ot 0.25| 05 1.0 1.25 | 2.0
L=20]| 115.5| 116.4| 116.3| 115.5| 118.0
o 6.10 | 6.03 | 591 | 584 | 7.28
\ SHMC*: Average Potential Energy \
ot 0.25| 05 1.0 1.25 | 2.0
L=20]| 120.0| 115.0| 118.0| 117.50| 123.4
o 598 | 588 | 6.28| 6.15 | 6.75

TABLE A.9. DATA FOR FIGURE 5.9

Unique Conformations: HMC

L\ét | 0.05| 0.1 | 0.2 | 0.3 | 04
6 | 5876| 5826| 5140| 2180| 185
12 | 2914 2865| 2688 | 1839 | 682
18 | 1926|1912 | 1680| 1264 | 454
24 | 1458 | 1428 | 1274| 875 | 441

TABLE A.10. DATA FOR FIGURE 5.10

Unique Conformations: SHMC*

L\ét| 0.05| 0.1 | 0.2 | 0.3 | 04
6 | 5891|5894 | 5886| 5894 | 5903
12 | 2928 2930 2930| 2922 | 2932
18 | 1943| 1958 | 1929| 1946 | 1939
24 | 1464| 1444 | 1465| 1456| 1455

TABLE A.11. DATA FOR FIGURE 5.11

Seconds per Conformation

L\ét | 0.05 0.1 0.2 0.3 0.4
HMC 6 38.57 | 28.02 | 11.10| 25.19| 223.78

24 | 222.96| 114.62| 64.25| 62.60| 95.44
SHMC* | 6 50.06 | 30.85 | 11.95| 11.85| 9.40

24 | 223.46| 114.82| 57.84| 39.75| 30.86
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TABLE A.12. DATA FOR FIGURE 5.12

| SHMC* Overhead versus HMC |

L\ét | 005/ 0.1 | 0.2 | 0.3 | 0.4
6 |0.30|0.11|0.23| 0.27| 0.34
12 | 0.01] 0.03| 0.07| 0.12]| 0.17
18 | 0.00| 0.01| 0.02| 0.07| 0.10
24 |0.01| 0.01| 0.04| 0.06| 0.07

TABLE A.13. DATA FOR FIGURE 5.13

HMC: Average Potential Energy

ot 0.05 0.1 0.2 0.3 0.4

=24 | -1523.26| -1526.83| -1532.91| -1524.01| -1514.66

o 24.67 24.38 25.99 25.52 28.75
SHMC*: Average Potential Energy

ot 0.05 0.1 0.2 0.3 0.4

=24 | -1527.67| -1514.39| -1518.21| -1516.45| -1508.33

o 25.07 24.85 25.75 2491 26.21
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