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THE NOTION OF VERTEX OPERATOR COALGEBRA: A CONSTRUCTION
AND GEOMETRIC INTERPRETATION

Abstract

by

Keith Eugene Hubbard

The notion of vertex operator coalgebra is presented, which corresponds to the
family of correlation functions modeling one string propagating in space-time split-
ting into n strings in conformal field theory. Specifically, we describe the category
of geometric vertex operator coalgebras, whose objects have comultiplicative struc-
tures meromorphically induced by conformal equivalence classes of the worldsheets
swept out by propagating strings. We then show that this category is isomorphic
to the category of vertex operator coalgebras, which is defined in the language of
formal algebra with a generalized Jacobi-like identity. This notion is in some sense
dual to the notion of vertex operator algebra. We also prove that any vertex opera-
tor algebra equipped with a non-degenerate, Virasoro preserving, bilinear form gives
rise to a corresponding vertex operator coalgebra. Finally, we explicitly calculate
the vertex operator coalgebra structure and unique bilinear form for the Heisenberg

algebra case, which corresponds to considering free bosons in conformal field theory.



CONTENTS

ACKNOWLEDGMENTS . . . .. .. iv
CHAPTER 1: INTRODUCTION . . . ... .. o .. 1
CHAPTER 2: THE GEOMETRY OF SPHERES WITH TUBES . . . . . .. 5
2.1 Defining spheres with tubes . . . . . . ... ... D
2.2 Sewing spheres with tubes . . . . . . ... 00000 8

CHAPTER 3: CONFORMAL EQUIVALENCE ON SPHERES WITH TUBES 11

3.1  The moduli space of spheres with incoming tubes . . . . . . .. . .. 12
3.2 The moduli space of spheres with outgoing tubes . . . . . . . . . .. 15
3.3 Sewing moduli spaces of spheres with tubes . . . . . ... ... ... 21
3.4 A generating set for the moduli space of spheres with tubes . . . . . . 23
3.5 Expansions in terms of infinitesimal local coordinates . . . . . . . .. 24
3.6 The notions of K and K* . . . . . ... .. ... ... ........ 26

CHAPTER 4: OPERADIC INTERPRETATIONS OF THE MODULI

SPACE OF SPHERES WITH TUBES . . . .. ... ... ... .. .... 29
4.1 Basic definitions and motivating examples . . . . . . ... ... ... 30
4.2 The partial operad structure on K, the moduli space of spheres with
incoming tubes . . . .. ..o 36
4.3 The partial operad structure on, K*, the moduli space of spheres with
outgoing tubes . . . .. ..o 37
4.4 A partial operad isomorphism from K to K* . . . .. ... ... ... 40
4.5 Canonical representatives in K* under the sewing operation and the
Virasoro algebra . . . . . . . . ... 41
4.6 The linear functionals £7(z) . . . .. .. ... ... L. 49
CHAPTER 5: ALGEBRAIC PRELIMINARIES . . ... ... ... ..... 54
5.1 The é-function . . . . . . ... 54
5.2  Linear algebra on Z-graded vector spaces with finite-dimensional ho-
mogeneous subspaces . . . . .. ... 55

5.3 More on sewing identities in representations of the Virasoro algebra . 59

i



CHAPTER 6: GEOMETRIC VERTEX OPERATOR COALGEBRAS . . .. 60

6.1 The definition of a geometric vertex operator coalgebra . . . . . . .. 60
CHAPTER 7: VERTEX OPERATOR COALGEBRAS . .. ... ... ... 63
7.1 The definition of a vertex operator coalgebra . . . . . . . . . ... .. 63
7.2 Propertiesof VOCs . . . . . . . . . . 65
7.3 Rationality, associativity and commutativity . . . . . . .. .. .. .. 70

7.4 The Jacobi identity from rationality, commutativity and associativity 74

CHAPTER 8: AN ISOMORPHISM BETWEEN THE CATEGORIES OF

GVOCS AND VOCS . . . . . 75
8.1 A map from GVOCsto VOCs . . . . . . . ... ... ... .. .... 75
8.2 A map from VOCsto GVOCs . . . . . . .. .. ... ... .. .... 81
8.3 The categorical isomorphism between GVOCs and VOCs . . . . . . . 100
CHAPTER 9: A FAMILY OF EXAMPLES OF VOCS . . . . ... ... ... 103
9.1 The definition of a VOA . . . . . . . . . ... 103
9.2 A family of examples of VOCs . . . . . . . . .. ... L. 105
9.3 Vertex operator algebras and coalgebras associated with Heisenberg
algebras . . . .. 109

BIBLIOGRAPHY . . . . . . 117

il



ACKNOWLEDGMENTS

The author would like to thank his advisor, Katrina Barron, for her guidance
and encouragement throughout the research, writing and revising phases of this
dissertation. In addition, he would like to express thanks to Stephan Stolz and Bill
Dwyer for numerous helpful conversations. Discussions with Brian Hall, Haisheng
Li, Corbett Redden and Yi-Zhi Huang were also much appreciated. The author also
gratefully acknowledges the financial support of the Arthur J. Schmidt Foundation

and the loving support of his family. Finally, the author thanks the Lord.

v



CHAPTER 1

INTRODUCTION

In this thesis, we define the notion of a vertex operator coalgebra as motivated
through the geometry of conformal field theory. Specifically, after defining the cate-
gory whose objects are vertex operator coalgebras (VOCs), we show that this cate-
gory is isomorphic to the category whose objects are geometrically defined structures
called geometric vertex operator coalgebras (GVOCs). In addition, we will provide
a large family of examples of VOCs including VOCs generated by Heisenberg al-
gebras. The definition of a geometric vertex operator coalgebra is motivated in a
similar way to that of a geometric vertex operator algebra ([H1], [H2]) in that both
arise from the geometry underlying conformal field theory, specifically closed string
theory, in physics. Conceptually, string theory seeks to unify all the fundamental
forces in nature into a single theory by modeling particles as one-dimensional objects
(as opposed to point-particles) moving through space-time. These objects, called
strings, sweep out two-dimensional manifolds, called worldsheets, in space-time that
model the interactions of particles.

Closed string theory focuses specifically on strings that begin and end at the
same point, that is, on loops. Their study, along with the study of the algebraic
structure they induce began in physics (cf. [BPZ], [FS], [S] and [V]). Physicists
introduced the notion of vertex operators in order to write down the expectation

values of certain particle interactions. These vertex operators were independently



discovered in mathematics in the study of representations of affine Lie algebras
[LW]. Vertex algebras were first introduced in [Bo] and describe constraints on the
multiplicative structure induced by modeling two strings combining into one as they
travel through space-time. The notion of a vertex operator algebra (VOA) was then
introduced in [FLM], which interpreted vertex algebras in a formal calculus setting
with a generating function greatly generalizing the classical Jacobi identity and,
perhaps most significantly, added a compatible conformal structure.

Although vertex operator algebras had origins in the geometry of string theory,
a rigorous correspondence between the algebraic formalism and the geometric moti-
vation was not completed until Huang introduced the notion of a geometric vertex
operator algebra (GVOA) in [H1] and [H2]. Motivated by the physicists’ study of
the geometric interaction (specifically chiral interaction) of n € N closed strings
combining to form one closed string, Huang defined geometric vertex operator al-
gebras in the context of a mathematical description of genus-zero Riemann surfaces
with tubes up to conformal equivalence, along with a sewing operation on these ob-
jects. He also proved that the category of GVOAs was isomorphic to the category
of VOAs, finalizing the rigorous correspondence between VOAs and the geometry
of genus-zero worldsheets. The interactions corresponding to the worldsheets that
Huang focused on are important special cases of interactions that may occur in a
conformal field theory.

Another way that Huang’s definition of GVOAs proved fruitful, was that it
showed a VOA could be described in the language of operads, a language first
developed by May in [M] to discuss iterated loop spaces. Specifically, Huang’s
GVOA corresponds to describing the partial operad of equivalence classes of compact
genus-zero Riemann surfaces with n incoming punctures, one outgoing puncture

and local coordinates vanishing at each puncture, then taking the meromorphic



associative algebra associated to C-extensions of that partial operad [HL1]. Using
this interpretation, attaching or “sewing” two worldsheets together corresponds to
composing operators in an operad defined in the category of complex vector spaces.

Prior to VOAs being solidly tied to their foundations in the geometry of con-
formal field theory, significant applications for VOAs had been emerging outside of
conformal field theory. VOAs are now known to have deep connections to modular
functions, have contributed to the representation theory of the Monster finite simple
group and are fundamental to the study of representations of infinite-dimensional
Lie algebras. (See the introduction of [FLM] for a more thorough exposition on
connections and applications.)

Modules of VOAs quickly became central to the study of conformal field theory
since sums and tensor products of these modules are required to provide a full modu-
lar invariant, monodromy free conformal field theory. In order to understand actual
constructions in this context and provide a global setting, vertex tensor categories
where introduced and developed in [HL2-HL5,H3]. These categories have also been
conjectured to hold answers to other longstanding paradoxes related to group theory
and monstrous moonshine [HL5]. Understanding appropriate coalgebraic structure
is the first step toward understanding bialgebraic and Hopf algebraic notions in
vertex tensor categories, which should lead to a new interpretation of the tensor
product of VOA modules, just as Hopf algebras provide a module tensor theory for
Lie algebras.

Geometric vertex operator coalgebras (GVOCs) are designed to model genus-zero
worldsheets corresponding to one incoming closed string splitting into n outgoing
closed strings. Similar to the GVOA case, this amounts to describing the partial
operad of equivalence classes of compact genus-zero Riemann surfaces with one

incoming and n outgoing punctures, then investigating the algebraic structure it



induces on complex vector spaces, i.e. determining the meaning of a coalgebra over
this partial operad. The GVOC structure is the natural coalgebraic structure with
respect to GVOAs and should play a role in the development of the theory of vertex
tensor categories as mentioned above.

The main thrust of this thesis, however, is to understand VOCs from an algebraic
and geometric standpoint. To that end, the notion of a vertex operator coalgebra is
defined (purely in terms of vector spaces, formal variables and formal operators) and
is proven to be categorically isomorphic to the notion of GVOC. Generating a formal
algebraic description in the VOA case has facilitated a more concrete understanding
of the structure and allowed for the construction of numerous examples. Similarly
the algebraic description of VOCs allows us to describe a family of examples and
opens the door to a deeper understanding of a conformal field theory’s algebraic
structure. One might reasonably wonder whether the definition of VOC might be
arrived at through purely algebraic means. But “standard” dualizing would not
produce bounding of formal variables in opposite directions that arise in VOCs -
specifically, truncation produces only finitely many positive powers of the given
formal variable in a VOC, while the counit property produces only non-negative
powers (in VOAs everything is truncated from below). Additionally, results of weak
commutativity coming from the VOC Jacobi identity reveal an important distinction
from that of the VOA Jacobi identity [Hub].

In addition, since VOAs are of interest outside of string theory, it is natural to
hope that VOCs, once well understood, might introduce new connections to broader

mathematics as well.



CHAPTER 2

THE GEOMETRY OF SPHERES WITH TUBES

We begin by investigating the geometry of spheres with tubes. Since our main
motivation in this thesis is studying closed strings propagating through space-time it
is essential that we precisely define the types of structures that model this behavior.
This description will closely follow [H2] since that work contains the description of
the partial operad underlying GVOAs (motivated by string theory) and also because
we would like GVOCs to be compatible with that structure. In Section 2.1 we begin
by defining what we mean by a sphere with tubes. In Section 2.2 we describe the

process for attaching, or “sewing”, two of these spheres.

2.1 Defining spheres with tubes

Geometric vertex operator algebras or coalgebras are defined using the moduli
space (under conformal equivalence) of compact genus-zero Riemann surfaces with
punctures and local coordinates vanishing at each puncture. Vafa first observed that
having a puncture on a Riemann surface together with local coordinates that vanish
at that puncture is conformally equivalent to having a half-infinite tube attached to
the Riemann surface (cf. [V], [H2]). We will begin by defining exactly what we mean
by a genus-zero Riemann surface with punctures and local coordinates vanishing at

the punctures, or equivalently, a genus-zero worldsheet.



Consider a compact genus-zero Riemann surface, by which we mean a compact
connected genus-zero one-dimensional complex manifold. In [H2] and in this paper
these surfaces are simply referred to as “spheres”. The reason for the use of the
word spheres is that any compact Riemann surface of genus-zero is complex analyt-
ically isomorphic to the standard Riemann sphere, i.e. CU {oco} with the standard
complex structure (cf. [A], [FK]). Since we will eventually be concerned only with
conformal equivalence classes of Riemann surfaces, in Chapter 3 we will pick canoni-
cal representatives of the equivalences classes under conformal equivalence and these
canonical representatives will be Riemann spheres.

By the term oriented puncture we mean the selection of a point of a sphere
together with an element of {+, -}. Given an oriented puncture p, a local analytic
coordinate chart vanishing at p is a pair (U, ®) where U is an open neighborhood
of p in the sphere, called the local coordinate neighborhood, and ® : U — C is an
injective analytic map, such that ®(p) = 0, called the local coordinate map. The term
tube centered at p is used interchangeably with the term local analytic coordinate
chart vanishing at p and may by thought of as the path of a single closed string
propagating through space-time. Tubes centered at negatively oriented punctures
represent half-infinite tubes swept out by outgoing strings, while tubes centered at
positively oriented punctures represent half-infinite tubes swept out by incoming
strings.

Spheres with m tubes centered at negatively oriented punctures and n tubes
centered at positively oriented punctures are said to be of type (m,n). All oriented
punctures are required to be distinct and have an ordering with negatively oriented
punctures coming first. In [H2], the focus is primarily on spheres of type (1,m),
with m € N. In this work, we will discuss spheres of type (1,m), m € N, called

spheres with incoming tubes, and of type (m, 1), m € N, called spheres with outgoing



tubes, but will eventually focus on the latter.

For the moment, however, we will discuss all genus-zero worldsheets. Using the
above framework, we can denote a sphere (or compact Riemann surface of genus-
zero) with m outgoing punctures, n incoming punctures and corresponding vanishing

local coordinates by

(S;p—mv -y P—1,P15- - -5 Pn; (U—ma (I)—m)a ) (U—bq)—l)v (Uhq)l)J R (Un7 q)n>>

where m,n € N, S is a compact genus-zero Riemann surface, p; is a point in S with
the sign of the index corresponding to the orientation of the puncture, and (U;, ®;)
is a local analytic coordinate chart vanishing at p; for i« = —m,... — 1,1,... n.
The terms sphere with tubes, genus-zero worldsheet, and compact Riemann surface
of genus-zero with punctures and local coordinates vanishing at the punctures are
used interchangeably in the literature to refer to this structure. (The reader should
be aware that while this notation is technically necessary to establish a moduli
space of genus-zero worldsheets, it will not be used once equivalence classes under
conformal equivalence are defined and canonical representatives for each equivalence
class are established.)

Let

E1 = (Sl;pfma cvesP-1,P15- -+, Pns

Uy @),y oo, (U, @21), (U, @4), ..o, (Un, ©4))

be a sphere of type (m,n) and

E2 = (SQ;Q—IW'"7q—17Q17"'aq4;

Vo, Ug)y ooy, (Vo W), (Vi U)o, (Ve Wy)

be a sphere of type (k,¢). We say that ¥, and X, are conformally equivalent if



m = k, n = £ and there is a complex analytic isomorphism F': S; — S5 such that

F(p;) = ¢; and ®; = ¥, 0 F' in some neighborhood of p; fori = —m, ..., —1,1,... n.
2.2 Sewing spheres with tubes

A fundamental property of the interactions of strings in conformal field theory
is that certain interactions should compose naturally. In geometry we model com-
position by combining two Riemann surfaces into a single Riemann surface. This
procedure is rigorously established in [H2| for “sewing”, or attaching, two spheres
of type (1,m) and (1,n), respectively. However, Huang’s description never uses
the orientation on the punctures that remain unsewn, allowing the argument to be
directly generalized to sewing one incoming tube of a sphere of type (m,n) to one
outgoing tube of a sphere of type (k, ) for m,¢ € N, n, k € Z,. Following [H2], we
will describe the conditions under which such a sewing may occur and describe the
resulting sphere with tubes.

We will use B" ¢ C and B C C to denote the open and closed discs of radius r
centered at the origin.

Let

Z1 = (Sl;p—ma cvesP-1,P15- -+, Pns

Uiy @), oo, (U_g, @), (Ur, ®1), ..., (Uyn, )

be a sphere of type (m,n), for m € N, n € Z, and

22 = (52;(]—197"'7Q—17QI7'-'aq€;

(Voo W)y oo, (Vo W), (VA W), (VW)

be a sphere of type (k, (), for k € Z,, ¢ € N. Choose integers 1 < ¢ < n and

1 <7 < k. We say that the i-th tube of X1 can be sewn with the —j-th tube of ¥ if



there exists 7 € R, such that

B c &,(Uy), (2.2.1)

B cw_(vy), (2.2.2)

pi is the only puncture in ®;'(B"), and ¢_; is the only puncture in \I/:;(Bl/ "). We

also say that the i-th tube of ¥; can be sewn with the —j-th tube of Y5 in the
case that Equations (2.2.1) and (2.2.2) do not hold for the domains of ®; and V_;,
but there exists r € R, such that the domain of ®; ! may be analytically extended
to B without ®;'(B") containing punctures other than p;, and the domain of

/

\Ifjjl- may be analytically extended to B"" without \I’:} (EI/T) containing punctures

other that ¢_;. From such a ¥; and Y, we obtain a sphere with tubes of type
(m+k—1,n+ ¢ — 1) as follows. First, choose ry, ry real numbers such that

0 < rp, < r < 1, B Cim(®), B/ im(¥_;), ®71(B"") contains no

7

punctures of »; besides p;, and \I/:Jl (El/m) contains no punctures of Yy besides q_;.

Then remove ®;'(B"*) from Sy, remove vl (El/rl) from S5, and identify the collars

1
P;(w)

surrounding these two removed neighborhoods via the map \Il:jl( ). In regard to
ordering the punctures, the outgoing punctures are ordered by inserting all ordered
outgoing punctures of S; between the ordered outgoing punctures ¢_;_; and g_;41
of Sy, while the incoming punctures are ordered by inserting all incoming punctures

of Sy between the incoming punctures p; 1 and p;,; of S;. Explicitly, after sewing

we have the sphere
Sy = ((S1~ &7 (B™) U (S~ WY B™))/ ~

where (using the notation of [V]) U is the disjoint union and ~ is the equivalence

relation, preserving complex structure, given by p ~ ¢ if and only if p = ¢ or

ped (BN ¥ (B"?), ¢ € UTHB"™) N wH(BY") and U} (51-) = ¢. Thus

J 2;(p)



we define the sewing of the ¢-th tube of ¥; with the —j-th tube of ¥y to be the

sphere S5 with the punctures

d—ks---r4—j-1,P-my-- -y P-1,q9—j+15-- -, 4-1,P1,- - - s Pi—1,q1, - - -, 4¢; Pit1,- - -, Pn

and the local coordinate maps restricted appropriately; that is, for each puncture p
of ¥; remove ¢ L(B™) from the local coordinate neighborhood and restrict the local
coordinate map at p to this new local coordinate neighborhood, and do similarly for
each puncture ¢ in 5 and its local coordinate chart. This sewing is independent of

the choice of r, 71,7 ([H2]).
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CHAPTER 3

CONFORMAL EQUIVALENCE ON SPHERES WITH TUBES

At first glance, spheres with tubes might appear to be exactly the right picture
for modeling closed strings in space-time. However, by definition conformal field
theories assume invariance of interactions under conformal transformations. Thus
two spheres with tubes which possess an invertible conformal map between them
will result in equivalent correlation functions for the resulting particle interaction.

As a result, we study conformal equivalence classes of spheres with tubes. Recall
from Section 2.1 that two spheres S; and .S, are conformally equivalent if they both
have the same number of incoming and outgoing punctures and if there is a complex
analytic isomorphism F': S — S mapping punctures to punctures which preserves
the order of punctures and maps local coordinate charts to local coordinate charts
in some neighborhood of each puncture. This gives us a natural sense of conformal
equivalence classes of spheres with tubes that respects the type of each sphere. We
will first review the implications of this equivalence class structure on spheres of
type (1,n), for n € N, called spheres with incoming tubes, as covered in [H2] and
then explore the analogous implications for spheres with outgoing tubes, i.e. spheres

of type (n, 1), for n € N.
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3.1 The moduli space of spheres with incoming tubes

First, we follow Huang’s work ([H1], [H2]) describing canonical representatives
for each conformal equivalence class of spheres of type (1,n), for n € Z,. (Spheres
of type (1,0) will be dealt with separately.)

For any r € R} and z € C*| let

B = {w e C| |w| < r},
Bzz{wE@ |z —w| < r},

B ={weC||1/w| <r}.

Recall that the reason we refer to any compact genus-zero Riemann surface as
a sphere is that each one is complex analytically isomorphic to the standard sphere

C=CuU {oo}. Furthermore, we have the following proposition.

Proposition 3.1.1. Any sphere with tubes of type (1,n), forn € Z., is conformally

equivalent to a sphere of the form

(67 Z—1y%1y -+ ”n; (Bril (I)fl)u (BTl

zZ_1? z1?

1), (B2, ®,), ... (B, @)  (3.11)

29

where z_1 = 00, z, = 0, 2, € C* for v = 1,...,n — 1, satisfying z; # z; for
1 # g, r; € Ry fori = —=1,1,2,...,n and ®_1, P, Dy, ..., D, are analytic on
B>, B, B2, ..., B, respectively, such that

z1? 227 Zn’

Oi(z) =0, i=-1,1,....n (3.1.2)
lim w®_;(w) =1, (3.1.3)
P, .
lim (w) #£0, i=1,...,n. (3.1.4)
w—zi W — 24

This proposition is exactly what is proven in Proposition 1.3.1 of [H2].

Remark 3.1.2. In Huang’s work, [H2], the outgoing puncture is labelled the 0-th

puncture while the incoming punctures are labelled the first through n-th punctures.
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In order to generalize to multiple outgoing punctures, we refer to outgoing punctures
with negative indices. For example, in Proposition 3.1.1 the lone outgoing puncture
is referred to as z_1 and it’s local coordinate chart is referred to as (Bl-},®_;)
whereas these would be referred to as zy and (B, o), respectively, in [H2]. Our
new notation is required to consider multiple outgoing punctures but also highlights

the natural symmetry between incoming and outgoing punctures.

The fact that every conformal equivalence class of spheres of type (1,n), for
n € Z,, contains a sphere of the form (3.1.1) allows us to focus solely on the Rie-
mann sphere, @, with tubes and still include every equivalence class. The following
proposition goes a step farther and describes the precise amount of information

needed to specify a particular equivalence class.

Proposition 3.1.3. Let

Z1 = (@7 00, 215+ -y Zn—1; Oa (nglv (I)—l)a (Brl q)l)a cey (B;Z:iv q)n—1)7 (Bgna q)n))

z1)

and
22 - (@7 00, Cl? s 7<—n—17 07 (ng17 \Ij—l)a (Bgllu qjl)? s (Béz:lla \Ijn—l)v (B87n7 qj—n))

be two spheres of type (1,n), for n € Zy. Let f1,f1,...,fn and g_1,91,--,9n
be the series obtained by expanding the analytic functions ®_1,®1,..., &, and
U, Wy,..., ¥, around w = o0, 21, ...,2,-1,0 and w = 00,(y,...,(u_1,0, respec-
tively. The worldsheets 31 and X5 are conformally equivalent if and only if z; = (;

fori=1,...,n—1, and f; = g; (as power series), fori=—1,1,... n.

This proposition along with its proof may by found in [H2] (Proposition 1.3.3).
To extend the above results to spheres of type (1,0), we need the following two

propositions (Propositions 1.3.4 and 1.3.6 in [H2], respectively).
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Proposition 3.1.4. Any sphere with tubes of type (1,0) is conformally equivalent

to a sphere of the form
(C; 003 (B, 1))

where 1y € Ry and ®_4 is an analytic function on BS' that can be expanded as
- 1)’
D = — | — 3.1.5
@)=y o (2) (3.15)

with each a; € C.

Proposition 3.1.5. Two spheres of the form @, = ((/C\;oo; (Bist,®_1)) and
Qs = (((Aj;oo;(ngl,\P_l)) are conformally equivalent if and only if f_1 = g_1
(as power series), where f_1 and g_y are the power series expansions of ®_y and

W_, respectively, around w = oco.

These propositions allow us to canonically describe conformal equivalence classes

of spheres of type (1,n) for n € N as follows:

(Zl7"'7znfl;f717f17"‘7fn) if n >0 (316>
(f-1) ifn=0 (3.1.7)
where z1,...,2, 1 are distinct nonzero complex numbers and f_q, f1,..., f, are

power series that are convergent in some positive neighborhood, satisfying (3.1.2)-
(3.1.4) for n > 0 and (3.1.5) for n = 0. These tuples represent the conformal

equivalence classes containing the worldsheets

(@7 X0, 21, -+ -5 Zn—1, Oa (ngla f—l)a (B,;lv f1)7

oy (BIE, fue1)s (Bt f)  ifn >0

and

(C;00; (BY, f-1))  ifn =0,

14



respectively, where r_1,7rq,...,r, are appropriately chosen radii of convergence so
that the corresponding local coordinate maps are convergent within BSt, B!

ST
BIn-1, By*, respectively, and the local coordinate neighborhoods do not overlap.
Notice that the lack of specificity on the choice of the r; means that we are not
choosing a specific canonical representative of each equivalence class in the most
specific sense. This subtlety is usually suppressed and the above tuples are referred
to as canonical representatives because the germ of each analytic function is the
only data affecting which equivalence class a particular sphere with tubes belongs

to. We refer to the set of conformal equivalence classes of spheres with incoming

tubes as the moduli space of spheres with incoming tubes.

3.2 The moduli space of spheres with outgoing tubes

We now turn our attention to spheres with outgoing tubes. The results for
spheres of type (n, 1), for n € Z, follow directly from the spheres with incoming
tubes case since the proofs of those propositions never refer to the orientations
of punctures. In the case of spheres of type (0,1), however, additional proof is
necessary in order to normalize the lone incoming puncture at 0 instead of at oo as
is the case for spheres of type (1,0). (We normalize the single incoming puncture
in the representative of conformal equivalence classes of spheres of type (0, 1) to be
at 0 in order to maintain compatibility with the preexisting structure for GVOAs

defined by Huang in [H2].)

Proposition 3.2.1. Any sphere with tubes of type (n, 1), forn € Z., is conformally

equivalent to a sphere of the form

(@a By ey B=15 %1y, (B;:Z7 (D—n)a R (BT71 q>—1)7 (BTI (D1>)

zZ—1? z17?

where z_, = o0, 21 = 0, 2, € C* for i = —n + 1,..., =1, satisfying z; # z;

fori # 4, r, € Ry forvi = —n,...,—1,1 and ®_,,,...,®_1, Py are analytic on

15



Bl-» ... BI-' Bl respectively, such that

Zen? z2o10 P20

Qi(z) =0 i=-n,...,—1,1 (3.2.1)

lim wd_,(w) =1, (3.2.2)
iy

1imﬂ7éo, i=-n+1,...,—11. (3.2.3)

w—z; W — Zj
Proof. The proof of Proposition 1.3.1 in [H2] suffices since it never uses the orien-

tation of the punctures. O

As before, this proposition narrows the choices for a canonical representatives in
each equivalence class of spheres of type (n, 1) and the following proposition illumi-
nates the exact minimum information required to reference a particular equivalence

class.

Proposition 3.2.2. Let

Sy = (C;00, 2opit, - 21,05 (B2 @), (Bl ®_ ),

—nt1?

(BT?1 (I)—1>’ (Bglv (I)l))

zZ-1?

and

Sy = (C: 00, Congty e (o1, 05 (B, ULy, (BE" 4 W), .

C—nst1?

(BE:’ \I[—1>7 (BSI’ \1[1))

be two spheres of type (n,1), forn € Z,. Let f_,....f1,f1 and g_pn,...,9-1, 91
be the series obtained by expanding the analytic functions ®_,, ..., ®_1, P and
U oo, Uy, Uy around w = 00,2 pi1,-.-,2-1,0 and w = 00,(_pt1,-..,(_1,0,
respectively. The worldsheets 31 and Yo are conformally equivalent if and only if

2i=C, fori=—-n+1,...,—1 and f; = g; (as power series), fori = —n,...,—1,1.

Proof. Follows from Proposition 1.3.3 in [H2]. O
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These two propositions allow us to choose a canonical representative for each
conformal equivalence class of worldsheets of type (n,1), for n € Z,. Here we
switch notation slightly for power series centered at points other than 0 and oc.
Power series expanded thus far about 0, or about any nonzero complex number,
have been power series in w, while the power series at co had to be expanded in
terms of % However, for the nonzero complex punctures, expanding in terms of %
is also valid. In describing representatives for equivalence classes of spheres with
outgoing tubes, we will use the latter convention for all outgoing (i.e., nonzero)

punctures. Thus a canonical representative will be denoted

1 1
( ,...,—;f,n,...,f,hfl), (324)
Z—n+1 Z-1
where z_,41,...,2_1 are distinct nonzero complex numbers, f_, ..., f_1 are power
series in + centered at ——, ..., =, respectively, that are convergent in some pos-
w Z—n+1 Z—1

itive neighborhood, and f; is a power series in w centered at 0 that is convergent in
some positive neighborhood, which satisfy (3.2.1)-(3.2.3). This canonical represen-

tative will represent the equivalence class of worldsheets containing the worldsheet

(€500, 2710022 0B o) (B fonin) o (BL f), (B ),

Thit
where r_,,...,r_1,r are appropriately chosen radii of convergence so that each
local coordinate map is convergent within its corresponding local coordinate neigh-
borhood.
It turns out to be useful to refer to nonzero punctures as %, first because we will
be applying the global transformation w — % to the Riemann spheres used in [H2]
in some sense (cf. Section 4.4), second because it makes composing multiple shifts to

oo clearer, and third because it simplifies the isomorphism between geometric vertex

operator coalgebras and vertex operator coalgebras in Chapter 8. Again, notice that
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to actually choose a true canonical representative of the conformal equivalence class,
one would need to fix the r;’s.

We use a similar approach to establish canonical representatives for conformal
equivalence classes of worldsheets of type (0, 1), however, the proofs do not come

directly from the case of spheres with incoming tubes.

Proposition 3.2.3. Any sphere with tubes of type (0,1) is conformally equivalent

to a sphere of the form
(C; 05 (By, @1))

where r1 € Ry and @, is an analytic function on B(' that can be expanded as
Oy (w) =w+ Y au’t, (3.2.5)
=2

for a; € C.
Proof. Let
Q = (S;p1; (U1, V1))

be a sphere with tubes of type (0,1). We know that S is complex analytically iso-
morphic to the sphere C solet F : § — C be such an isomorphism. Let (U10F 1) (w)

be expanded as a power series about F'(p;) so that
(Tro F7)(w) =Y bij(w — Fpy)) ™
=0

with each b; € C and by # 0. Define a transformation 7" : C—C by

bo(w — F(p1))
—(B(w—F(p))+1

T(w) =

Since ¥y o 71 o T~ is analytic in some neighborhood of 0, there exists r, € R,
such that
VioF ol Hw)=w+ Z a;w
j=2
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in By' with each a; € C. This equation may be verified by taking derivatives of

both sides at 0. Thus Q is conformally equivalent to

Q = (C;0;(By, Uy 0 F Lo T7Y))

via the complex analytic isomorphism 7" o F. O]

Proceeding in the same way as we did in Proposition 3.1.5 for worldsheets of

type (1,0), we now argue:

Proposition 3.2.4. Two spheres of the form Q1 = (((/i, 0; (Byt, 1)) and
Qo = (@, 0; (B3, Wy)) are conformally equivalent if and only if fi = g1 (as power
series), where fi and g, are the power series expansions of ®1 and Wy, respectively,

around w = 0.

Proof. Let F be the conformal equivalence from ) to (2. The latter half of the
proposition is equivalent to F' being the identity map on C. We know that F is a

projective transformation with F'(0) = 0 so

for some a € C* and ¢ € C. We know
gilgr = fro F7 g,

for some r > 0, and

o1
3}% Egl(w) =1

SO

1 aw
lim — =1. 3.2.6
u}g%)wf1 (cw—i—l) ( )

Since f; is of the form

o0
w + E aw ™
Jj=2

19



we see from (3.2.6) that a = 1. Further, since

) 1
lim, —— (g3 (1) — w) =0,

we have

hmi(fl( = >—w):0,

w—0 W2 cw+ 1
and thus by considering the form of f; we see that ¢ = 0 making F' the identity

map. The converse argument is trivial. O

A representative for an equivalence class of spheres of type (0, 1) will be described

(1),

where fi is a power series satisfying (3.2.5) and convergent in some positive neighbor-

hood, which will represent the equivalence class of spheres of type (1,0) containing

(C; 0:(By, fi(w)))

where r; is an appropriately chosen radius of convergence. We refer to the set of
conformal equivalence classes of spheres with outgoing tubes as the moduli space of

spheres with outgoing tubes.

Remark 3.2.5. Although we will be primarily concerned with the moduli space of
spheres with incoming tubes and the moduli space of spheres with outgoing tubes
separately, the above propositions allow us to describe the general moduli space of
spheres of type (m,n), for any m,n € N. The type (0,0) case is a one element
set (that is not sewable); the cases of spheres of types (1,0) and (0,1) have been
described above; and given m,n € Z., the moduli spaces of spheres of type (m,n)

may be describes as

1 1
ey Ty 2y e .,Zn_l;f_m, e ,f_l,fl, e 7fn) (327)

.
Z—m+1 Z-1
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by making the trivial generalization to Proposition 3.1.1 or 3.2.1 that the orientations
of punctures other than the first and last are irrelevant. Here Equation (3.2.7) is the

generalization of Equations (3.1.6) and (3.2.4), and should be understood similarly.

3.3 Sewing moduli spaces of spheres with tubes

Now that we have described the moduli space of spheres with tubes (the moduli
space of spheres with incoming tubes and the moduli space of spheres with outgo-
ing tubes being subsets), we need to lift the sewing operation from the sewing of
particular spheres to the sewing of elements of the moduli space. Given ¥; and X,
two worldsheets such that the j-th outgoing puncture of >y may be sewn into the
1-th incoming puncture of ¥; as in Section 2.2, let 33 be the worldsheet resulting
from the sewing. We need to be certain that given 3} and X, in the same conformal
equivalence classes as X1 and X, respectively, that the j-th outgoing puncture of X,
may be sewn into the i-th incoming puncture of 3} and that the resulting sphere,
Y5, is in the same equivalence class as ¥3. But given complex analytic isomorphisms
G : Y1 — X and Gy : Xy — X, witnessing conformal equivalence, a radius r € R,
that make ¥; and ¥, sewable is exactly one that makes ¥} and 3, sewable. Further,
G U G5 will provide precisely the complex analytic isomorphism needed between
Y5 and Y.

When it is the case that two elements of the moduli space of spheres, ()1 and ),
are sewable with the j-th outgoing tube of ¥y attaching to the i-th incoming tube
of 31, we denote the resulting sewn element of the moduli space by Q1 ;00_;Qo.
Now that we have established sewing on equivalence classes, the main work of this
section is to develop this notion in terms of canonical representatives of equivalence

classes.
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Let

Ql = (z:rer_l’---7z:117217-~’2n—1;f—m7---,f—l,flu'-wfn)
Q2 = (C:liJrla'"7C:117C17"'7C€—1;g—k7-"7g—lvglﬂ"'7g€)

be two elements of the moduli space with spheres such that @, ;00_;Q. exists.
Equivalently we may require that given the canonical representatives of (J; and
Qo, for {m € Ny kbn € Z, and 1 < i < n, 1 < j <k, there exist r > 0 with
f7Y(B") and g:} (Fl/ ") well defined and containing only the punctures z; and C:;,
respectively (note that we consider z, = 0 and (~} = 0o). In this case, there are

l/rl)

ry and 7y satisfying 0 < 7, < 7 < ry such that f;'(B") and g:}(? are well

defined and still contain only the punctures z; and C:;, respectively. Choose

QS = ('g:r,ln_k_s_m v 75:%751a <. 7gn+572;ffmfk+la .. '7f717f1> .. '7fn+€71>

so that Q)1 j00_;Q2 = (3. Let F' be the unique conformal equivalence from the
sewing of the canonical representatives of ()1 and ()5 to the canonical representa-

tive of (3. Since the sewing is in two components, there are also unique maps

FO:C\ fY(B™) — C and F® :C\ g:}(?l/”) — C satisfying

1
1 _ 2 -1
F( )(w)}fi_1(372\§r1) = F( ) (g_j <fz(w))) ‘fﬁl(BTQ\BT1)7 (331>

FW(00) = o0, (3.3.2)

F@(0) =0, (3.3.3)
FO

im ) g (3.3.4)
wW—00 w

We call (3.3.1) the sewing equation and (3.3.2), (3.3.3), (3.3.4) the normalization
conditions. These are the same equations as developed in Section 1.4 of [H2]| but
in a slightly more general context. A good deal of work will go into describing the
canonical representative of ); ;00_; ()2 constructively. We will compute several

explicit examples in Section 4.5.
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3.4 A generating set for the moduli space of spheres with tubes

In operads, or indeed in nearly any structure with an operation, it is valuable
to investigate what set together with the available operations generates all possible
elements. That question is answered for the moduli space of spheres with incoming

tubes in Proposition 1.3.9 of [H2] as follows.

Proposition 3.4.1. Any element of the moduli space of spheres of type (1,n), for
n € N, is generated under sewing by the element (w™') of type (1,0), elements of
type (1,1), and elements of type (1,2) which are of the form (z;w™, w — z,w), for

z e C*.

1

In the proposition w™", w — z, and w should be understood as power series in

w™, w, and w centered at oo, z and 0, respectively. We are able to demonstrate

a similar generating set for the moduli space of spheres with outgoing tubes (using

similar notation for power series).

Proposition 3.4.2. Any element ) of the moduli space of spheres of type (n,1),
for n € N, is generated under sewing by the element (w) of type (0,1), elements of
type (1,1), and elements of type (2,1) which are of the form (z~ Y w ™ w™t — 2z, w),

for z € C*.

Proof. Equivalence classes of type (0,1), (1,1) and (2,1) can easily be obtained
from the above generating elements. For elements of (n,1), with n > 2, we will use
induction.

It suffices to show that elements of the form
Q= (z:,llH, ozt hw T wTt = e, wT = 2, w)

can be generated since sewing appropriate elements of (1, 1) to each puncture gives
the appropriate local coordinates. Let v be a Jordan curve in C* U {oo} such that

-1 . . . -1 -1 . .
oo and z_, ; are in the interior and 2, ,,...,2_;,0 are in the exterior. By the
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Riemann mapping theorem there is a conformal map, f, from the interior of v onto
the unit disk which maps oo to 0.
Let

a= lim w f(w) € C*.

and define T(w) = aw, I(w) = w™" and S.(w) = + — z. By induction the two

elements
Qr=(Tolo f(z:}”rl);]of_1 o]oT_l,SLn+1 o f_1 oIoT_l,T_l)

Qo= (T(22p.0)s- -, T(221); foT7H S o' ...,S,  oT T,

Z—n+42

of type (2,1) and (n — 1, 1), respectively, are generated by the required set of ele-

ments, with Q)1 100_,11Q2 = @ completing the inductive step. n

3.5 Expansions in terms of infinitesimal local coordinates

Any local coordinate map at 0 may be expressed uniquely as

d

d )\ e
exp ZAjw”l% ay ™ w (3.5.1)

JELy
where the A; € C and agp € C* (cf. Proposition 2.1.1 in [H2] and the following

discussion).

Any local coordinate map vanishing at co, on the other hand, may be written as

) d _w-d
i _]+1 wdw
exp _E Ajw — | q,

' du (3.5.2)
JEL+

1
w
where the A; € C and ay € C* (Proposition 2.1.16 in [H2]).

Remark 3.5.1. In Huang’s treatment of these moduli spaces as well as in this work,
each canonical representative has local coordinate map of puncture at oo normalized
so that ag = 1. This is a direct consequence of the conditions (3.1.3) and (3.1.5)

in the moduli space of spheres with incoming tubes and the condition (3.2.2) in the
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moduli space of spheres with outgoing tubes. The decision here to use the third degree
of freedom in choosing a canonical representative for the purpose of normalizing local
coordinate maps at oo, allows for compatibility with Huang’s work [H2] in terms of

Virasoro relations and in terms of spheres of type (1,1).

Any local coordinate map vanishing at a nonzero complex number, z, may be
written as a local coordinate map at 0 composed with a shift of z to 0:

d

4\ e
exp E Aja:j“d— ap™x :
x

j€Z+ T=wW—=2

or as a local coordinate map at oo composed with a shift of z to oco:

o d —zt 1
exp _ZAjZ,—j—i-l_ aoccdx_

, dx T
JELy

a=(w—1—z=1)~1

We will use the expansion at 0 for incoming tubes (as in [H2]) and the expan-
sion at oo for outgoing tubes. Let the sequence A = {A;},cz, denote the higher
order coefficients in a given exponential expansion in terms of the infinitesimal local
coordinates, /1L and let the notation (ao, (A1, As,...)) or (ag, A) record all the
coefficients in a given expansion. We will also use the notation 0 for the sequence of
all zeros and A(a) for {a’A;}icz,. When we are dealing with a sequence of formal
variables, we will denote the sequence (ay, (A1, As,...)) or (ag,.A) following [H2]
and [B].

Using this notation, the canonical representative for an equivalence class of

genus-zero worldsheets of type (1,7n) can be expressed as
(21, 2onp; AT (af, AW), L (af?, AM)), (3.5.3)

and the canonical representative for an equivalence class of type (n,1) can be ex-
pressed as

1 1 n _ - _
c = AT (o AT (@l ATY), (o, AM)), (3.5.4)

-
Z_n+1 Z-1
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with n € Z,, the z;’s distinct nonzero complex numbers, (aj, A®) recording the local
coordinate map for the puncture of corresponding index, and for the first sequence in
each list, A and A" respectively, recording the higher order coefficients for the
exponential expansion of the local coordinate map at oco. As mentioned before, these
local coordinate maps will always be normalized to have ™ =1 and a(()_n) =1,
respectively. Notice that for spheres with outgoing tubes the ¢-th outgoing puncture

is at 1/z_; so that the associated local coordinate map will be

SN

) i d N\
oo [~ 5 A L) et

JEZ4 :C:(w_lfz,i)_l

Exponential notation also allows us to describe a canonical representative of type
(1,0) as

(A1) (3.5.5)

where A7V records the coefficients of the exponential expansion at oo, and to

describe a canonical representative of type (0,1) as
((1,AMy), (3.5.6)

where (1, A1) records the local coordinate map for the puncture at 0. We see from
Proposition 3.1.4 that in the type (1,0) case not only must al™ =1 but Ag_l) =0
for all representatives. Also, Proposition 3.2.3 implies that in the type (0,1) case

a(()l) =1 and Agl) =0.
3.6 The notions of K and K*

We now formalize the descriptions of the moduli space of spheres with one outgo-
ing and n ordered incoming tubes. This language will be quite valuable in discussing

the operadic interpretation of the moduli space. For n € Z, let

M = {(21,22, ... 2n-1)|z € C*, 2 # zj for i # j}
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Note that for n = 1, MY has exactly one element. We say that the series
exp (Z] z, Ajwﬂl%) w is absolutely convergent in a neighborhood of 0 precisely
if its expansion as powers of w is absolutely convergent in a neighborhood of 0. We
then define
) d )
H = {A ={A;}jez, € C | exp Z Ajw”l% w is absolutely

JELy

convergent in some neighborhood of 0}. (3.6.1)

Proposition 3.6.1. The moduli space of spheres with tubes of type (1,n), for

n € Z., can be identified with the set
K(n)=M""1x Hx (C*x H)",

and the moduli space of spheres with tubes of type (1,0) can be identified with the

set

K(0) = {A € H|A, = 0}.

This is simply a restatement of Propositions 3.1.1 and 3.1.2 in [H2] but is the obvious
conclusion of Equations (3.5.3) and (3.5.5). The natural object of consideration is

then

K =[] K, (3.6.2)

neN

which we will call the moduli space of spheres with incoming tubes.

Having established precisely what we mean by the moduli space of spheres with
one incoming, n ordered outgoing punctures and corresponding vanishing local coor-
dinates, we move to the moduli space of spheres with n ordered incoming punctures,
one outgoing puncture and corresponding vanishing local coordinates. Via Equa-
tions (3.5.4) and (3.5.6), we now establish a uniform description that will essentially

be identified with each element of the moduli space.
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Proposition 3.6.2. Let M"! = {(—— i)|zZ € C,z # zj fori # j} and

Zeny1’

again let H = {A = {Aj}jez, |exp <szZ+ Ajwj“%) w is absolutely convergent

in some neighborhood of 0 }. Then the moduli space of spheres with tubes of type

(n,1), for n € Zy, can be identified with the set
K*(n) = M" ' x H x (C* x H)", (3.6.3)

and the moduli space of spheres with tubes of type (0,1) can be identified with the

set

K*(0) = {A € H|A, = 0}.

As in the case of K, we define

K =[] K*(n)

neN

to be the moduli space of spheres with outgoing tubes.
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CHAPTER 4

OPERADIC INTERPRETATIONS OF THE MODULI SPACE OF SPHERES
WITH TUBES

Geometric VOAs as well as GVOCs may be understood in terms of operads, a
structure first appearing in [St1] and [St2] and first formally defined in [M]. Roughly
speaking, operads are N-graded sets of geometric or algebraic objects with a com-
patible composition operation between elements. Given a morphism from a geo-
metrically defined operad to an algebraically defined operad, one obtains various
n-ary operations, induced by the geometry, on the algebraic structure. Section 4.1
will give the basic definitions and provide motivating examples, by which unital
associative algebras over C may be defined. In Section 4.2 we review the operadic
interpretation of the moduli space of spheres with incoming tubes and in Section 4.3
we do the same for spheres with outgoing tubes. Finally in Section 4.4 we describe a
natural morphism of partial operads between the partial operad described in Section

4.2 and the one in Section 4.3.
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4.1 Basic definitions and motivating examples

Definition 4.1.1. (¢f. [M], [HL1]) An operad C' consists of a family of sets

C(j), j € N, together with (abstract) substitution maps v for each k, j1,...,jx € N,

v:C(k) x C(j1) x -+ x C(jx) = C(jr + - + Jjn)

(c;dy, ... dg) — (e dy, ... dy),

an identity element I € C(1) and a (left) action of the symmetric group S; on C(j),
J € Z, satisfying the following axioms:

(i) Operad-associativity: For any k € N, js,i; € N, ¢ € C(k), ds € C(js) and
et € Cliy) (withs=1,....k, t=1,....51+ ...+ J&),

Yy dy, s dr)ien, o eig) = (G fr s i),

where
fs = V(ds; Chitotjo_1+ls - - - 7€j1+"'+js)'

(ii) For any k € N, c € C(k),

(i1i) For any k,js € N, ¢ € C(k), ds € C(js), 0 € Sp and 75 € S;, (with
s=1,...,k),

7(0-(6)7 d17 o )dk) - U(jl) s 7]’6)(7(0) do’(l)a ... 7d0'(]€)))7

YesTldh), .o Telde)) = (Mm@ -+ @) (V(eidy, - - di)),
where o (j1, ..., Jx) denotes the permutation of j = ji+...+Jx letters which permutes
the k blocks of letters, determined by the given partition of j, in the same way o

permutes k letters, and (11 @ -+ @ 1) denotes the image of (11, -+ ,Tx) under the

inclusion of Sj, X --- x S;, into S;.
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We will cover three motivational examples of operads. The first will be a geo-

metric example.

Example 4.1.2. (¢f. [HL1] Example 15) Let C’(n), for n € N, be the set of copies
of St lying canonically in the complex plane with one distinguished negatively ori-
ented point, or puncture, at the compler number i and n distinct ordered positively
oriented points also lying in S'. Let C(n), for n € N, be the set of equivalence
classes of C’(n) where two elements Cy and Cy are considered equivalent if and only
if there is an orientation preserving reparameterization of S' mapping i to i and
ordered positively oriented punctures to ordered positively oriented punctures in or-
der. (It is not difficult to generalize this description to the equivalence classes, under
orientation preserving homeomorphisms lying in the plane, of one dimensional man-
ifolds with punctures. It is also possible to reduce this operad to C'(n) = S, since
all that is retained in the equivalence classes is the order of the incoming punctures
(cf. [MSS] Proposition 1.10), but then the geometric motivation would be lost.)
The composition operation, v : C(k) x C(j1) x -+ x C(jg) — C(J1 + -+ + Jr)s
for k,j1,...,jx € N attaches to each incoming puncture of the first circle, one of
the remaining k circles in order. Ezplicitly, given ¢ € C(k), d;, € C(js), choose
a representative ¢, chl, e ,chk of each c, dj,, respectively. For s = 1,...,k choose
0, € (m/2,57/2) such that e is the s-th incoming puncture of ¢. Let 0y = /2
so that €% is the outgoing puncture. Let r = min{|0s — 0| : s # t}. Similarly,
fors=1,....k, t =1,...,4, choose ¢s; € (7/2,57/2) such that €=t is the t-th
incoming puncture of ds. Then v(c;dj,, ..., dj,) is the equivalence class containing

the sphere with one outgoing puncture at i and incoming punctures at

i(01— 2r 4 2117y

o _sr o CLiTN oo se $217 (0, Br 1 922"
e T A ), e02=5 =) 0=t )

27T 27 ’...76 4 27 ,

D, 1T
)

. . 5r . PrgT
..,e’(e’“_%+ o (O —F +—52)

yeees €

in that order. The unit of this operad is the lone equivalence class of C(1) which

has one incoming and one outgoing puncture. For each n € N, an element o € S,
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of the symmetric group acts on ¢ € C(n) by reordering the punctures, making the
t-th puncture the o(t)-th puncture. Verifying the requirements of an operad is not

difficult. This operad is denoted Circ.

The operad Circ is perhaps the best introductory operad and may be interpreted
geometrically as loops of string with distinguished points. Another natural example

is one coming out of finite-dimensional vector spaces over a field k (usually taken

to be C).

Example 4.1.3. (c¢f. [MSS] Definition 1.7) Let V' be a finite-dimensional vector
space over a field k and, for each n € N, let Endy(n) = Homy (V" V). Define a

composition map

v Endy (k) X Endy(j1) X - x Endy (Ji) — Endy (j1 + -+ + jk)

Y(fi91,--598) = fo (1 ® - @ gr).

The unit is the identity map Idy : V — V and the left action of Sy on Endy (k) is
gwen by o(f(x1,...,21)) = [(Xoq1), - - Tow)). This operad is denoted either k—Vec
or End(V).

Our third basic example will reverse the arrows of End(V).

Example 4.1.4. (c¢f. [MSS] Definition 1.9) Let V' be a finite-dimensional vector
space over a field k and, for each n € N, let CoEndy (n) = Homy(V, V™). Define

a composition map

v : CoEndy (k) x CoEndy (j1) x -+ x CoEndy (ji) — CoEndy (41 + - -+ + jr)

Y(fi91,--508) = (1 ® - ®g)o f.
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The unit is still the identity map Idy : V' — V and the left action of S, on
Co€ndy (k) is given by o(f(z)) = (o o f)(x) where the latter o is interpreted to
be the map from v®* to V& sending the t-th input to the o(t)-th output. This
operad is denoted either k — Vec* or CoEnd(V'). It is also relevant to note that
Co&nd(V') = End(V*) as operads.

We now investigate the structure that operads induce on multiplication maps by
studying morphisms of operads. A morphism (cf. [HL1]) ¥ : C — D of operads C'
and D is a sequence of Sg-invariant maps Wy : C'(k) — D(k) such that U, (I¢) = Ip

and the following diagram commutes

C(k) x C(j1) x - x C(j) _Te | C(j1+ -+ ju)
\I/kX\Ifjlx-"X\Ifij/ J(‘I,j1+"'+jk

D(k) x D(j1) x - -+ x D(jr) —=— D(ji + -+ + jx).

Given a finite dimensional vector space V', a morphism ¥ : C' — End(V) of op-
erads C' and End(V) is said to be a C-algebra structure on V and a morphism
U C — CoEnd(V) of operads C' and CoEnd(V') is said to be a C-coalgebra struc-

ture on V.

Remark 4.1.5. [t is often useful to reformulate the composition operations in an

operad by introducing a binary operation

0, : C()) xCk) - C(j+k—1)

(c,d) —~(e;I,....1,d,I,...,1).
i— j—t

(cf. [H2] Definition C.3.1) Describing o; for all j € Z., k € N, 1 < i < j is
equivalent to defining v since

v(e,dy, ..., d;) = ((---(cojdj)oj_1dj_1) 0j_p---01dy).

When an operad is formulated purely in terms of the o; operator it is sometimes re-

ferred to as an ‘o’-sub-‘i’ operad. This description of an operad is particularly useful
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when composition of elements is complicated because it only requires the description

of the composition of two elements instead of arbitrarily many.

Example 4.1.6. We first investigate the family of morphisms v : Circ — End(V'),
fizing a finite dimensional vector space V. The choice of a morphism v is equivalent
to the choice of a unital associative algebra structure on V. Specifically, multiplica-
tion on V is determined by the binary map m = (YY) € Homg(V @ V, V), where
Y € C(2) is the element containing the circle with one outgoing puncture at i and
two incoming punctures at —1 and 1 wn order, and the multiplicative unit of V is de-
termined by 1y = vy(1) € Homg (C, V) =V, where 1 is the single element in C(0).
It is clear that m respects the vector space structure. To see that m is associative,
first notice that Y o1 Y =Y oa Y. (An element with such a property is said to be

associative.) Then observe that

m(m(a,b),c) =

m oy m)(a,b,c)

~— ~— —
—~
S
<
2}
~

(
= (
=(3(Y 01 Y)
= (
= (

Observing that 1y acts as a unit also uses the functoriality of v. Specifically,
m(a,ly) = (mos 1y)(a)
= (1a(Y) 02 119(1))(a)
= v1(Leirc)(a)
= Idy(a)
=a
and similarly for left unicity. Since every element of Circ may be generated by

Y, 1, sewings and the symmetric group, the choosing of a unital associative algebra
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structure is precisely the choosing of an operad morphism v. One way of viewing this
is that the geometry of Circ encodes exactly the information necessary to describe

an associative multiplication with unit on vector spaces.

In a sense, Circ is the one-dimensional analog of worldsheets with one outgoing
and n ordered incoming punctures, and a Circ-algebra structure on V' is the analog
of an algebra over the (partial) operad of worldsheets with incoming tubes. We
now motivate the description of a comultiplicative structure induced by worldsheets
with outgoing tubes by describing the comultiplicative structure induced by a Circ-

coalgebra structure.

Example 4.1.7. Fix a finite dimensional vector space V' and let v be a morphism
from Circ to CoEnd(V'). This is equivalent to a counital coassociative coalgebra struc-
ture on V' wvia the comultiplication A = v5(Y) € Homk(V,V ® V), where Y € C(2)
is as above, and the counit of V' is determined by ¢y = v9(1) € Homk (V,C), where,
as before, 1 is the single element in C(0). It is clear that A respects the module
structure and is distributive with respect to the vector space structure as in Example

4.1.6. Associativity is also as in Example 4.1.6:

(A® Idy)A = Aoy A
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Finally, for the left counit we see that

(c@Idy)A =Ao;c
= VQ(Y) o1 Vo(]_)
= V1<ICiTC)

= [dVa
and similarly for the right counit.

4.2 The partial operad structure on K, the moduli space of spheres with incoming
tubes

Definition 4.2.1. In the definition above of operads, if the substitution maps vy (or
equivalently o;) are only partially defined, i.e. v maps a subset of

C(k) x C(jr) x --- x C(ji) to C(jr + - -+ Jr), and all formulas hold whenever both
sides exist, we call the above structure a partial operad. If, in addition, a family
of sets C(j), for j € N, fails to satisfy operad-associativity under composition, we
refer to the structure as a partial pseudo-operad.

For partial operads C' and D, a morphism from C' to D must satisfy the condi-
tions for a morphism of operads and the additional condition that the domains of the
substitution maps for C' are mapped into the domains for the substitution maps for
D. Morphisms of partial pseudo-operads are defined in the same way as for partial

operads.

Recall our description of the graded object K in (3.6.2), the moduli space of
incoming tubes with spheres. Under the sewing operation (which corresponds to
the ‘o;” notation of operads), K is a partial operad ([HL1] Section 5). The action of
o € S, on a genus-zero Riemann surface with one outgoing and n ordered incoming
punctures is given by reordering the punctures and making the i-th incoming punc-

ture the o(i)-th incoming puncture for each i = 1,...,n. This action is invariant
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under conformal equivalence and, hence, induces an action of o on the moduli space
of spheres of type (1,n), that is K(n). That action will not be made explicit here.

It is, however, made explicit on page 67 of [H2] and the preceding discussion there.

4.3 The partial operad structure on, K*, the moduli space of spheres with outgoing
tubes

Similar to our interpretation of K as a partial operad, we may also consider
K*, the moduli space of spheres with outgoing tubes, as an operad (cf. (3.6.3)).
Again, it is the sewing operation that gives K* the structure of a partial operad.
The action of o € S,, on K*(n) is the same as that of K, induced from making the
i-th outgoing puncture the o(i)-th outgoing puncture for each i = 1,...,n on any
representative of the equivalence class acted upon. This action is invariant under
conformal equivalence and, hence, induces an action of o on K*(n). Since K* will
be of major importance to us, we will also explicitly describe that action of S, on
K*(n).

On each element, Q € K*(n), for n € Z,, the natural left action of the n'*
symmetric group, Sy, is given by permuting the ordering on the n outgoing punctures
and renormalizing. For example, given (275,271;0, (1,0), (1,0)) € K*(3) the action
of 0 = (12 3) € S; yields the equivalence class containing the Riemann sphere with
trivial local coordinates, one incoming puncture at 0 and three outgoing punctures
in the order oo, 277, 2~,. Notice that this is not, however, a canonical representative

in the moduli space, since the last outgoing puncture is not at oo.

In general, S, is generated by the transpositions (¢ + 1) for: =1,2,...,n— 1.

37



Considering the action of the transposition o = (i ¢ + 1) on K*(n), if i <n —1,

0(2pynr 2 AT, (g AT (e, ACD), (af”, AD))

Y

(-1 -1 -1 -1 -1 1. gA(=n) ¢ (—n+1) p(—n+1)
= (212 2 i 255 21y 2 ity - 213 AT (ag VA Yyenes

(a2, A7), 0, AC0), (6, AT, (af]

Y

L (af, AY), (@, AD)). (4.3.1)

If i = n—1, however, the local coordinates of the canonical representative will be
changed because of the shift needed to move the last outgoing puncture to oo and
the need to trivialize the ag term in the local coordinate vanishing at that puncture.

(The transformation map is w — 62*"“1”2%(@6_”“))_7”%10.) Thus

o(z7h . 2 ACY (@Y Ay (6l A (al, A

—n+1 — —n+1 _
= ((_a’((] i )Z—n—i-l) 17(a(() i )<Z—n+2_z—n+1)) la'-'>

(a7 (g = 2op)) T ACTD (0l

Y

(a
1 (=n) ((,, (—n+1)y—1 (() 2 (=n42) /(. (—nF+1)\—1
e AT (e ) e AT ()
g

0

(-1)
_CL - —n+1)y— 1) (-n+1) 7

( s ATV (g ) 1)),(@5 af ”,A)) (4.3.2)
Qo

where A = Aoy . is defined by

A, k+1_d - (=n+1)yg (1), k41 _d
eZkEZ+ Agwt g5 — 6—0(() i )Z—n+1w ZkeZ+(a0 VEA WS

One might fairly ask why we make this calculation explicit. One reason is that
this formula reveals the origins of skew-symmetry, Equation (7.2.8), which is a con-
sequence of the definition of vertex operator coalgebra. Another reason, found in
Section 8.2, is that the explicit calculation is necessary for the proof of the “permu-
tation axiom” of a geometric vertex operator coalgebra from the axioms of a vertex

operator coalgebra.
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The next two propositions follow directly from observations on spheres with tubes
and the fact that sewing and permutation are invariant under conformal equivalence.
(They may also be thought of as extensions of the results of Huang on K ([H2]) to

K* by observing that orientation of punctures is not at issue.)

Proposition 4.3.1. Let {,m € N and n € Z, such that m +n > 1. Choose
Q1 € K*(0), Q2 € K*(m), Q3 € K*(n) and integers 1 < i < m+n —1 and
1 <j<n. Then Q1 100_; (Q2 100_;Q3) exists if and only if one of the following
three holds:

(1) i< j, Q2 100_j_rs1 (Q1 100_;Qs3) exists and

Q1 100-; (@2 100-;Q3) = Q2 100_j_¢11 (@1 100-;Q3);
(2) j <i<j+m, (Qr100-ij1 Q2) 100-;Q3 exists and

Q1 100-; (@2 100-;Q3) = (Q1 100—i4j-1 @Q2) 100-;Qs;
(3)i=j+m, Q100 (Q1 100-i4m-1Q3) exists and

Q1 100-; (Q2 100-;Q3) = Q2 100 (Q1 100-i1m-1Q3).

Proposition 4.3.2. Let Q1,Q2 € K*(2), 0 = (12) € Sy, and 7 = (1 3 2) € S5.
Then @y 100_1 Q2 exists if and only if T(Q1 100_2 (0 Q2)) also exists. If this is the

case,

Q11001 Q2 = T(Q1 1002 (00 Q2)).

Proposition 4.3.2 may be extended to all of the symmetric groups and spheres
with outgoing tubes since every symmetric group is generated by transpositions
and every sphere with outgoing tubes is generated as in Proposition 3.4.2. For

Q1 € K*(m), Q2 € K*(n), 1 <i <mn so that Q1 100_; @2 exists, we have
Q1100 Q2 = 7(Q1 100, (0 Q2)),
where o = (in)and r=(in+1i+1i+2...n).
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4.4 A partial operad isomorphism from K to K*

It is significant to note that K and K* are isomorphic as partial operads. The
isomorphism is given by the global transformation I : C—oC:wwr i on the un-
derlying Riemann spheres of the canonical representatives of K and K*; in addition
the isomorphism reverses orientation of punctures, changes each puncture location z
to %, and composes local coordinate maps with I (i.e., if f is the local coordinate at
the puncture z on a sphere ) € K, then fo[ is the local coordinate at the puncture
1/z on the sphere I(Q) € K*). Finally, given Q € K(n), with local coordinates at 0
given by (a(”, A™), renormalization via the map (a'”) s is required to express
I(Q) in its canonical form, but the isomorphism is clearest when canonical represen-
tatives are not chosen. The transformation map is functorial on equivalence classes,
i.e. it commutes with actions of the symmetric groups by construction and also
commutes with the sewing operation. To see that I indeed commutes with sewing,
note that given S; and Ss, two spheres with incoming tubes, the conditions for the

sewing S7 ;00_1 S5 to exist are precisely the same conditions required for the sewing

I(S3) 100_; I(Sy) to exist and, in fact, when both exist
[(Sl 01 SQ) = [(SQ) 1005 I(Sl)

It is also useful to recall that K*(1) is just another name for K(1), i.e. equivalence
classes under conformal isomorphism of spheres of type (1,1). (But note that [ is

not the identity map between K (1) and K*(1).)

Remark 4.4.1. The ideal would be to eventually have a family of sets

K =[1,, .en K(m, n) of canonical representatives of equivalence classes of (not nec-
essarily genus-zero) worldsheets with m outgoing and n ordered incoming punctures,
along with an appropriately defined sewing operation on canonical representatives.

Above we have defined a sewing operation that would be appropriate for attaching
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one incoming and one outgoing puncture, but arbitrarily many incoming and out-
going punctures should be sewable under appropriate conditions. (The difficulty lies
in defining the sewing operation realized on canonical representatives of equivalence
classes.) In this case, K would contain both K and K*. Such a structure would no
longer be an operad but should be a type of PROP (cf. Section 1.2 of [MSS]), into

which the operads K and K* naturally embed.

4.5 Canonical representatives in K* under the sewing operation and the Virasoro
algebra

Now that we have the added machinery of local coordinate charts and the ease of
referring to a particular equivalence class of spheres, @), as an element of K*(n), we
return to the question of Section 3.3: Given 1 € K*(m) and Q2 € K*(n) such that
Q1 100_; Q2 exist, how do we describe it as an element of K*(m+n—1), that is, how
do we find a canonical representative of its equivalence class? The main obstacle
to describing the local coordinate maps of ()1 100_; ()2 in exponential notation is
the fact that the operators {w/*'-L},; do not commute. This was overcome by a
somewhat specialized approach in [H2] but since that time a much more powerful
method has been introduced in [BHL]. Their result applies to any Lie algebra that
has a vector space decomposition into the direct sum of two vector spaces, and in
particular can be used as a kind of inverse to the Baker-Cambell-Hausdorff formula.
It is applicable here because the operators {—wj“%}jez give a representation of
the Virasoro algebra.

More precisely, let V = @,czCL,, & Cd be the Virasoro algebra with the usual
commutation relations

m3 —m

LmaLn = - Lm n
[ | = (m—n)Lyyn + 19

5m,—nd7

V,d =0
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for m,n € Z. We may view V* = ®,,cz+.CL,,, V™ = ®,ecz.CL_,, and Vy = CLy®»Cd
as Lie subalgebras of V. Initially we consider formal variables {Ay}rez,, {Bk}trez,
and elements

g = Z AcLi, € VT[{Aktrez,, {Bitrez.]l,

keZy

g = Z BiL_ € V7 [{Ak}rez., {Brlrez.]l

kEZy
Eventually we will be interested in convergence questions when the A,,’s and B,,’s
are replaced by complex values, but for the time being we are interested in a type
of normal ordering of the product e e?" as expounded upon in [BHL].
By applying Corollary 4.1 and Application 4.3 in [BHL], we see that there exist

unique Ut = ZkeZ+ ULy, U~ = ZkeZ+ W.L_j, ¥y, and I such that
eI eI =¥ eVologl e (4.5.1)
where, for each k € Z,,

\I;fk = Bk + Z(_k + 2m)Afk+mBm + Pfk<-'47 B>7

m>k

Uy = Ap + Y (k +2m) AgsmBrn + Pe( A, B),

m>0

Vo= > 2mA,. B, + PolA, B),

m>0

m3 —m
=Y 5 AmBm +To(A B),

m>0

with Pj(A, B), T'o(A, B) € C[[A, B]], for j € Z, each containing at least one Ay, at
least one B, and a total of at least three A;’s and Bj’s combined.

Since these commutation relations hold for any representation of the Virasoro

k+1_d

algebra, they are useful in our current case where L;, is represented by —w"" -
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in Der C [w,w™!] for k € Z and d is represented by 0. Thus to solve the sewing

FO(w) = F® (g_; <fi(1w))) ’

while satisfying (3.3.2), (3.3.3), and (3.3.4), we appeal to [BHL] and the following

equation, (3.3.1),

proposition which is Proposition 2.1.17 in [H2].

Proposition 4.5.1. For any ring R, let g(z) € R[[z,z7']] and f(x) € R|[z]] with

k+1_d
d

f(x) g ezkENAkx z .

Then if g o f is well-defined,

d

go flx) = eXren M g ().
d -4
As a result if f;j(w) = ekezs A’“wkﬂﬁao ww and ¢g_j(w) =

~ ez Bz —ktl d 733% o .
e heny @ h, N then by Proposition 4.5.1, Equation (3.3.1)

may be rewritten as

k+1 _d a4 4 —k+1_d
(F(Q))—l o F(l)(w) — €Ek€Z+ Apw ﬁag’ dw bg’ dw eZk€Z+ Brw %ezﬂ'uﬂﬁw

Thus by (4.5.1) there exist {Wy}rez such that

k+1 d d

- a d d k+1_d_ w2 -4
eZk€Z+ U_jpw dw (aobo)w@e*‘l’ow%ezkez+ Yew™™ g e?—iw

dw ) =

k+1 d_ _d_ d —k+1_d_ a2 d
e2kezs AT d oW paw g 2oken, PR s g2 G5y, (4.5.9)

The convergence of the {Wy}rez is shown in Corollary 4.3.2, and p. 123 of [H2]
for two equivalence classes of spheres of type (1,1). Convergence then extends
naturally to all of K via the inductive argument of Proposition 5.3.5 Part (5) in
[H2]. Here convergence will be extended naturally from K*(1) to all of K* in Part 5
of Proposition 8.2.2. Hence (by another application of Proposition 4.5.1) the unique
solution to the sewing equation is

—k+1_d_

FO(w) = R (4.5.3)
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k+1 d

F(Q)(w) — ¢ Zkezy Vi %(aoboe%)_gﬁﬁx|z:(w71_2_i)71. (4.5.4)

Remark 4.5.2. Note that there is also a unique I' corresponding to the {W}rez,
which is independent of representation, but since d is represented by 0 here, it does
not appear. Because I' depends on A, B, ag, and by, and following the notational
convention of [H2], we denote T' by T'(A,B,aoby). The definition of GVOA, as
well as GVOC, may be interpreted as depending on the choice of a section of the
determinant line bundle over each equivalence class of spheres with tubes, in which

case d may be represented by the complex value that determines the section.

Lemma 4.5.3. Let
Qu = (Tpers -2 AT, (ag ™A (a6, ACY), (g, AD)),

Q= (Chyrs -, CHBE, (0, BEm) (b, BEY), (6, BW)),
and 1 <1 <n such that Q1 100_; Qo exists. For any d € C the t-series

o~ DA BED 1-1afVb(~)d

15 absolutely convergent when t = 1.

The convergence result of this Lemma is shown in Lemma 5.2.1 in [H2] and is
independent of the orientation of tubes not involved in the sewing. Specifically, [H2]
covers the case that by = 1 but it is clear from (4.5.2) that agby may be viewed as
the first order local coordinate from () without complication. We will implicitly

make use of this convergence in Step (a) of the proof of Axiom 5 of Proposition

8.2.2.

Remark 4.5.4. In [H2], the convergence of {¥y}rez and I are shown for sewings of
K (1) and then extend naturally to all sewings in K. But K(1) and K*(1) are one and
the same (i.e. conformal equivalence classes of spheres of type (1,1)), so convergence

of {U}kez and T for sewings of K*(1) is already shown and extends naturally to all
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of K*. For the proof of convergence of {Vy}rez in K(1), see Corollary 4.3.2, and
p. 123 in [H2].

Using the above descriptions of ") and F'® we give several examples of how to
explicitly solve for these uniformaizing functions in several special cases which will

be needed later:

Example 4.5.5. Let
Q1 = (ATY (af", AD)) = (f_1, f1) € K*(1),

Q2= (B, (0", BY)) = (9-1,01) € K*(1),
such that Q1 100_1 Qo exists.
Appealing to [BHL] again, there exist C(-Y = {C](_l)}jez, ch) = {C’](-l)}jez and
cél) (which are unique and invariant under different representations of the Virasoro

algebra) such that

(=1),  —j d
it d 1 =

_ =i+l d (-1, —j+1.d 1
Ejez+ v_jw™? Ej€Z+ Aj W g
)

e Zjez+ =¢e dw o™

w w

(1) pi+1 _d_ =it 4
iz O (DY waGy = (g{Ve¥o)wdn e2iezy VIV du

1), j+1 d
eEjeZ+Bj w? dw(b[()l))wi

Then by the above discussion on sewing, (4.5.3) and (4.5.4) we see that

Q1 1001 Qo= (f_1 0 (FM)™ gy o (FP)™ (4.5.5)

= (CY, (C(()l)’ cy).
Example 4.5.6. We now consider the sewing
Q1= (27%0,(1,0),(1,0)) = (z Lw Lw ! - z,w) € K*(2),
Q2= (BT, (1,0)) = (g-1,w) € K*(1),
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such that Q1 100_1 Qy exists. The unique FY and F® satisfying (3.3.1) are

B w—j+1 d

FO(w) =g} (w™!) = exoes D,

Thus
Q1 1001 Qo = (9=1(z71); BV, (05Y,0W), (1,0))

where @él) and OW) = {@Sl)}jez+ are determined by

(1) +1d 1 1 (1)7+1d1
e ~Xjezy O @é)xddz_ =e ~Xjezy B e v — — 2.

Tli1_1_ 1 w
O

A (=1
Equivalently, let fi(x) = eXsen B g so that

Q11000 Qo = (A=) 1BV, (0, 0),(1,0)) (4.5.6)

where @(()1) and O = {@§1)}jez+ are determined by

o Sien, OVt efNag L — f(w™) — 2. (4.5.7)
Tli1_1_p-1
=w—l1 (3
The above @5-1) are defined in terms of BV and z and may be interpreted as a

family of functions in these variables: @§1) = @gl)(B(*l), z). These functions satisfy
the first sewing identity (4.5.8) as seen in the following proposition.

Proposition 4.5.7. In the algebra (End C)[w,w™][2][[BV]] (where w, z and the

BJ(-_l), for j € Z., may be considered as formal variables) we have

oo +1) (=1 - ) (D 6
i (T, (DB w2 owd Ve, 00w o @Rl
(4.5.8)

1

)

Proof. This identity may be observed from Proposition 2.2.7 of [H2]. Let x = w™
y =2 ay=1, A= B"Y in Proposition 2.2.7 of [H2], then take the inverse of both

sides of the equation. n
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Example 4.5.8. To generalize the last example, let

Q1 = (225 AT (afV, AY), (1,0)) € K*(2),

Q2 = (C:711+17 LR 7C:117 B(in)7 (bg)_n—i—l)? B(in+1)>7 R
b5, BCY), (07, BY)) € K*(n),

such that Q1 100_, Qo exists. Let fi, FY and F® be defined as above. Thus

Q11001 Qo= (A=) Capr -, 1 OO, (e, Cmi),
(b((f"H) B(*nJrl)) "(b[()fl),B(fl))’ (b(()l),B(l)))

3 g ..

where ¢ ", ¢t = {C’j(fnﬂ)}jem, cn = {Cj(*n)}jem, are defined by

(=n+1)  _—j+1 d
- Zjez+ G w dw

e (CéfnJrl))—w%

_ (1),,—i+1_d I, d _ (V) ,—d+1d d
— ¢ Zjez+®j w7 w00 Wi e Zj€Z+Aj w™! dw(a(() 1))*“’7

-3 oM it _d

_ (=n), —j+1.d _ (=2), —j+1_d_
e jezy w — ¢ Z B} w—Itl @ ZjEZ+A‘ w—J dw

JELy g dw o J

Note that c(()_nﬂ), CY) and C™ are uniquely determined (and independent of

Virasoro representation) by [BHL)].
Example 4.5.9. To motivate the second sewing identity (4.5.11), let
Ql = (07 ((I(()l),A(l))) = (w_la fl) € K*(1)7

Q2 = (<—1;07 (170)7 (170)) - (C_l;w_lvw_l - C,w) S K*(2)7

such that Q1 100_5 Qo exists. The unique FY and F® satisfying (8.3.1) are

j+1_d_
w dw

FO(w) =f7 (w) = (af)) " d5em oo 0 i,

Thus

Q1 1505 Qo = (f7(¢7);0, ((al”)1e®” 0@ ((a”) ™)), (al, AV))
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where @(()2) and ) = {65‘2)}j6Z+ are determined by

W\—i(2),.—j+1 d
efzjeZJr(ao )~ ]93' z ]+1d ( ()) = 79(2) dil
x 11
CERS!

1_
x

A(l)w]+l d ]_

— ez A dw — — (.
w

(Dy=5 gD —5+1 d
(af) 3 APz

Equivalently, let fg(x) = e2jezl dz g so that

Q1 1002 Qo = (" 5(0)) 750, (@) 1e%” 0 ((a{") ™)), (al, AD))  (4.5.9)

where OF and ©@) = {@52)}]-62+ are determined by

_ (2) -3 a1 N
o iez, 052 g —6fa j; = (fo(w)) ™' = C. (4.5.10)

=L_f(¢ 1)
This equation may be interpretted as a rewriting of Equation (2.2.30) in [H2]
from the GVOA case. The @ , interpreted as functions in a(()l), AW and ¢ satisfy

the sewing identity called the second sewing identity (4.5.11).

Proposition 4.5.10. In the algebra (End C)[w,w=][¢][al”, a{P[AD]] (where w,

z, a((]l) and the .,45-_1), for j € Z., may be considered as formal variables) we have

0o 1 ; 1) /—5 —j— —
o T (Zyen, (a6 TAD ()R Jw i

_ OPuw e, 0P L howtl (4.5.11)

Proof. This identity is observed from Proposition 2.2.9 of [H2| as follows. Let
z=wl y=¢ and B =AD((a§")") in Proposition 2.2.9, then take the in-

verse of both sides of the equation. O

Example 4.5.11. Again we generalize and let
Q= (AT, (a5”, AV)) € K7 (1),

Q2 = (¢750,(057, BEY), (05), BWY) € K*(2),
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such that Q) 100_y Qy exists. The unique FV and F® satisfying (3.3.1) are as in

the previous example. Similarly, define fg as above. Thus
Q1 1002 Q2 = ((al” f2(0)) 5 AT, (e57V, 00, (e, M) (4.5.12)

where c(()i), Cl = {Cj(i)}jem, fori= —1,1 are defined by

(=1),,—j+1 d
e_zj€Z+ ¢ TG

6) 0 B

) ) 9(2) “Waw .
- W\—5a2), —j+1 d e-o - (=1), —j+1 d
—e Zjez+(“0 )0 wTI T g ( e ZjeZ+ B CwTITgE (b(—l))fw—dd
a
0

1), j+1_d
C: w3+%

1), j
ereZ+ J A wj+1

(Cgl))w% e €Zj€Z+ J %(a(()l))wﬁezJGZJr B§1)wj+1%(b(()1))wﬁ

Note that céi) and C are uniquely determined, for i = —1,1 (and independent of

Virasoro representation,).
This concludes the examples of sewing we will do explicitly.
4.6 The linear functionals £;(z)

In our work to understand representations of the Virasoro algebra in a given
vertex operator coalgebra, a particular family of linear functionals will be of interest.
Similar linear functionals are used in [H2] (Proposition 3.2.5 and the preceding
discussion) for the VOA case. First we define the notion of a meromorphic function

on any manifold K*(n), for n € N.

Definition 4.6.1. A meromorphic function on K*(n) is a function that, when
viewed as a function of z_;, fori =1,...,n—1, ofa((fi), fori=-1,1,...,n—1, and
of Ag_i), fori=—=1,1,...,n and j € Z., is a polynomial in these variables divided

by the product of powers ofa(()_i), fori=—-1,1,...,.n—1, of z_;, fori=1,...,n—1,
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and of z_; — z_j, for 1 <i < j<n-—1 (cf. [H2] p. 67). Explicitly, if F' is a mero-
morphic function on K*(n) and Q € K*(n) is as in (3.5.4) or (3.5.6), then
F(zonits .oy 2o1, ACD L AGD, AW gt gl ()

F(Q) = 1 n— —1 n— . I
(S T (ad )= Ty (i — 2og) [Ty 2

where F is a polynomial, and r;, Sij,ti € N.

The linear functionals of interest to us will be denoted £;(z), z € C*, and will
map from the space of meromorphic functions on K*(1) to C. We define these linear

functionals by

Li(2)F = (d%F(((1,(0,—5,0,0,...)))1001(21;0,(1,0),(1,0)))>

e=0
Since L£(z) may be thought of as an element of the tangent space of K*(1) at

(0,(1,0)), it may be rewritten

0

a§)1>:1 keZ. k

0 9,
Li(z) = Z W—km + ’YOW

A= =0 % A =0
for some coefficients 7, with & € Z. In fact, we can completely describe these

coefficients as the following lemma shows.

Lemma 4.6.2.
0 0
_ k=2 27 k=2 7
Li(z) =) —2 9ACD PO + ), 9AD
kEZy ko la-D=o Qo [,(V=1  kezy k lam=o

Proof. The idea of the proof will be to sew ((1, (0, —¢,0,0,...))) and

(271,0,(1,0), (1,0)) together then examine what the derivative with respect to e
at € = 0 is for each of the local coordinate coefficients. In some ways this reflects
the approach in [H2] to a similar linear functional £;(z), but here we are forced to

consider nontrivial scaling at the outgoing puncture and also the technique we use

avoids the unresolved branching issue in (3.2.10) and (3.2.11) of [H2].
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First, we denote the local coordinate map of ((1,(0,—¢,0,0,...))) as fi(w) and
the local coordinate maps of (27%;0, (1,0), (1,0)) as g;(w) where the subscript indi-
cates which puncture the local coordinate map pertains to. Thus we get the sewing

maps FV(w) = w and F@(w) = ;! (m) = " dy eV

3.d
aww. These maps move

the last outgoing puncture to k£ = s’ F

| S0 we employ the transformation
T=—z"

= et " d ., (Notice this does not guarantee that we will have a canon-

map 7' (w)
ical representative of an element in K*(1) since there may be a nontrivial linear
scaling of the local coordinate map at oo.) After sewing and applying 77, the local
coordinate map at 0 is g; o (F®)~' o 77 '(w) and the local coordinate map at oo is
g_o0 (F®)~to T, (w), both of which depend on ¢ and will be trivial if € = 0.

Now, we take the derivative of the puncture at 0 with respect to € and evaluate
at € = 0 (using Proposition 4.5.1 twice).

d d .
7 (0o (FO) Mo T )|, = o (e e i)
g e= <

e=0

o d
T de
(' e+ )T N (w T = (T e )T + )P+ )|, (46.0)

(W' = e 4. ) N 42)  —e(w =

13

We only use “...” for terms involving higher powers of ¢, which will disappear upon
differentiating and evaluating at ¢ = 0, so this notation is unambiguous. Now
applying the derivative and evaluating, the right-hand side of (4.6.1) at € = 0, we

obtain
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We are dealing with local coordinates at 0 which means there will be no negative

powers of w. Thus

d 2)y—1 -1 2 %
= (o (FO) o Ty (W) g = —wP
==y At (4.6.2)
k=0

Using the same approach for the local coordinates at co, we find that

d N d |
i e e T = 7 (e

e=0

1 —w-1lz-1

== (4.6.3)
k=0

We see now that the local coordinates at oo do have an ay term that depends
on ¢ since their derivative evaluated at € = 0 has a nontrivial (not equal to 1) w™
term, and we also see that since we have a trivial w term, the local coordinates at 0

have a trivial ag term. We want to find out what the coefficients are in front of the

(1) k+1_d_
canonical tangent vectors, though, so let hy(w) = Xz, Ax (WG (aél)(e))w%w

and h_i(w) = o kel A (eywht1 4

H% be the canonical representatives of the lo-

cal coordinates obtained from the sewing (where A,(f) (5),&81)(5) are functions de-
pending on € for i = —1,1 and k € Z,). By applying the transformation map
Tr(w) = (a(()l)(s))wﬁw, we again obtain the unique local coordinates with no non-

trivial ag at 0 and a possibly nontrivial ag term at co. Taking the derivative of these
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local coordinates with respect to € at € = 0 yields

= (o Ty W),

d (1) (gyph+1
= (e e AN (D ey

(1) o 4 (1) d
ez, (@6 (@) AD (w1 (aél>(e))‘%(aé”(a))”diw>

X ( Trez, (a5 (€))7 AL (uwh 1 L UJ)
de

e=0

w+ Y (g (e) FAY (w4

wh (4.6.4)

for the puncture at 0 and

d 1 d (. o~ Tier, ATV @ur A 1
= (oo T3 )]y = g7 (e v ren L

e=0

d [ —Sies, @ @FAT @u L 1)\ w1
— +\%0 k dw WGw —
7 <€ (ag*(e)) ™" —

e=0

d )2 o R
= | @’ @) Y (g @) AT @w T L
k‘EZ+

(e, e (f00)

for the puncture at co.

e=0

w ! (4.6.5)
e=0

By comparing the coefficients of (4.6.2) and (4.6.4) as well as (4.6.3) and (4.6.5),

we verify the claim of the lemma. O
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CHAPTER 5

ALGEBRAIC PRELIMINARIES

In the examples of Circ-algebras and -coalgebras, it was insightful to study the
formal algebraic structure that a geometric structure induces on vector spaces. In
order to study the kind of structure that K™ induces on vector spaces, it is necessary
to define and investigate some algebraic formalism. This section will cover the formal

calculus we will need. For a more thorough exposition on formal calculus itself, see

[FLM], [FHL] or [LL].
5.1 The §-function

We will use the “formal é-function”, §(x) = > _, ", which is discussed in, for
instance, [FHL|. Note that the d-function applied to “z;om, where zy, 1 and x5 are
commuting formal variables, is a formal power series in x5 (i.e., negative powers of
(x1 — x5) are expanded in nonnegative integral powers of z3). In general, in the
formal calculus of VOAs the sum or difference of two formal variables, (x; £ z3),
is understood to be expanded in nonnegative integral powers of the second, x5 (cf.
[FLM], [FHL)).

The following three properties of d-functions will be relevant:

First, given a formal Laurent series X (zy, z5) € (Hom(V, W))[[zy, 21", 72, 75 %]] with

coefficients which are homomorphisms from a vector space V' to a vector space W,
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if lim X(z,x9) exists (i.e. when X (xy,z5) is applied to any element of V| setting
T1—T9

x1 = xo leads to only finite sums in W) we have

T

5 <—> X(21,15) = 6 (ﬂ) X (9, 29). (5.1.1)

T2 X2

Second, we use the fact that

_ To+ _ Ty —
xllé( 2x1 0) ::13215< 1@ °> (5.1.2)

which is proved by direct expansion or a more conceptual calculation in [LL]. The

_1 Tr— T2\ To — T1 _ 1 1 — To
xO(S( o ) :UO(S( —l’o) 1‘2(5( o ) (5.1.3)

may be observed similarly. These facts are used freely throughout VOA theory.

third fact,

5.2 Linear algebra on Z-graded vector spaces with finite-dimensional homogeneous
subspaces

Let V = HnEZ Vin) be a Z-graded vector space over C such that dim V{,) < oo

for each n € Z. We denote the graded dual space of V' by

v =TIV,

the algebraic closure of V' by

V - H V(") = (V/)*’

neZ

and the natural pairing of V' with V by (-,-). The n-th tensor product of V,
denoted V", is still a Z-graded vector space (where v € Vi) ® ... ® Vi) has
weight k1 + ...+ k,) with finite-dimensional homogeneous subspaces. Thus (V®"),
Ven and (-,-) 1 (V®") x Vo — C are defined as above.

We denote a homogeneous basis of V' by
{6%3% €z, (M =1,... dim Vig
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and its corresponding dual basis of V' by
{(e%))y k ez, (W =1, dimVy}.
We will use the notation
Hy (m,n) = Hom(VE™ Ven)

for m,n € N. For m € N, n € Z, and any integer 0 < 7 < n, we define the

t-contraction by

(1% e Hy(1,m) x Hy(1,n) — Hom(V, VEmta—i[[t, 1))

(fs9) = (f 1% g

where
(froz gw=> Y |Idy®---® Idy ®f(ey)) - (ehh)"®
kEZ (k) =1 i1

Idy ® - ® Idy | g(v)t*.

n—

If for all ' € (V®"*™~1)" v € V the formal Laurent series

', (f 1% ghw)

is absolutely convergent when ¢t = 1, then (f 1 *_; ¢); is well-defined as an element

of Hy(1,m +n — 1) and we define the contraction of f and g by
f 1% §g= (f 1 k4 g)1 € Hv(l,m+n— 1).

The following associativity of t-contractions comes from the definition.

Proposition 5.2.1. Let {,m € N and n € Z, such that m +n > 1. Choose
fi € Hy(L1,0), fo € Hy(1l,m), f3 € Hy(1l,n) and integers 1 < i < m+n—1 and

1 <7 <n . One of the following three properties holds:
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(1) i < j and as a formal series in t; and to

(fl 1% (fz 1% f3)t1)t2 = (f2 1k —j—pt1 (fl 1 %4 f3)t2)t13
(2) j <i<j+m and as a formal series in t; and to

(f1 1% (f2 1% f3)t1)t2 = ((fl 1 ¥ —i45-1 f2)t2 1%—j f3)t13

(3) i > j+m and as a formal series in t; and to

(f1 1%k (f2 1k f3)t1>t2 = (f2 1% (f1 1 *_itm—1 f3)t2)t1-

Since this proposition shows equality as formal power series, it also implies absolute
convergence of both sides and equality given the absolute convergence of either side.
Moving from associativity to permutations, the symmetric group on n letters

acts naturally on V& from the left, i.e. it is given by
(V1 ® - ®Up) = Vp1(1) ® - ® Up—1(n)
for all 0 € S,, and vy, ...,v, € V. This induces a left action on Hy (1,n) given by
o(f)(v) = a(f(v)).

Transpositions play a fundamental role in the actions of the symmetric group so we

will make heavy use of the transposition map

T:VV VRV

VRQWH— w Q.

From the definition of ¢-contraction and the action of the symmetric group we see

the following.

Proposition 5.2.2. Let fi1, fo € Hy(1,2). Then fi 100_1 fo exists if and only if
(fi 1%_2 (T f2)) also exists. If this is the case,

firxr fo=Idy @T)(T @ Idy)(fi1%-2 (T fo)).
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Proposition 5.2.2 implies that all symmetric groups act functorially with re-
spect to contraction since every symmetric group is generated by transpositions. In
addition, as was the case with the moduli space of spheres with 1 incoming and
n outgoing punctures, Propositions 5.2.1 and 5.2.2 imply that the sets Hy (1,n),

n € N, form a partial pseudo-operad.

Remark 5.2.3. In his book [H2], Huang examines a similar t-contraction and
contraction on the set of linear maps Hy(m,1) for m € Z. The vector spaces
Hy:(m, 1) and Hy(1,m) are naturally isomorphic, and it can even be shown that
the t-contraction and contraction in Hy(m, 1) correspond to the t-contraction and
contraction in Hy (1, m) under this isomorphism. Geometric vertex operator alge-

bras arise from considering maps vy, : K(m) — Hy(m, 1) such that the diagram

K(m) x K(n) 2 Hy(m,1) x Hy(n, 1)

iOO—IJ/ i*—lJ{

K(m+n—1) 20 Hy(m+n—1,1)

commutes (up to scalars, when the map ;00_1 is defined). Among other conditions
for GVOAs, the grading and meromorphicity azioms place additional requirements
on the image of (V' v, (Q)v) that depend on the choice of elements Q@ € K(m)
and v € VO™ but not on v' € V'. In some sense we could use the isomorphisms
K(m) = K*(m) (recall Section 4.4) and Hy/(m,1) = Hy(1,m) to achieve the

diagram

K*(m) x K*(n) 222 Hy(1,m) x Hy(1,n)

m,zl l

K*m+n—-1) 2L Hy(L,m+n—1).

This diagram underlies geometric vertex operator coalgebras. However, in order to
maintain consistency with the current worldsheet model, GVOCs must still place
additional requirements on the image of (V', um(Q)v) that depend on the choice of

elements Q@ € K*(m) and v € V, but not on v € (V®™)'. These requirements
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would be dualized under the above isomorphisms and hence would be incorrect. The
approach we provide in Chapter 8 yields a constructive isomorphism with a con-
structive inverse (that is natural with respect to the formal definition of K*). The
above approach s nonconstructive so that, even if the discrepancies with the grad-
ing and meromorphicity axioms were resolved, our approach produces a more useful

outcome.

5.3 More on sewing identities in representations of the Virasoro algebra

Now that we have developed another object on which the Virasoro algebra may
act, it is important to highlight the independence of the choice of the © sequences
(c.f. (4.5.7) and (4.5.10)) from the representation in which they are selected. With-
out specifying the specific module action of the Virasoro algebra on a complex vector
space V', we can claim the following two propositions. They correspond to Proposi-
tions 4.3.9 and 4.3.10, respectively, from [H2] with the only substantial change being

variable names.

Proposition 5.3.1. Let 0 = 0O (B(t),y), O = ©)(B(t),y) be chosen as in
Proposition 4.5.7 to depend on B(t), and y (with t an additional formal variable).
Then in the algebra (End V)[[t]][y, v ][[B"Y]] we have

o 01 (Shen, (P18 V00 ) Lk) _ L —0(VL(0) = Sien, 05 L(=D) J(~y+ i W)L(1).
Proposition 5.3.2. Let 0@ = 0@ (A, ot 1, y), 0F = 0P (4, at-1,y) be

chosen as in Proposition 4.5.10 to depend on A, 0481), t and y.
Then in the algebra (End V)[[t][y, y~][al”, a{"][[AV]] we have

622@171 (Z]’EZ+ (04(()1>)7j“4§'1) (Eiﬁl)yfjfk)/:(—k) — efGSQ)L(O)e* Ejez+ @§2)L(*j)e(fy+f2(y))L(l)'
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CHAPTER 6

GEOMETRIC VERTEX OPERATOR COALGEBRAS

6.1 The definition of a geometric vertex operator coalgebra

We are finally ready to define the primary geometric motivation for vertex op-
erator coalgebras. The definition of a geometric vertex operator coalgebra closely
follows the definition of a geometric vertex operator algebra first given in [H1] and
[H2] (in order that they might eventually be combined). One may think of a geomet-
ric vertex operator algebra as a meromorphic morphism (or algebra) of a C-extension
of the partial operad K to the partial pseudo-operad {Hy (n, 1) }nen. (See Section 6
of [HL1].) Similarly, a geometric vertex operator coalgebra may be interpreted as a
meromorphic morphism (or coalgebra) of a C-extension of the partial operad K* to
the partial pseudo-operad {Hy (1,n)},en. We will not focus on this interpretation

here.

Definition 6.1.1. A geometric vertex operator coalgebra is a Z-graded vector space

over C

V=11V

keZ

such that dimV(;y < oo for k € Z, together with a linear map for each n € N
2 K*(n) — Hy(1,n)

satisfying the following axioms:
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1. Positive energy:
Viky = 0 for k sufficiently small.
2. Grading: Letk € Z, v € Vigy, v € V', and a € C*. Then
W, 11(0, (a,0))v) = a (v, v).
3. Meromorphicity: For anyn € N, v' € (V") and v € V the function
Q — (v, 1 (Q)v)

from K*(n) to C is a meromorphic function on K*(n). Further, for anyv € V there
exists N(v) € Zy such that for all v € (V®")" the degree of z—; in (v, un(Q)v) is
less than N(v), fori=1,...,n—1.

4. Permutation: Let o € S,,. Then for any Q € K*(n)

o(pn(Q)) = pn(0(Q)).

5. Sewing: There exists a unique complex number C' (the central charge or rank)

such that for

’

Q1= (220 oy 2 AC™ (ST ACTHEDY (@Y ACY),

(af?, AM)) € K*(m),

QQ = (C:q}b-i-la cee 7C:11a B(_N)7 (b(()_n+1)7 B(_TH_I))? et (bé_l)a B(_l))a

(b, BM)) € K*(n),

if the i-th outgoing puncture (1 < i < n) of Q2 can be sewn to the incoming puncture

of Qy, then for any v' € (VE™=1) 4y eV

(', (i (@Q1) 1 %5 1 (@2)e(v))

1s absolutely convergent when t =1, and

Pmtn—1(Q1 100-; Q2) = (pn(Q1)1 *—; Mm(Q2)€_F(A(l)’3(_i)’aél)béﬁi))c (6.1.1)
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where C' is the rank and F(A(l),B(_i),aél)bé_i)) is as in (4.5.1) and converges by
Lemma 4.5.5.

We denote the geometric vertex operator coalgebra just defined by

(Va = {Mn}neN)

or, when there is no ambiguity, simply by V. We also sometimes refer to a geometric
vertex operator coalgebra with central charge C, or rank C', when the central charge

is of interest.

Remark 6.1.2. The second half of the meromorphicity aziom may be interpreted as

saying that (V' j1,(Q)v), when viewed as a function in z7{,...,z2_, .1, has poles at

2 =0(fori=1,...,n—1) and 2~} = z:} (fori # j) such that the order of each of

7

these poles is bounded by N (v) independent of v' € (V™). This fact comes directly
from the meromorphicity axiom for poles at z;* = 0 but for poles at z; ' = zj_l
this observation involves the sewing axiom. Incidently, the meromorphicity axiom
of a geometric vertex operator algebra includes a small bit of redundancy in that the
order of the poles at z; = z; (for i # j) is bounded as a result of the bounding of

poles at z; =0 (fori=1,...,n—1) and the sewing axiom.
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CHAPTER 7

VERTEX OPERATOR COALGEBRAS

The following description of a vertex operator coalgebra is the central definition
of this thesis. It is in a sense the culmination of our effort to algebraically understand
the structure induced on vector spaces by moduli spaces of spheres with outgoing
tubes. In another sense, however, it is a starting point for algebraic study. A number
of algebraic properties will be described in this section but these barely scratch the
surface in reference to questions about the structure of vertex operator coalgebras

and representations over them. Here is the definition.

7.1 The definition of a vertex operator coalgebra

Definition 7.1.1. A vertex operator coalgebra (over C) (of central charge or rank
C) is a Z-graded vector space over C
V=]V
kez

such that dim V{y) < oo for k € Z, together with linear maps

AV (VoW z e

vi— A(x)v = Z Ap(v)z ™1

keZ
(called the coproduct),
c:Vi—=C
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(called the covacuum map), and
p:V—C

(called the co-Virasoro map),
satisfying the following 8 axioms:

1. Positive energy:

Viey = 0 for k sufficiently small.

2. Left counit: For allv eV
(c® Idy)A(x)v =0
3. Cocreation: For allv eV
(Idy @ c)A(z)v € V][z]] and

hn(l)([dv ® c)A(z)v =v.

4. Truncation: Given v € V, then Ag(v) =0 for k sufficiently small.

5. Jacobi identity:

7510 (”“"1 - “) (Idy ® A(z2)) A(z1)

) (”32 — 5”1) (T @ Idy)(Idy @ A(z1))A(z2)

= 2316 (xl — xo) (A(z0) ® Idy)A(ws).

X2

6. Virasoro algebra: The Virasoro algebra bracket,

LG) LK) = (G — KLG + k) + = — )

12

holds for j, k € Z, where

(p® Idy)A(x) =Y L(k)z">.
kEZ
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7. Grading: For each k € Z and v € V{3,
L(0)v = kv. (7.1.7)

8. L(1)-derivative:
—A(z) = (L(1) @ Idy) A(z). (7.1.8)

We denote this vertex operator coalgebra by (V, A, ¢, p), or sometimes by just V.
Note that g, z; and x5 are formal commuting variables and A is linear so that,

for example, (Idy ® A(z1)) acting on the coefficients of A(x2)v € (V & V)[[a2, 25 ]

is well defined. Notice also, that when each expression is applied to any element of

V', the coefficient of each monomial in the formal variables is a finite sum.

7.2 Properties of VOCs

There are a number of interesting consequences of the above axioms. Using
the L(1)-derivative property along with the commutativity of operators with formal

variables we see that for all v’ € (V® V) and v € V
W, ("W @ Idy) A(z)v) = (v, exo%/{(x)w
Hence, by Proposition 4.5.1, we obtain
(emOL(l) ® Idy) A(z) = Az + xo). (7.2.1)

We get a pair of important facts by taking the residue with respect to zy of the

Jacobi identity, (7.1.5), then composing with p ® Idy ® Idy; i.e.

xT1 — T2

(p @ Idy @ Idy)Resy, " (5 ( ) (Idy ® A(x2))A(x1)

Zo

— g6 (‘TQ - xl) (T @ Idy)(Idy ® /((xl))/((wg))

Tl — X

— (p® Idy ® Idy)Res,, 235 ( ) (A(z0) ® Idy) A(x2)

Ty
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results in

Alw) Y L(k)ay ™ = (Idy @ Y L(k)2y %) A(xo)

keZ keZ

= Resg 250 (

1 — 2o

x
2 kez

by applying (7.1.6). Now applying (5.1.2) to the right-hand side of Equation (7.2.2)
we have

Afw2) Y2 LK) — (Idy © S LK)t ) A(wa)

keZ keZ

Ty +
= Res, 2716 ( SR

x

) O L(k)zf > @ Idy) A(z) (7.2.3)

keZ
Two facts which are derived from (7.2.3), called the L(1)-commutation formula

and the L(0)-commutation formula, respectively, are
A(22)L(1) = (L(1) @ Idy) A(2) + (Idy @ L(1)) A(x) (7.2.4)
and
A(2) L(0) = (L(0)@Idy ) A(w2) + (Tdy ® L(0)) A () +a5(L(1) @ Idy ) A(2). (7.2.5)

These facts are obtained from (7.2.3) by taking Res,, or Res,, 1, respectively.

We use repeated iterations of the L(1)-commutation formula to obtain the formula

m

(L@ )" 4 = 3 () (i L) AL

n=0

which, when used with correlation functions (i.e. (v, (-)v)), proves
(emOL(l) ® Idy) A(z) = (Idy ® e‘mOL(l)) A(x)emotW, (7.2.6)

Composing (Idy ® ¢ ® Idy) with the Jacobi identity gives

310 (“"1 — xo) Alwy) = 2516 (“"”1 — “”50) (Idy & ¢)A(z0) ® Idy)A(z).

T2 T2
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by applying (5.1.3) and (7.1.2). We then take the residue with respect to ;. This,

along with facts (5.1.2) and (7.2.1), yields the equation
(et @ Idy) A(za) = ((Idy ® ¢) A(w0) ® Idy) A(ws).

We can see that the cocreation property, (7.1.3) implies that A is “left surjective”

in the sense that its image includes all of V' ® C, allowing us to conclude
e W) = (Idy @ ¢) A(0). (7.2.7)

Notice that this proves left creation using only “left surjectivity” and the other
axioms.

Another important identity is obtained by taking the residue of the Jacobi iden-
tity with respect to xg, composing with (Idy ® Idy ® c), then applying (7.2.7) to

get

(Idy @ ™M) X(21) — (Idy @ e®1LW) A(2)

= A(z1 — 22)™PD) — X(—ay + 21)e™ D,
which further simplifies using (7.2.1) and (7.2.6) to
TA(z) = A(—z)e”*W (7.2.8)

(here x replaces xo — 1 to clarify the equation). Hence, we see that VOCs have a
natural skew-symmetry just as VOAs do (cf. (5.3.11) in [H2]).

Another fundamental fact about VOCs helps us to understand the elements
Ag(v) € V@ V. When v € Vi, we say the v is homogeneous of weight k, or simply
has weight k, and the grading axiom says L(0)v = (wt v)v. Given an element
we VeV, if (L0)® Idy) + (Idy ® L(0))) w = aw for some a € C, then we say

that the weight of w is equal to the scalar a, i.e., wt w = a. This agrees with the
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grading on V ® V since for v € Vi) and w € Vjy), we have v@w € (V & V) 114 and
wt (v@w)=k+ L.
We now take v € V) and examine the coefficients of A(z)v =37, Aj(v)z=7",

We apply the L(0)-commutation formula (7.2.5) to v and see that
A(x)kv = ((L(0) ® Idy) + (Idy @ L(0))) A(x)v + 2(L(1) @ Idy)A(x)v.

Using the L(1)-derivative property (7.1.8), and expanding the A operators, the

equation becomes

kZAj(v)x’jfl = ((L(0) ® Idy) + (Idy @ L(0 ZA i1

JEL JEL

+ ) (=i = DAz,

JEZ

and we conclude that
(L(0) ® Idy) + (Idy @ L(0))) Aj(v) = (wt v+ j + 1)A;(v),
that is

wt Aj(v) =wt v+ 7+ 1. (7.2.9)

L(0)

As in vertex operator algebras, it is natural to define zy" v = zfv for v € Vi

since a’®y = a*Fv where a € C*. Similarly, for « € C*, v € Vi and w € V(y) we

have

a(]dV®L(O))(U ® w) — (]dv ® aL(O))(U &® UJ)

= a'(v®@w)
so we define

xldv®L(0)(U ®w) = 2'(v®w),

xL(O)@IdV (U ® ’LU) _ IL’k(’U ® ’LU).
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This definition has the desired consequence that

xé(0)®ldv+ldv®L(0) (v@w) = xgt (”®“’)(v ® w)

for v@w € V ® V. Notice that this definition of weight (i.e. the operator “wt”)
extends naturally to V" for all n € Z, .

Considering v € Vi), it is now clear via (7.2.9) that for each Aj(v),

T
Aj(v) = ZW ® wy
=1
where each u, € V), each wy € Viwt a;w)—i;), 7j € Z4, and each i; € Z. By

considering homogeneous vectors, it can then be seen that
x_ld"@’L(O)/{(x)xg(O) = xOL(O)®IdV/((xOm). (7.2.10)
Thus for a € C* we have
(Idy ® a ") X(2)a"® = (" @ Idy)A(az). (7.2.11)

Understanding the properties of the representation of the Virasoro algebra is
another key to understanding VOCs. (It also turns out to be invaluable in proving
the sewing axiom in Section 8.2.) First, we use the cocreation axiom (7.1.3 and

7.1.4) as well as the definition of p, (7.1.6), to see that
cL(j) =0 € Hom(V,C) for j <1 (7.2.12)
cL(2) = p. (7.2.13)
These two facts along with the Virasoro bracket relation give us
pL(0) = 2p. (7.2.14)

Armed with this fact and the L(1)-derivative property, we compose the L(0)-

commutation formula with (p ® Idy) to get

> L(k)a*PL(0) = 2 L(k)2"? + L(0) Y L(k)2"* + x% > L(k)a*2

k€EZ kEZ kEZ k€EZ
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Taking Res,z 7! and applying the outcome to any homogeneous vector v € Vi
we see that

LO)L(j)v = (k = ) L(j)v
for any j,k € Z. Thus, as is the case with VOAs, each operator L(j) raises the

weight of homogeneous vectors by —j. Examining homogeneous vectors, we then

see that fora e C*,be C, k€ Z

G L0) LK) — ja~*bL(k) [ L(0) (7.2.15)

7.3 Rationality, associativity and commutativity

We can understand a great deal about compositions of A operators by investi-
gating how to obtain them from rational functions. Let Clxy,z5]s be the ring of
rational functions obtained by inverting the products of (zero or more) elements
of S, where S is the set of nonzero homogeneous linear polynomials in x; and

Ty. Let 11 9 : Clzy, 20)s — C[[w1, 27", 22, 25,"]] be defined by mapping an element

g(z1,22) g(x1,22) - 1
aziaf(zr—x2)t to xixs times (z1—22)t

expanded in nonnegative powers of x5 where
g(x1,x9) € Clzy,25] and r,s,t € Z. This generalizes to finitely many formal vari-

ables, i.e. ¢1..,, and any ordering of the formal variables (cf. Section 3.1 of [FHLY]).

Proposition 7.3.1. (a)(right rationality) Let v' € (V®3) and v € V. Then the
formal series (v, (Idy @ A(w9))A(z1)v) is in Clay, x5 |[[x7h, 22]] and in fact

(W', (Idy ® A(x2)) A(x1)v) = 11 of (21, 22)

where f(xy1,x9) € Clxy, x2]s is uniquely determined and is of the form

g(xh :152)
viws(ry — 12)t

f(l]l,ai'g) = (731)

for some g(x1,x9) € Clzy, 23] and r,s,t € Z.

(b) (commutativity) It is also the case that
1 50, (Idy @ A(z2)) A(z1)v) = 13, (v, (T @ Idy)(Idy @ A(z1))A(22)0).
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Proof. We may consider homogeneous vectors v € V{,y and v' € (V®3)’(s). The

residue with respect to xg of the Jacobi identity yields

(v, ((Idy @ A(x2)) A1) = (T @ Idv)(Idy @ A(x1)) A(22)) v)

= (', ((A(x) — 22) — (A(—x2 + 1)) ® Idy) A(x2)v).

Here as throughout VOA theory (z1 — x2)™ is understood to be expanded in non-
negative integer powers of xs.

By truncation, A;(v) =0 for j < M for some M € Z,. Note that the weight of
Aj(v) is r+ j + 1 so the weight of the coefficients of (A(zo) ® Idy)A(x2)v will be
(r+7+1)+k~+1 where j indexes the first comultiplication and k indexes the second.
But the weight of the coefficients of ((A(zy — xg) — (A(—x2 + x1)) ® Idy) A(za)v
must match the weight of v’ to be nonzero, i.e. we have s = r 4+ j + k + 2. Since
(71 — m2)™F 1 = (=9 + 1) 7! for k < 0 resulting in coefficients of 0, we need
s>r+j7+2(orj <s—r—2)to have nonzero coefficients. We conclude that
j is bounded above and below. A similar argument bounds the index k above and

below. Explicitly, there exists M, N € Z, such that

(W', ((Idy ® A(z2)) A(21) — (T ® Idy)(Idy @ A(x1))A(z2))v)

= D (0 (Al = a2) = (A= + 1) © Tdv) Ay ()"

= Z Zaj,k (Ll o(21 — @) T — 1y (—xa + wl)_k_l) xy’
j=—M k=0

=(t12—1t21) gloy, 72)

a:é‘/‘[+1($1 _ x2>N+1

with each a;; € C and g(z1,z2) € Clz1, 25| unique. Rewriting the equation as

(W', (Idy @ A(z2))A(xq1)v) g(z1, x2)

—
! Q:Ué\“l(xl — xg)NH1

. g(*rlvx?)
2 lxé\/[“(azl — z9)NH1

= (' (T @ Idy)(Idy @ A(z1))A(x)v) (7.3.2)
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allows us to examine the x; terms more closely. Using the truncation axiom on the

left-hand side shows there are only finitely many positive powers of x; on either side

of the equation above. By weights and the finiteness of v on the right-hand side,

there are only finitely many negative powers of z; as well. Further, the coefficient of

each power of z; is a Laurent polynomial in z,. Hence, both sides of the above equa-

tion are equal to some unique Laurent polynomial h(zy, x2) € Clzy, 29, 27", 25 1.
This allows us to uniquely define f(x,z5) € Clxy, z2|g by

r1,T
f(w1,220) = h(21,22) + M+1g( 1,22)

xy o (r — wg)NH - LII?(U/’ (Ldv ® A(z2))A(z1)v)

proving part (a). Similarly, (7.3.2) shows that

flar,22) = 133 (v' (T @ Idy)(Idy ® A(z1)) A(w2)v)
proving part (b). O
Proposition 7.3.2. (a)(left rationality) Let v' € (V®3) and v € V. Then the
formal series (v, (A(xo) @ Idy)A(zo)v) is in Clagt, xo)[[wo, 5] and in fact

(W' (A(xg) @ Idy) A(x2)v) = 19 ok(w0o, x2)

where k(xo, ) € Clxo, 22]s is uniquely determined and is of the form

g<$0, xQ)
xprs(To + xa)t

k’(l’o, .1'2) =

for some g(xo, xs) € Clzg, 23] and r,s,t € Z.

(b) (associativity) It is also the case that

i 2 (v, (Tdy @ A(22)) A(z1)v) = (1370(v", (A(z0) ® Tdy) A(z2)v))]

To=x1—T2
Proof. Following the proof of Proposition 7.3.1, right rationality, we let v € V{,y,

v e (V®3)'(S) and take the residue with respect to x; of the Jacobi identity:

W', (Idy @ A(x2)) Az + 22)0)
— (W (T Idy)(Idy @ (A(xg+ 22) — A(x2 + 70))) A(22)V)

= (', (A(xg) @ Idy)A(x2)v). (7.3.3)
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Again as in Proposition 7.3.1, there exists M, N € Z. such that

<Ul, (T ® Idv)([dv ® (/{(ZEO —f- .Z'Q) — /{([L’Q —|— l’o)))/&([ﬁg)’l))

= D> g (w0 a(@o +w2) T =g oy o) H )y’
j

=—M k=0

9(170,.’172)
xé\/lﬂ (930 + x2>N+1

with each a;;, € C and g(xg, x2) € Clzo, z2] unique. Equation (7.3.3) may now be

Z(LOQ—LQO)

rewritten as

— g(x07x2)
0 2:133/[+1(1‘0 + 3N H1

<"U/, ([dv (%9 A(ig))/{(l‘o + $2)U>

L g<$07x2)
2 0x£\4+1($0 + xQ)NH'

= (v, (A(x) @ Idy)A(xs)v) —

Again, we follow the proof of Proposition 7.3.1 and find the unique Laurent
polynomial h(zg,zs) € Clzg, x2, 75", 25| that is equal to both sides of the above

equation. Defining k(xg, z2) € Clzo, z2|s by

_ g(x07$2) =11
k(xo, 22) = h(zo, z2) + M (1 + )N by (0", (Azo) © Tdy ) A(x2)v)

proves part (a). The fact that f(z1,x2) from Proposition 7.3.1 is of the form (7.3.1)

shows that
f(xl’ xQ)‘xlszer? - (LI12<U/’ <IdV ® /((%2))/((%1)1})) ‘x1=m0+x2
= 15 5(V", (Idy ® A(z2)) Ao + 22)V)

and hence
f(xo + z2, 22) = k(xo, 2). (7.3.4)

Thus

v 5 (v, (Tdy @ A(xg)) A(x1)v) = f(a1,22)

f(xO + Zg, x2)|z0:x1—$2
k(x07‘x2)|$0 T1—x2

(L20 A(o) ® Idy) A(x )U>)‘

To=T1—T2
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7.4 The Jacobi identity from rationality, commutativity and associativity

Proposition 7.4.1. The Jacobi identity may be replaced in the definition of a VOC
by right and left rationality, commutativity and associativity, i.e. the claims of

Propositions 7.5.1 and 7.3.2.

Proof. Proposition 3.1.1 of [FHL] tells us that given a rational function

9(9307 xy, 1/'2)

To,T1,To) =
f( 0y 41y 2) LUSI’?’E%

Y

where ¢ is a polynomial and r, s,t € Z,

xr1 — T To — T
xal(s ( : 2) a1 2(f|930:961—$2> - x515 ( 2 1> L2 1(f|$0211—r2)
x Zo

0

- To+x
=710 ( 2x 0) 12 0(fleymaotas). (7.4.1)

1

g(w1,72)

We use the rational function f(zq,x2) = ] T from Proposition 7.3.1 and
12

define f(xo, T, T9) = ﬁf;—;%) Plugging f into equation (7.4.1), we get
1
_ rK — _ To — X
27015( . 2) L1 2f(l‘1,$2)—$015< 2 1)L2 1f($1,$2)
Zo —Zo
_ To+ X
=T 15( 2:[; 0) Lo ()f(l'()—l—l’g,l'g).
1

Equations (5.1.2) and (7.3.4) applied to the right-hand side of this equation gives

us

T, — T Tg — T
1'015( lx 2) L1 2f($17372)—33'015( = 1)L2 1f (w1, 22)

0 —Zo
r1 — 2
-1 1 0
= T9 0 < ) Lo 0k5(1‘0,$2).

X2

(Using Equation (7.3.4) is valid because it comes directly from left and right ratio-
nality.)
We need only recognize that using the properties of right and left rationality, as

well as commutativity gives us the Jacobi identity to finish the proof. O]
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CHAPTER 8

AN ISOMORPHISM BETWEEN THE CATEGORIES OF GVOCS AND VOCS

We defined geometric vertex operator coalgebras to motivate the definition of
vertex operator coalgebras. We are now in a position to prove that these notions
give rise to isomorphic categories. The category of GVOCs of rank C' has the class
of all GVOCs of rank C' as its objects and its morphisms are those linear maps
between GVOCs that are p invariant. The category of VOCs of rank C has all
VOCs of rank C as objects and for morphisms, linear maps between VOCs which
are coproduct invariant as well as preserving the covacuum and co-Virasoro maps.

We will define a functor from GVOCs to VOCs and then a functor from VOCs
to GVOCGCs. Finally, we will show that these two functors are inverses to each other,

thus giving an isomorphism.
8.1 A map from GVOCs to VOCs

In this section we construct a map from the category of geometric vertex operator
coalgebras to the category of vertex operator coalgebras. In Section 8.3, we will
prove that, in fact, this map is an isomorphism.

Let (V,u) be a geometric vertex operator coalgebra. We define a linear map
c*:V — C by

" = po((1,0)), (8.1.1)

I0)



a linear map p* : V — C by

d
Pt = —d—suo(l,(o,é,0,0,...)) : (8.1.2)
e=0

and a linear map A* : V — (V @ V)[[z,z7!]] by
Res,z™ (v, A*(z)v) = Res, 2™ (v, up((271;0,(1,0), (1,0)))v),

for v € (V®V)',v € V where Res, means taking the coefficient of the 27! term in

the given series and Res, means taking the residue of the function at the singularity

z=0.

Proposition 8.1.1. If the rank of (V, ) is C, then the quadruple (V, A* c*, pt) is

a vertex operator coalgebra of rank C.

Proof. We use the GVOC axioms to prove the VOC axioms with respect to
(V, A# c*, ph).

1. Positive energy: trivially verified.

2. Left counit: Let v' € V', v € V. Then

(v, (¢ @ Idy) A*(2)0)]e=- = (', (1o((1,0)) @ Idy) A ()0},
Ulv MU((L O)) 1*—1 MQ((Z_I; 0, (17 0)7 (1’ 0)))U>

Ula Ml((L 0) 100-1 (Z_l; 0, (17 0)7 (17 0)))U>

(The second equality uses projection maps to show convergence and the last step

uses a trivial application of the grading axiom.)
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3. Cocreation: Let v/ € V', v e V.

(', (Idy @ ) A (2)0) o=z = (', (Idv @ pro((1,0))) A (2)0)]

= (', 10((1,0)) 1 %2 p2((277;0,(1,0),(1,0)))v)
<U/,M1(( ) ) 1002 (271;07 (170)7 (170)))U>
=

v, 110, (1,(=2,0,0,...)))v).

By the meromorphicity axiom, (v/, u1(-)v) is a meromorphic function on K*(1).
Hence (v/, 111(0, (1, (—2,0,0,...)))v) is a polynomial in z. Thusforallv € Vv € V|
(', (Idy ® c*)A*(x)v) € V]z]. We can also see that

lim (0", (0, (1, (=2,0,0,..)))v) = (', (0, (1,0))v)

= (v, v).
4. Truncation: By the meromorphicity axiom, for any v € V there exists
N(v) € Z, such that for all v € (V®@V')', the power of z in (v/, u2((27%; 0, (1,0), (1,0)))v)
is less than N(v). But

<U/7 MQ((Z_I; 0, (17 0)7 (17 0)))U> = <UI7 /{H<x)v> |z:z )

and hence the number of positive powers of x in A*(x)v must be less than N (v)

as well.

5. Jacobi identity: The idea behind proving the Jacobi identity is to prove
right and left rationality as well as commutativity and associativity. As shown in
Proposition 7.4.1, this is equivalent to the Jacobi identity.

We will start by obtaining right rationality and commutativity.

(v, (Idy @ A*(22)) A (21)0)|z=-_,
= (v, 12((22350,(1,0), (1,0))) 1 %2 p2((271; 0, (1,0), (1,0)))v)
= (v, 113((272: 0, (1,0), (1,0)) 100 (27330, (1,0), (1, 0)))v)
= (v, u3((221,223; 0, (1,0), (1,0), (1,0)))v)
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for any z_y,2z_9 € C* for which this sewing is well defined, i.e., for |z_;| > |z_4|.

Similarly,

W', (Idy @ AH(x1)) A" (x9)v)

Ti=z_; — <’U/,/JJ3((Z 2, %_ 170 (170>7(170)7(170)))U>
for |z_5| > |z_1|. By the meromorphicity axiom,

g(z—la 2—2)
2L1225(201 — 222)!

(v, 3 ((221, 22230, (1,0), (1,0), (1,0)))v) =
where g(z_1,2z_9) € Clz_1,2z_5] and r,s,t € Z. Thus, since

g(Z,l, 272)
2" 255(2 — z_9)?

W' (Idy @ A*(29)) A*(21)v)

Ti=2z—5 —

and (v, (Idy @ A*(xq))A*(z1)v) has only finitely many positive powers of z; and
hence only finitely many negative powers of x5 by evaluating weights on homoge-

neous vectors,

9(5617%2)
rias(zy — 29)t

(W', (Idy @ A*(x9)) A (21)v) = 11 o

(8.1.3)

ie., (V, A" ", pi) satisfies right rationality. By the permutation axiom,

<U/7 H3((z:%a Z:%, 0, (L 0)7 (1’ 0)’ (1’ 0)))U>

= <U/7(T®Id\/):u3(( —27Z 1’0 (1,0),(1,0),(1,0)))’0);
hence

g(xbx?)
rias(r) — xg)?

= 131V, (T @ Idy)(Idy ® & (1)) A" (22)v)

1 o {v', (Ldy @ A (a2)) A (21)v) =

proving commutativity. Now working on toward left rationality and associativity,

we use the same technique to argue that

<U/7 (/{“(‘TO) ® ]dV)/UL(xQ)U>|900=(Z—1—Z—2),362=Z—2
= <U,7M2(((Z—1 - 2—2)_1; 0, (17 0)7 (1’ 0))) 1*-2 :UJQ(( —2’ 0, (1 0) (17 0)>>U>

= (v, u3((2_1,2.9;0,(1,0),(1,0), (1,0)))v).
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for |z_o| > |21 — z_2|. Recall that the right-hand side of this equation is equal to

9(2—17 2—2) _ h(2—1 — 22, 2—2)
2y22y(2o — 2o2)t (21— 202) + 222)7225 (201 — 222)"

for some h(z_1 — 29,2 5) € Clz_1, 2z_5]. Thus, as in (8.1.3),

h(x(); 1'2)
(o + o) a5l

(W', (Idy (A (xg) @ Idy) A" (22)v) = 12 ¢

that is, left rationality holds. In addition, we see that

(1500, (Idy (A" (z0) ® Idy ) A (z2)v)) |
_ hr_y —x_9,2_9)
(21 —22) + 72) 2%y (21 — 22)"
= 17 5(V, (Idy @ A¥(2,)) A¥ (21)v),

TO=T1—T2

which is, of course, associativity.

6. Virasoro algebra: In order to examine the Virasoro algebra structure of the
L(k) operators, we must first determine what
(0® Idv)A(x) = 3 L(k)*
keZ
forces the L(k) operators to be. We will make use of the linear functionals £;(z)
described in Section 4.6. If we choose v/ € V' and v € V then apply L£;(z) to

(v, 1 (+)v), there are two different ways to interpret the result. On the one hand,

L1(2)(W' m()v)
- (d%@',m((@,(o, —¢,0,0,...))) 1001 (z‘l;O,(l,O),(l,O)))v>>

B (%<Ul, MO(Ov (17 (Oa —-<, 07 0’ e ))) 1%¥-1 /{#(ff))'l}))

e=0

e=0,2=2

_ ;_j,m(o, (1,(0,£,0,0,..0))| 1% 1 K4(2)))],_.

= (', (p" @ Idy) A" (z)v)] N

Tr=z
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On the other hand, viewing £;(z) as an element of the tangent space of K*(1)
at (0,(1,0)), Lemma 4.6.2 tells us that

Li(2) (0", pa ()

po —O _
- 22— (0 (g, AD), AT o)
vez, 04 ACD 4D 0, a1
-0
+ 27— (' m((ag”, AD), ATV)o)
da, A=), A =0, a{V=1

3 (el A0), A

keZ4 k ACD A =0, afV=1
= > (W, FPL(=k)) + (v, 2 L) + > (W, 2L (k)
k‘EZ+ k€Z+
= (v, L(k)*?v)
keZ R
where the L(k)’s are defined by
/ 0 (M) 4y 4D
(0, L(k)v) = ——5 (W', (a7, AY), A7 7)) ,
04, ACD AW =0, ol =1
/ 0 1 (1) 4y 4D
(' L)) = —— 5 (0 pa (0, AD), ACD)0) ,
day A=), A =0, iV =1
9,
(v, L(=k)v) = —— 5 (v u((ag”, AV), ATV)o)
04, A1 A =0, afV=1
for k > 0.

This geometric definition of the L(k) operators is identical to the definition of
the L(k) operators in the vertex operator algebra setting of [H2]. Thus we may
claim the proof from vertex operator algebras ([H2], (5.4.26)) that these operators

satisfy the Virasoro relations.

7. Grading: If we assume that k € Z, v € Vjg), v’ € V', then observe that by the
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definition of L(0) and the GVOC grading axiom

, 0
<U,L(O)?}> = ( a 5 (1)

- (g%m%kwm)

= (v, kv).

<U 251 (07 (aOv 0))U>>

apg=1

8. L(1)-Derivative: Let v € (V @ V), v € V3.

L(1) ® Idy ) A" (x)v)|

( r=z
8 1
= 8_ (1, (20,0,0,...))) ® Idy)A*(x)v)
20 r=2,20=0
0
(8_ v, 110, (1, (20,0,0,...)))1 %1 pa((271 0, (1,0), (1, O)))v))
20 20=0
0
(a_ v/, 112(0 (20,0,0,...)))100_1(2_1;0,(1,0),(1,0)))v>)
20 20=0
0
— —20;0,(1,0),(1,0
Q%vmz 20, (L0, (Lo )|
0
— , AH( _
<820 U >v>|xZ_ZO)) 20=0
0
( U _/{u > T=2—2 8_ZO<Z - ZO))
0 20=0
, 0
= (o, — A (z)o)
This completes the proof that all the axioms hold for (V, A ¢*, pH). O

8.2 A map from VOCs to GVOCs

We now construct a map from the category of vertex operator coalgebras to
the category of geometric vertex operator coalgebras, which extends naturally to a

functor between categories.
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Let (V, A, ¢, p) be a VOC. Let ,u/( : K*(n) — Hy(1,n) be defined by

Wzl 2 AC (@5 Ay (@l ACY) (alY, AD))w)
=l1n-1

B CHFa o B
S ((ag‘”)—L@)e Eiee, AL g L g (gl H)EO)

B (—n+1) o - ()
n—2

@, .
(Idy ®@ Idy @ A(z3))(Idy @ A(z2))A(z1) € Ljezy 4 L(J)(agl))*L(O)w

Ti=z_;

for n € Z, and

_ (O
(1, AD))o = e Zamn T EDy

for allv e V, o' € (VE").
At this point we need a lemma that gives us some information about absolute
convergence when two sewings are composed. In and of itself this lemma says little

because of its strong conditions, but it will be necessary in the general proof that

(V, {155 ez) is & GVOC.

Lemma 8.2.1. Let{ € N andm,n € Z,. Choose Q; € K*({), Q2 € K*(m), Q3 € K*(n)
and integers 1 < i < m and 1 < j <n such that the sewing (1 100_; Q2) 100_;Q3

exists. If, for allv' € (VEH™I=2) eV,
(W 171 (Q1 100-; Qa)v) = (0, (M (Qu) 1 %—i s (Q2))v)e e

and

<vlvﬂém+n—2((Ql 100 QQ) 100—j Q3)v> =

(v, (Mém—l(@l 100_; Q2) 1% /A?i{(Q;;))v)eFQC

for T'y, Ty appropriately chosen, then we have

WS, (@1 1005 Qo) 100-; Q3)v) =

(v, ((M%(Ql) 1% /ﬁ,}(@z)) 1% uf}(@:},))we(rﬁm)c (8.2.1)
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and, ©n particular, the right-hand side does exist.

Similarly, let {;m € N andn € Zy such that m+n >1,1<:<m-+n-—1,
1 < j < n, choose Q1 € K*({), Q2 € K*(m), Q3 € K*(n) so that that
Q1 100_; (Qg 100_;Q3) exists. If, for allv' € (VEHFMEn=2) 4 eV,

(W 1 (@a 1005 Qa)v) = (0, (EN(Qs) 1%y HN(Qs))v)et e

and

(v',uém+n_2(Q1 100_; (@2 100-;Q3))v)

— (W, (M Q1) 1+ ﬂr/n{—i-n—l(QQ 100_; Q3))v)e

for Ty, Iy appropriately chosen, then

<U’,uém+n_2(Q1 100_; (@2 100_;Q3))v)

= <Ul7 (M%(Ql) 1% (MT{}(QQ) 1%_j M;f(Qg)))U>6(F1+F2)C

and, in particular, the right-hand side does exist.

Proof. This result uses the Fischer-Grauert Theorem (Theorem 3.4.3 in [H2]) and is
essentially the double absolute convergence result given in part (5e) of Proposition
5.4.1 in [H2]. (It also follows Proposition 7.1 in [B]). To prove the first half of the
lemma, let t1,t5 € C* and then multiply the local coordinate maps at the —i-th
puncture of @3 by ¢; and at the —j-th puncture of Q3 by ¢ to obtain Qs(t1) € K*(m)
and Q3(t2) € K*(n), respectively. There exists a neighborhood of (1,1) € C* x C*
such that the sewing still exists. Using the definitions necessary to expand both
sides of (8.2.1), and (7.2.11), we can observe that substituting Q2(t1) and Q3(t2)
for Q2 and Q3 on the left-hand side of (8.2.1) shows that both sides are equal when
viewed as formal power series in t; and t,. The left-hand side is doubly absolutely
convergent in the above neighborhood by the Fischer-Grauert Theorem, and hence,
the right-hand side is doubly absolutely convergent at t; = t, = 1.

The argument for the second half of the lemma is similar. O]

83



We now move to the main proposition of this section.

Proposition 8.2.2. The pair (V, {uﬁi}neN) is a geometric vertex operator coalgebra

of rank C, where C' is the rank of the VOC (V, A, ¢, p).

Proof. We use the axioms of a VOC to obtain the axioms of a GVOC:
1. Positive Energy: trivially verified.
2. Grading: Let v' € V' and v € V). Then by the VOC grading axiom, (7.1.7),

W iM0, (@, 0)0) = (,a " O)
= a ", v).

3. Meromorphicity: From right rationality (Proposition 7.3.1) and the definition
A A

n n

of u2*, we see that the map @ — (v, 45 (Q)v) is meromorphic on K (n). Fixing
v € V, we must show that for some N(v) € Z, the degree of z_; is less than
N(v) in (v’,un/{(Q)v) for any 1 < i < n—1and v € (V). We may assume
Q= (22}1,...,221;0,(1,0),...,(1,0)).

Considering repeated application of commutativity (Proposition 7.3.1), we see

that

W, Q)

=t W Idy ®-® Idy @A(2n1)) -+ (Idy ® A(22)) A(21) V)|

n—2 o
= Lf-l-z‘—Q ii—1 z‘+1~..n—1<vla (!dV ® V ® [dV, R@A(Tp-1)) -
n—2
(Idy ® o ® Idy @ A(zi1))(Idy @ o @ Idy (T @ Idy)(Idy ® A(xi-1))A(x;))
7 i—2
(Idy ® 9 Idy @ A(xi-9)) - (Idy @ A(z2)) A1) V)|,,—. ,
i—3
=t g (0 (Ldv @ L ® Iy @A(zn-1)) -
(Idy ® nj ® 1dy ® A1) (ldy © -+ @ Idy ®
i i—2
(T'® Idy)(Idy @ A(wi-1)) - (T @ Idy)(Idy @ A(x1)) A(2:) V)], , -
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By the truncation axiom, there exists N(v) € Z, such that the term A(x;)v has less

than N(v) positive powers of x;. Thus the expression (v/, u;f{(Q)w has less than

N (v) positive powers of z_;.

4. Permutation: Let

Q= (200, 2 ACD (@l ACTED) (el ACY),
(ag?, AM)) € K*(n).

Sy is generated by the transpositions o = (i i+ 1) for i = 1,2,...,n—1 so it suffices

to show that the axiom holds for these. If i < n — 1, we see from Equation (4.3.1)

that

W, 1 (0 (Q))w)

0 A 1 -1 -1 -1 —1. A(—n (—n+1) —ntl
= (v, uy, (Z—n—i-l’"’7Z—i—27Z—i7Z—i—l7Z—i+l7’“’2—17"4( ):(ao 7A( ))>

.‘,(a(()—z‘—Q)’A(—i—Q)%(a(()—i)7A(—i)), (aé_i_l),A(‘i—l)),

(aé_iﬂ), A(_Hl)), o (ag_l), A(_l)), (aél)y A(l)))v>

_ —1)\— - ATV L(—k)
= 0k it i e (U ((aé ))~HOe ey A THER

& (D) LO) g~ Dhen, A7 TVLER) g (i) -10) = Dz, ATV LR

R (aé—i))—L(O)e— Ykezy ATYVL(—k) ® (a(()—i—2)>—L(0)e— Lkez, AT L(—k)

R ® (aé_”+1))*L(0)e—EkeZ+ ALY L(—k) Qe Lkezy Az(c_n)L(—k))

(dy @ - @ Idy @A(r 1)) ([dv ® - @ Idy @A(T12))

n—2 z:—rl
([dv Q- Idvj@/{(l‘z))(!dv K- ® Idv ®A($l+1))(!dv ®:® [dvj@
\i’ i‘:l i:r2
_ (1)
A1)+ (Idy @ A(ws)) A(ay) e >4 e H0 (gf)) ~HO0y) (8:2.2)
Tp=2_y

Next, by commutativity (Proposition 7.3.1), we see that the right-hand side of (8.2.2)
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is equal to

s, () 0 B A

by.n—1
® (a§D) PO g~ Tez, AU @ ((1-D) L0~ ez, ATYVLER)
P

@ @ () LO) g~ Sea, AU @ o= Tie, A,i%(—k))

(Idy @ -+ @ Idy @ A(xp1)) - ([dy @ -+ @ Idy @ A(7i12))

n—2 ijrrl
irl irl
e

e~ Tez, A4 LK) (a$”)~HO)

Ty=2_y

=V, (ldy @ - ® Idy QT @ Idy ® -+ @ Idy) ((al()*l)>—L(o)

~
—i—1

1—1 n
LY L(—k)

(=1)
6_2k62+ ATV L(=k) R Qe ® (aé_”+1))—L(0)€_zkeZ+ Ay, ®

_ m)p
o~ Lkeny A L k)) (Idy ® - © Idy @ A(x-1)) - (Idy @ A(x2)) A1)

n—2

o~ ez, ALK) (D)=L 01y

Tg=z_g

— (', o (12 (Q))v).

If : = n — 1, however, the argument requires not commutativity but the algebraic
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facts (7.2.1), (7.2.6) and (7.2.8). We argue as follows.

W, o (2 Q))w)
(=) 7,
= il (Vs (ldy © - ® Idy @T) (<aé‘”>““>e2k62+ b g

n—2

® (a(()_n+1))—L(0)€_Ek€Z+ A27H+I)L(—k) Q e—zkez+ A%")L(_k)>

~
n—2

¢~ Tezy A LK) (a)~HO)

Ty=z_y

B -1, o
= t1n 1 (V) <(a81))“0)e Zren e T @ (af ) THO)

e~ Trezy AU g o~ Tnen, AU g (D) L0~ Dnez, Ai‘"*”L(k))

(dv ® - @ Idy @T A(zp—1))({dv © -~ ® Tdy @A(wn2)) -+~

—~
—2 n—3

)
Idy @ A(25)) A(x;) e rezs A LF) (4 (Dy=L(0),,
0

3

Tg=2_yp

N (D) )
= o (a0 e A 6 o) 0

e_zkez+ Aé7n+2)L(_k) ® e_ZkEZ+ A,(;")L(—k:) ® (a(()—"'f‘l))—L(o)e_ZkeZJr Aé"H)L(—k))

(Idy ® -+ @ Idy @ A(=zp_1)e™ D) (Idy @ -+ @ Idy @ A(2,-2)) - - -

n—2 n—3

(1)
(Idy @ A(xq))A(z1) o~ ke A L(k)<aél)>fL(0)U>

B -1, o
=101V, <(a81))L(°)e Zren e T @ (af ) THO)

e~ Trezy AU g o~ Tken, AU g (D) L0) - Ene, A,i‘"*”L(—k))

(Idy ® -+ ® Idy @ A(—2p1))([dy ® -+ @ Idy @A(Tp2 — Tp-1)) -

—2 n—3

3

_ (1)
[dV ® A Ty — Ty { T1 — Tyoq 69&n—1L(1)e Zkez+ Ay L(k) a(l) —L(O),U
0

Tp==2—¢
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(=1
= L;.l_nil@/, <(aé_1))_L(0)€_ZkeZ+ Ay L(=Fk) Q- ® (aé—n+2))—L(0)

o rez, A @ o~ Tken, AR ) (4 on D)L~ Lz, Aé"*”L(—k))

(Idy ® - ® Idy @ A(n1))(Idy @ -+ @ Idy @A(T-2)) - -

n—2 n—3
1)

(]dV X /{(ZEQ))/{(J}l)egC”*lL(l)e_Zkez+ Ay, L(k)

() ~H)

In—1=—2—n+1; Tn—-2=2—n42—2—n+1ly- L1=2—-1"2—n+1
We now move the (a§ ™™")~%© term into an appropriate position using (7.2.11).

We get

A
(', o (i (@))v)
_ =V _ _
= L;}n—1<vl7 ((aé_l))_L(O)e Yreny, A L(=F) Q- ® (a(() n+2))—L(O)

e~ Ykezy AT (k) Qe Ykezy AP L(—k) ® (a(—n+1)>—L(0)6_ Ykezy AT L(—k)

0

(a(()_n+1))L(O)> ([dv ® - ® Idy @(Idv ® (aé_n+1))_L(0))/§($n_1))

n—2

(1)
(!dV & Idv; ®/{(l’n_2)) tet (Idv (%9 /{(ZL'Q))/{(II)@x"*lL(l)e_ZkeZJr Ay L(k)

n—3
(a5”)~ )

Tn—1=—"2—n+1l) Tn—2=2—n+4+2"2—n+1ly.y L1=2-1"2—n+1

_ DR (n
_ 5w, ((aé‘”>-L<0>e Tuer, 4 VLR ((EmHNL0 @

()10 g~ Tnen, ALK (G on D) L0) ) o= Then, A4 LH)

(a(()—n-‘rl))L(O) ® (aé—n+1)>—L(0)e— Yrez, A;;n'H)L(—k)(a[()—n+1))L(0)>

(Idy ® - ® Idy @ A(al " Va,1))(Idy @ - ® Idy @ A(af " Va,s)) -+

~
n—2 n—3

-n -n —_n _ _ (1)
(Idy ® A(aSV22)) A0S V) (D)L gmnarL(1) g~ ke, A LR

(ag”)~LOp)

Tn—1=—RF—n+1l, Tn—2=2—n4+2—2—n+41ly-y L1=2—-1—2—n+1
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al o (—n+1)y—k 4(—1)
=t (V) < : >> e ke (00 AT N g L g

(—n+2) —L(0) - - —L(0)
ag e,zk%(ag D)k AR g ® 1
) oty

0 0

—n+1)\— —-n —n — —n
672k62+(a(() + )) chgc )L(fk) ®€*Zkez+(aé +1)) kAgl +1)L(k))

(Idy @ - ® Idy @ A(n-1))(Idy ® -+ @ Idy @A(2p-2)) -

~
n—2 n—3

o (=n+Dye 4D
(Idy ® A(ws)) A(ay)et a1l Lkeny (00 ) ATLH)

(ayal D)~ O)

zn—1=faé_"+1)

(()—n+1)(

—n41
Z_n41,Tn—2=0 Zon42—Z—n41)yers :r1=aé )(z1—2-n+41)

— (W, o (12 (Q))v).

where the last equality comes from recalling (4.3.2).

Thus for all o € S, and Q) € K*(n)

o(1n(Q)) = pn(0(Q))

completing the proof of axiom 4.
5. Sewing: To prove the sewing axiom, consider )1 € K*(m) and Q2 € K*(n)
and 1 < i < n. Our proof will follow the technique of [B] and consider 8 steps. Step
(a) will be the case that m = 0,1, n = 1, (b) - (f) will cover special cases needed
for the induction, (g) is induction on m, and (h) is induction on n.
Throughout these steps, we will make use of the basis {el((lz)) 1) =1,..., dim Viw; k € Z}
of V and {(el(f%)*ﬂ(k) =1,...,dim V{y); k € Z} the corresponding dual basis.

Step (a): To prove the case m =1, n=0,1, i = 1 consider
Q= (A7, (ag), AM)) € K*(1) = K(1),
Q= (BCV, (0, BY)) € K*(1) = K(1),

where Q1 100_1 Q2 exists.

This case is proven in[H2]. Pages 121 to 123 there show that
_ 1 -1) o
<U,,M1A(Q1 1001 Q2>U> = <U’, (/hA(Ql)l ¥ ,U/iK(Q2)U>6 r(AM B o e
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for all o' € V' and v € V. The case m = 0, n = 1 is similar, but without needing
v eV

Step (b): We now consider the case i = 2 with
Qi = (A7, (", AM)) € K*(1),

Qa2 = (¢750,(057, BEY), (05, BWY) € K*(2),

defined such that ), 100_; 2 exists.

W, (M Qu)r i 134 (Qa))i0)

_ Z Z <U/7 <Idv ® (6 Yjezy Ag_l)L(*j)(E* Yjez, A§_1>L(j)(aél))L(o)> ez(ﬁc))(el(ﬁc)ﬂ*)
k€Z (k)=1
((bé—n)u% Yijezs By VLD o Idv) A(w)e™ Zoee BLO Gy -L0) ) [ g
a=C
e Y ez, ATVL(d) ~ ez, AVLG), T (k) ( (k)
_ X 3 —7) — X \ ] k k) \x
— Z Z </Ul, <J’dv ® (e JELy ) J e JELZy 75 J (W)L(O)> el(k) (el(k)> >
kEZ 1(k)—1 Qg
((bg”)L(O)e Sien, By VLD o Idv> A(z) e Taezs BP0 (1) -L0) )
a=C
= (v, (Idv ® e 2t A7) = Ejen, A§1>L(J')(a(()1)t_1)_L(0))
((b(()l))—L(D)e_ZjeZ+ B]('il)L(_J') ® Idv) /((1,) e_zj‘ez_,_ B](‘I)L(j)(b(()l))—L(O)v)
a=C

_ <U/7 ((b(()—l))—L(o)e—Zjez+ B](*l)L(_]‘) Qe Yz, A§_1>L(—j))

(1)~ 1yL(0) Y jez, ASLG)
) +

([dv ® e 2t A§1>L(j)(a(()1)t_1)_L(0)) Ax)(ay e

e Yjez, A§1>L(j)<a(()1)t_1)_L(0) o ez, BJ(,l)L(j)(b(()l))_L(o)v>

r=(

On the other hand, if we consider (05 as above and
Qu(t) = (ATY, (@ ¢, AM)) € K*(1),

then by Example 4.5.11 we observe that the image under ,ug/{ of the sewing
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Q1(t) 100_9 @y exists for t = 1 and is given by

150 (Q1(t) 100-2 Qo)
— (0, ((b(()—l))—L(O)e— Yjez, B](-*l)L(—j)(aél)t—l)L(o)e—eg")L(o)

1), 1\—in(2 . —1 .
B_ngz+(a(() )t 1) 795- )L(_]) ® 6_2j62+ A; )L(_J))

. _ Wy _ Wy
/((a(()l)t‘lfQ(x))e Yjen, 4 L(J)(a[()l)t—l)—L(O) e Yjez, Bj L(])(bgl))—L(O)U>

Y

z=(C
where 6(»2), for 7 € N, and f,(z) are considered as functions of a(l), AW and z. It
J J 0

therefore remains to show that

T e e ) R e

D y-1y-ie® (i R
_ ((a(()l)t—l)L(O)e—G)EQ)L(O)e_Zjez+(ao t=1)790;7 L(~j) ®Idv) /{(&gl)t_lfg($)).
(8.2.3)
Using (7.2.1), (7.2.15), and Proposition 5.3.2, we observe that the right-hand side

of (8.2.3) is equal to
<(a((J1)t_1)L(o)e—@g%(o)e— S jen, (0 ) TOP L) Lol (et fo () L) ® Idv)

/((a(()l)t_lx)

¢~ L)~ T ez, O L) (ot fo@) L) (D-1)0) IdV) (a1

(62?—1 (S )ezy (@) AR (eI +) (k) (a§t )0 IdV> A(ait 1)

<(aél)t‘1)”°) ® Id"> (62?1 (Sjen, @)= aD (e =H ) Lk IdV)

/((aél)tflx).

On the other hand, using (7.2.11), we see that the left-hand side of (8.2.3) is equal

to

;. ;.
(Idv ®€*Zjez+ A; L(J)) <(aél)t71)L(0) ®[dv) /K(aél)tflx)ezﬁh A7 L(F)
(€S (€S

= ((a(()l)tfl)L(o) ® [dv) ([dv Qe Ziczy A L(J)) /K(a(()l)tflm)ezfeh A LG)
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Thus it suffices to show that

> ) i1 )
| Sl () rem e e ) e

k=—1 \jE€Z, k+1

= Aa"t710) Y AVLG) — | Tdy © Y AVLEG) | A(af e e). (8.2.4)

JELy JELy
Define

)= 3 A

JELy

and notice that
Res,, (h(z1) Z L(m)x]"?) = Z AEI)L
meZ j€Z+
Now recalling (7.2.2) and observing that h(z;) commutes with all other terms,

we observe that the right-hand side of (8.2.4) is

Res,, </§(aél)tlx)h(x1) Z L(m)x!"™

meZ

- <Idv ® h(zy) Z L(m)x;”_2> /K(aél)t_lx)>

meZ

= Res,, Res,, (a (1)15_ ) ( D IO) (h(xl) Z L(m)xl 2 ® Idv>

/K(aél)t_lx)

(1)t .I'+ZEO (1) i1
— ReSmReSmoxl 15 - Z Aj $;]+ Z L(m)xgl—Q & IdV

]€Z+ meZ
/{ (l)t_l
= Res,, AW (l)t T+ )T Z L(m)xy? @ Idy /{(a[()l)t’lx)
]€Z+ meZ
j"’ 1 (1), =1, \—j—k, k+1 m—2
= Res,, Z bl (ag't™ x) 7 xg ZL(m)xO ® Idy
]€Z+ meZ
At )
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But this is equal to the left-hand side of (8.2.4). Therefore, since ,ué/{(Ql(t) 100_2 (2)
exists when t =1,

(Qu(1) 1005 Qo) = (v, (N (@Q1) 1 %0 150 (Q2))i )],y
= (0, (1{M(Q1) 1 %2 13 (Q))v).

Step (c): Let i =2,
Qi = (AY (o, AM)) € K*(1),

Q2= (¢ B, (0 V. BEY). (0, BY)) € K7(2),
where ()1 100_; Q2 exists. Using steps (a) and (b), Propositions 4.3.1 and 5.2.1, and

Lemma 8.2.1

15 (Q1 1002 Q)

= 12((Q1) 100_s (B2, (1,0)) 100_5(¢7 10, (657, BEDY, (Y, BMY)))
= 18(((Q1) 100-1 (BU?,(1,0))) 100_5(¢C 150, (05, BEYY, (0, BMY))
=M1A((Q1) 0oy (B, (1,0))) 1 % i ((¢10, 657V, BEYY, 0V, BWY))

)
— ((MQ1) 1+ 1M (BE(1,00)) 150 pg (¢4 0, (657, BEY), (0, BM))))

o~ T(AW B2 o(C

— (pM(@Q1) 1 (M (BU?,(1,0))) 1 %o g ((C750, (05, BEY), (68, BD)))))

o~ T(AW B2 o(c

= (MQ1) 1 %0 p (BT, (1,0)) 1005 (¢750, (05, BEY), (0§, BO))))

e—F(A(l),B(*”,aél))C
= (M{((Ql) 1 %2 Né/{(Q2))€7F(A(1)’3(72)’(181))0
Step (d): Let ¢ =1,
Q1 = (AY (a”, AM)) € K*(1),
Qa = (¢ B, (" BEY), 0, BY) € K7(2)
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where Q1 100_; ()2 exists.
Let 0 € S5 be the transposition of two elements. We use the naturality of
permutations (Propositions 4.3.2 and 5.2.2 and axiom 4 for the GVOC), along with

part (c) to observe the following:

M;K(Ql 1001 QQ) = M;K(U(Ql 100_9 O QQ))
- - (=1y-1y (1)
:U(M{K(Qﬁ 1%-2 ,uéx(a Q2))e DAM BEY (b ) ay)C
— - (=1)y-1y ,(1)
:G(M{K(Ql) 1 %2 U[L;{(QQ))G (AW, BED (b)) 1)a )C

— 1) g(=1)((p(=Dy— (1)
= (/’L{{(Ql) 1 %1 M?(QQ))@ rA ! B ! ((bo ) 1),a0 )C‘

The careful reader will have noticed the inputs for I' are modified to AM),
BEY((657)71), al” because we are working with o Qs instead of @, as is made

explicit in (4.3.2). Via Proposition 4.2.1 in [H2], we have
LA, BEV(@, )™, a”) = D(AD, BEY,af0i7).
Step (e): Let i = n,

Q1 = (75 A (ol ACY) (1,0)) € K*(2),

Q2 = (C:rlwrla cee 7C:117 B(in)7 (bé_nﬂ), B(in+1)>7 R
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where Q1 100_,, ()2 exists. Then

W, (3 Qo)1 #1122 (Qa))0)

(
:Z Z <U,7 IdV® ®Idv®<(( (_1))_L(0)6 Z]EZJrAj

kEeZ l(k)zl TL*I

(-2)
®e Ziezy 45 H )) A(x)t"Oe ((k))( ((’2) >

r=z

<(bff1))”°’e Eieay B7VH @ g ()00 Daeay B

—n)
®e ZJ€Z+ ;L= ])) (Idv X ]dVl®/{(yn—1)>

-~

n—2

(1)
- (Idy ® A(ga)) Alyn) = 2o B H0) 40y =10

dim Vg,

l)L(

( n+1)
J

= Z Z ( L(O)B_ZJEZ+ 5 D r(—j) Q- ® (b(()—n—i-l))_L(())

keZ ((k)—1

¢~ Tace, BTVLED @ (0l0y-10) o~ Byen, A7V g~ Ty,

Bi=n
(!dv®"'®Idv/®/{(l')tl’(0)e_zjez+ S L(—j ))
n—1
(Idy @ -+ ® Idy ®A(yn—1))
nt2
(1)
- (Idy ® A(ya)) Alyr) € 2 B0 O () ~H 00
Yi=C—i, T=2
dim V) 1
- Z Z (v ((bé_l))L(O) ~Yyea, By L) R ® (b(()—mrl))
kEZ [(k)=1

(=2)
Aj L

—L(0)

o Liez, By L)) ® (a(()il))_L(O)ef Tjea, Ay V=) ® e ety AL

0 ez, Bﬂ(‘n)“_j))) Udy ®- - ® Idy @(Idy @ eZree %

~
n—1

(—n) .
A(x)tL(O)e* Z]’ez+ B; L(*J))(\[dv R ® [dV/®/{(yn—1))

n—2

B
- (Tdy @ A(y) Alyn) e =0 5 O a) ~HOw)

Yyi=C—i, T=%
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On the other hand, recalling Example 4.5.8, we have @5.1)(3(_"), x), for j € N,

and f,(z) which are functions of B and z, and satisfy

Waﬂéq(Ql 1005, Q2)V)
— W, ((b(()—l))—L(O)e— Yz, BV L(—j) Q- ® (bé—n-l—l))—L(O)e— ez, BY I L(—))

® (al) 0~ ez, ATV L) -0 (B ) L(0) - Dyez, ©5 (BCVL(=) o

(—2) . (=) i
o ez A TLI) g~ Xjen, B L(])) (!dv Q- @ Idy ®A(x5)) -

n—1

_ [F
(Idy ® A(w)) Alr)e” 202 P M () =)

T1=C 1,0y Tont1=Cont1, Ton=F7 *(2)

= (v, ((bé—l))—L(O)e— Yjez, BJ(*l)L(—j) Q- ® (b((J—n+1))—L(O)€— Yz, Bf”*l)L(—j)

®(a(()_1))_L(U)@_ Zj€Z+ A§71)L(_j) ® e Zj€Z+ A;72)L(_j)t[’(0)6_ ZjEZ+ B;.">L(—j)>

Udy ® -+ ® Idy @ (-8 BT 0DL0~ Doz, &7 (BETIODLDL0) g 14,)

TV
n—1

BW L)

/{(tfl_l(x» T ([dV ® /{(552))/{(5(31)6_ ZJ'GZJr J

(bg)l))_L(O)U >|t:1

T1=C-1,.1y Ton41=C—n+1, Ton=2-1

Thus it is enough to show that
<Idv ® eXi€ BJ(‘_n)L(j)tL(O)) A(z)tH O™ Yezy By VL(=9)
_ (67981)(B(fn)(t),x)L(O)ef Yjez, 9;_1)(B(fn)(t),x)L(*j)tL(O) ® Idv)/K(tffl(w)). (8.2.5)

Using (7.2.1) and appealing to Proposition 5.3.1, we observe that the right-hand
side of (8.2.5) is equal to

<e—9(()1)(B<")(t),x)L(0)€— Yjez, 651)(3(*")(t)mc)L(—j)tL(O) et i @)L g Idv> A(tz)
_ (e—@gl>(3<n>(t),z)L(0)e— ez, M (B (t),2)L(—) e~ (ot (@) LWLO) o fdv) A(tz)
_ (6‘2?1(&% (L) B a1k 100) [dV> Altz)

_ (tL(O)e_zzo1<Zj€Z+ (F)e B e =)L) o [dv> Altz).
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On the other hand, using (7.2.11), we see that the left-hand side of (8.2.5) is equal

to
(tL(°)®eZJ€Z+ Py )) Ata)e Toees BHED),

Thus it suffices to show that

0o 11 ' - .

SO (D) B | Lk @ 1dy | Alta)

2 \p1)t 5
k=—1 ]€Z+

= [ 1dv ® 3" BYVL(—j) | Alte) — A(tz) Y BYVL(—j). (8.2.6)

JEZ+ JEZ4

Define

Z B ]+1

JELy
and notice that

Res, (g(x1) ) Lim)a™®) = 3 Bj " L(~

meZ JEZ

Now recalling (7.2.2) and observing that g(z;) commutes with all other terms, we

calculate that the right-hand side of (8.2.6) is

Resg, ((Idv @ g(r1) Y L(m)xﬁn_2> Atz) — A(tz)g(z1) ) L(m)ZET_2>

meZ mEZ

= —Res,, Res,, (tr) 19 (xl ;:%) (g(:cl) Z Lim)zp? ® Idv> A(tx)

/ L
—Res,, Res,, 7,0 ( T $0) Z B](- P AR Z Lim)xy > @ Idy | A(tz)

x1

o (JF1
—Res,, [ > B Z<k+) pf ™ Lm)ap T @ Idy | Atx).

Vi €Z+ meZ

But this is equal to the left-hand side of (8.2.6). Therefore, since ,u{LSFI(Ql 100_p, Q2)

exists,

Mﬁ1(@1 100_p Q2) = <U/, (M;E(Ql) 1*_n M;}(QQ))t U>\t:1
— (W, (15M(Q1) 1 %n 1M (Q2))0).
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Step (f): Let 1 <i<mn,

Q1 = (=AY (a§7V, ACD) (1,0)) € K*(2),

Qo= (L., L BED (™Y B

b5V, BEY), 08V, BY)) € K*(n),

such that @ j00_; Q2 exists. If o is defined to be the transposition (i n), then
following the proof of Step (d), with 7 the permutation (i n+1i+1i+2...n),

1S (Q 1005 Qo) = i (7(Q1 100, 0Q))

= (4t (Q 100-, 0Qy))
(5 Q) 1 % (0 Q2)
(5 Q) 1 o (Q))

= (:U’QK(QI) 1% M?(Q2))~

where Step (e) gives the key equality.
Step (g): We will now use induction on m for m > 2. Assume that for all £ <m

the sewing axiom holds and let 1 <7 < n,

Q1 = (z:}nH, e, 201 A (aé_mﬂ), AGmAby

(@S, A, (@, AMY) € K*(m),
Qo= (Chuy, ., L BED (Y BEmDY
b5, BCY), (07, BY)) € K*(n),

such that @1 j00_; @2 exists. Since both sides of (6.1.1) are analytic in z_4, ...,

Z_m+1, We need only consider the case
lz-1ls -y |zomae] < emmeal-

98



We begin by decomposing (), into

QF = (221, AC™ (oD, ACmHY) (1, 0)),

— — — —m+2 -m -1 — 1
Qi = (g 2030, (g " AT (o, ACY), (ag”, AM)).
Then, as in Step (c) (using associativity, the ¢-contraction and Lemma 8.2.1)

M’ré—}-n—l(Ql 100_;Q2)

= Mr/n{—l-n—l((@ii_ 10041 @7 ) 100-,Q2)

= My/n{+n71(QT 100_i—my2 (@7 100-Q2))

= 15 (QF) 1 ¥ imms2 i 2(QF 100-1Qe)

= (M(Q) 1 * it (it (QT) 1wy i (@Qo)))e AP

= (@) 1 ¥omt iy 1 (@) 1o (Qa))e AP e

= (e (Qu) i b (Qa))e AT BT e
where, for m > 2, the third, fourth and sixth equalities employ the inductive as-
sumption. If m = 2, the third and sixth equalities follow from Step (f), while
equality four uses induction.

Step (h): We will now use induction on n for n > 2. Assume that for all £ <n

the sewing axiom holds and let 1 <7 < n,

Q1= (2212005 A (a(()_mﬂ), Amy

(a5, AC1), (@, AMY) € K*(m),

Q2 = (C:71L+17 s 7C:117 B(in)7 (béinﬂ)? B(in+1)>7 R

b5, BCY), (07, BY)) € K*(n),

such that @1 100_; Q2 exists. Following our Step (g) approach, we may consider Q2

that decomposes into
QF = (o BTV, (06, BUY), (1, 0)),
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Qo = (172 (0, (b, B2 (07, BEY)L (1, BY)).

There are three possibilities: (i) If i = n, then

Q1 100, Q2 = Q1 100, (Q; 100 n41 QQ)
= (Q1 1002 Q3 ) 100 41 Q3.

For n > 2, the sewing follows from the inductive assumption, associativity, the t-

contraction and Lemma 8.2.1. For n = 2, we supplement induction with Steps (c)
and (g).
(ii) If i = n — 1, then
Q1 10-n+1 Q2 = Q1 10041 (QF 100_n4+1 Q)

= (Q1 100-1 Q3) 10041 Q3

For n > 2, the sewing follows from the inductive assumption, associativity, the t-
contraction and Lemma 8.2.1. For n = 2, we supplement induction with Steps (d)
and (g).
(ili) For i < n —1,
Q1 100 Q2 = Q1 100_; (Q3 100_n41 Q3)

= QF 100 m_nio (Q1 100_; Q3).

The sewing follows from the inductive assumption, Step (e), associativity, the -

contraction and Lemma 8.2.1. O

8.3 The categorical isomorphism between GVOCs and VOCs

Let C be a complex number, V*(C') be the category of vertex operator coalgebras
of rank C', and G*(C) be the category of geometric vertex operator coalgebras of

rank C. In the previous two sections we have defined functors
Fy«c): V*(C) =G*(C)

(V, &, ¢, p) —(V, i)
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and

(Vo) =V, Ay, s o).

(We have shown explicitly that these two maps take objects to objects but since
morphisms in both categories are simply linear maps and the operators in each object
are linear, these functions must respect morphisms as well.) The main purpose of
defining Fy«(c) and Fg-(¢) is to show that they are inverses to each other and that

the categories of VOCs and GVOCs are isomorphic.

Theorem 8.3.1. The categories V*(C') and G*(C) are isomorphic. In particular,

the functors Fy« )y and Fg-c) satisfy
Fa+oyFv+(c) = lv+(0), (8.3.1)
Fy«c)Fa+c) = la+(c) (8.3.2)
where 1y-cy and 1g-(c) are the identity functors on V*(C') and G*(C), respectively.

Proof. Since the second half of the theorem implies the first half, we will simply
prove (8.3.1) and (8.3.2). First, observe that

cp = 13t ((1,0)) = ¢,

and

d x d _.
Pp = — %MO (17 (076707 07 e )) o = - Ece L@) — = CL(Q) =p

by employing (7.2.13). For any o' e V@V, v €V,

Res,a” (v, A*(x)v) = Res,2"(0, p* (27 (1,0), (1,0), 0)) (v))
= Res,2" ((v', A(2)v)],=>)

= Res, 2" (v, A(x)v).
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Thus (8.3.1) is verified.

As for (8.3.2), we need only verify that

<UI, /Ln<Z:11, c. ,Z:rllJrl; (aél)7 A(l)), ((lé*l)7 14(*1))7 o (aé*n+1)7 A(*n+1)), A(*n))v>
z--n—1

— L*l </Ul, (e Zj€Z+ AS_I)L(fj) (a/(()fl))*[/(o) ® . ® ei E]’EZ+ A§_n+l)L(7j)

(a{T" T LO) g o~ Ziezy A T 9)) (Idy @ -+ ® Idy @A, (t,-1))

nYQ
_ M) 7 s
(Idy @ Ky (w2)) K1) € =052 BT (o)) =HO) | (8.3.3)

Since both sides of (8.3.3) define geometric vertex operator coalgebras, both

satisfy the sewing axiom. Therefore, by Proposition 3.4.2, we need only prove

(8.3.3) in the specialized cases

(', p2(27" (1,0), (1,0),0)v) = (v, X (2)0) |-,

1o((1,0))v = ¢,
(v’,ul((aél),A(l)%A(fl))’@ = (e Yjez, A;—UL(fj)e* Yjez, A§.1>L(j)(a(()1)>,L(o)v>_
The first two of these equations are true by the definition of Fg«(c). The third
equation, the proof for K*(1), is identical to the proof for K(1) in [H2] (Equation

(5.4.31) in [H2]) since K (1) = K*(1) in the most specific sense, the definitions of

L(0) are the same and the meromorphicity axiom is the same in that special case.

]
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CHAPTER 9

A FAMILY OF EXAMPLES OF VOCS

Now that we have a formal algebraic notion of a VOC and we have seen that this
notion arises directly from the geometry of worldsheets, the next natural question
to ask is: What do VOCs look like? While the properties in Sections 7.2 and 7.3
give some insight into that question, having examples is perhaps the most concrete
way to investigate the VOC structure. In our final section, we will look at a family
of examples arising from examples of VOAs with nondegenerate, invariant bilinear

forms.

9.1 The definition of a VOA

Our examples are generated from examples of VOAs; so it is fitting to begin
with a review of the definition of a VOA.

Definition 9.1.1. A vertex operator algebra (of rank C') is a Z-graded vector space

(graded by weights )

V:HV(k), forv e Vg, k= wtv;

keZ
such that dim Viyy < oo for k € Z, together a with linear map V @V — V[z,z 1],

or equivalently,
Y : Vi (End V)[[z, 2]

v—Y(v,x)= kax_k_l (where v, € End V'),

kEZ
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and equipped with two distinguished homogeneous vectors in'V, 1 (the vacuum) and

w (the Virasoro element ), satisfying the following eight axioms:

1. Positive energy:
Vi =0 for k sufficiently small.

2. Left unit: For allv eV
Y(1,2)v =

3. Creation: For allv eV
Y(v,2)1 € V][z]] and

lim Y (v, 2)1 = v.

z—0
4. Truncation: Given v,w € V, then viyw = 0 for k sufficiently large.

5. Jacobi identity: For all v,w €V,

L) (331 — xQ) Y (v,21)Y (w, z5) — 256 (LE2 — xl) Y (w, x2)Y (v, 1)

Zo —Xo

=2, (xl — xo) Y (Y (v, z0)w, z3).

X2

6. Virasoro Algebra: The Virasoro algebra bracket,
. : . . .
[L(G), LR)] = (G = R)LG + k) + 755 = 5)8;C,
holds for j, k € Z, where

Y(w,2) = Z L(k)z™2,

keZ

7. Grading: For each k € Z and v € V{3,
L(0)v = kv.

8. L(—1)-derivative: Given v €V,

d
%Y(v, z) =Y (L(-1)v,z).
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We denote a VOA either by V or by the quadruple (V,Y, 1,w). A vector v € V{y
for some k € Z is said to be a homogeneous vector of weight k and we write wt v = k.

A pair of basic properties of VOAs will be necessary for our discussion (cf. [FHL],
[LL]):

Y (v,2)1 = e"Hy forv eV,

wtouw=r+s—k—1 for v € Vi), w € V(s

9.2 A family of examples of VOCs

Let the vector space V' = [[,.; Vixy be a module over the Virasoro algebra,
V = ®;ezCL(j) @ Cd, such that for all homogeneous vectors L(0) v = wt (v)v.
We will say that a bilinear form (-,-) on V' is Virasoro preserving if it satisfies the
condition

(L(l{?)l}l, ’02) = (Ul, L(-k)UQ) (921)
for all k € Z, vy, v9 € V. In particular, for k = 0, Property (9.2.1) indicates that all
Virasoro preserving bilinear forms are graded, i.e.

(Viwys Vi) =0

for k # (. If V is a VOA, the bilinear form is said to be invariant if, for all
u,v,w €V,

(Y (u, z)v,w) = (u, Y (LW (—z=2)LO0y 271)aw). (9.2.2)

Any invariant bilinear form on V is Virasoro preserving ((2.31) in [L]).
Note that there is a natural extension of (-,-) : V¥* — C to (-,+) : V® — C

given by (u1 ® ug, v1 ® v2) = (u1,v1)(uz, v2), for uy, ug, vy, v, € V.
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Theorem 9.2.1. Let (V,Y,1,w) be a vertex operator algebra equipped with a non-

degenerate and Virasoro preserving bilinear form (-,-). Given the linear operators

c:V—=C

v (v,1),

p:V—-C

v (v,w),
and

AV = (Ve V)|za

vi— A(x)v = Z Ag(v)z™F

kEZ

defined by
(A(z)u,v @ w) = (u, Y (v, z)w), (9.2.3)

the quadruple (V, A, ¢, p) is a vertex operator coalgebra.

Proof. We will show that all eight axioms for VOCs are satisfied.
1. Positive energy: Trivially satisfied.

2. Left counit: Given u € V, for allv € V
((c® Idy)A(z)u,v) = (A(x)u,1 @)
= (u,Y(1,2)v)
= (u,v).
Thus, by nondegeneracy, (¢ ® Idy)A(z)u = u.
3. Cocreation: Given u € V, for allv e V
((Tdv © &) A(z)u,0) = (A(z)u,0 1)
= (u,Y(v,2)1)

= (u, e® V) € Cla]
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and

L(~1)

lim (u, e” v) = (u,v).

z—0

4. Truncation: Pick N € Z such that V(,,) = 0 for all n < N. Given u € V{;y, let

v € V() and w € V(3. Then we have

(A(z)u,v @ w) = (u, Y (v, x)w)

= Z(u, vpw)z L

kEZ
For (u,vyw) to be nonzero, we must have wtu = wtov + wtw — k — 1, ie.
r=s+t—k—1; but s,t > N, and thus we must have » > 2N — k — 1 or
r—2N > —k — 1. Hence, (A(z)u,v ® w) € C[[z7]]z" 2V~ for any s,t € Z.

5. Jacobi identity: Given u € V', then for all vy, v9,v3 € V

((Idy @ A(x2))A(z1)u, v1 @ v3 ® v3) = (A(z1)u, v1 ® Y (ve, 22)v3) (9.2.4)

= (u, Y (v1,21)Y (vq, x2)v3),

(T Idy)(Idy @ A(xy))A(ze)u,v1 @ v9 ® v3) (9.2.5)
= ((Idy @ A(x1))A(z2)u, vs ® v1 @ v3)
= (A(z2)u, vo ® Y (v, 21)v3)

= (u, Y (vq, 22)Y (v1, 21)v3),

((A(zo) @ Idy)A(z2)u, v1 @ v3 ® v3) = (A(z2)u, Y (v1,20)v2 ® v3) (9.2.6)

= (u, Y(Y (v1, 20)va, T2)v3).

Equations (9.2.4), (9.2.5) and (9.2.6) make it clear that the VOA Jacobi identity
(9.1.5) is equivalent to the VOC Jacobi identity (7.1.5).
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6. Virasoro algebra: Given u € V, for allv € V

((p® Idy)A(z)u,v) = (A(x)u,w @ v) (9.2.7)
= (u, Y (w,z)v)

= (u, L(k)v)a™*2

kEZ

= S (L v)e .

JEL
Note that in the last equality we have used Virasoro preservation, (9.2.1).

Equation (9.2.7) shows that the Virasoro algebra bracket,

LG), LK) = G = KILG + B) + 15° — )85

follows from the Virasoro bracket relation on VOAs.
7. Grading: Equation (9.2.7) shows that L(0) = Res,zY (w, x) so grading follows
from VOAs.

8. L(1)-derivative: Given u € V, then for all v,w € V

(L(1) @ Idy) A(x)u, v @ w) = (A(x)u, L(—1)v @ w)
= (u,Y(L(—1)v,2)w)
d
= %(U,Y(v,x)w)
_d
dzx

(A(x)u, v @ w).
Here the first equality uses Virasoro preservation. O

Li showed in [L] that if a simple VOA satisfies the condition L(1)V{;) = 0 then
there exists a nondegenerate, invariant bilinear form on V. Thus we are guaranteed
a family of VOAs equipped with the type of form required for Theorem 9.2.1. Addi-
tionally, Heisenberg VOAs may be explicitly equipped with an appropriate bilinear

form and they will be the focus of more concrete discussion in the next section.
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9.3 Vertex operator algebras and coalgebras associated with Heisenberg algebras

While the construction in the last section does describe a family of VOCs, it is
not extremely explicit in nature. In this section we will explicitly construct VOCs
from Heisenberg algebras. We begin with the construction of the vector space for
the Heisenberg VOA following [D].

Let h be a finite dimensional vector space (over a field C of characteristic 0)
equipped with a symmetric, nondegenerate bilinear form (-,-). Since h may be
considered as an abelian Lie algebra, let h be the corresponding affine Lie algebra,
ie., let

h=h®C[t,t]aCe,
where ¢ is nonzero, with the Lie bracket defined by
[a®@t™, f@1t"] = (a, BYmdy, _nc,
h,c] =0
for a, 3 € h, m,n € Z. There is a natural Z-grading on h under which a ® t™ has
weight —m for all o € h, and m € Z, and ¢ has weight 0. The element o ® t" of h
is usually denoted a(m). Three graded subalgebras are of interest:
h* = h®tC[t],

h™ =ht'Clt™Y,

hy =h* ®h™ @ Ce.
The subalgebra hy is a Heisenberg algebra, by which we mean that its center is
one-dimensional and is equal to its commutator subalgebra. Note that h* and h™

are abelian, but that hy is necessarily non-abelian.

We consider the induced ﬁz—module

~

M(1) = U(hz) ®ygp+acey €

109



where U indicates the universal enveloping algebra and C is viewed as a Z-graded

(h* & Cc)-module by

c-1=1,
ht-1=0,
deg 1 = 0.

The module M (1) may be generalized (cf. [L] and [FLM]). M (1) is linearly isomor-
phic to S (IAI*) in a way that preserves grading. Thus we often write basis elements
of M(1) as
v=uay(—ny)- - a.(—n,)

fora; € h,n; € Z,,i=1,...,r, and observe that v has weight n;+- - -+n,.. (Tensor
products are suppressed in this notation.) Note that the «;(—n;)’s all commute so
their order is irrelevant. Using the form (-,-) on h, we may choose {v;}&, to be
an orthonormal basis and we lose no generality by considering only «; from this
set of basis elements. Thus, we will typically prove results for the set of generating

elements
genM = {ai(—n1) o (—n,)lr €N, oy € {y}y, nj €Zy, j=1,...,r}

and then extend linearly to all of M(1).
Next we define a bilinear form on M (1) which we will use throughout the rest

of this section.

Lemma 9.3.1. There is a unique bilinear form (-,-) on M(1) satisfying

(a(m) - u,v) = (u,(—m) - v), (9.3.1)

(1,1) = 1. (9.3.2)
for all u,v € M(1), « € h, m € Z ~ {0}.
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More precisely, given v = ay(—ny) - - a.(—n,) let
p(v) = ap(ny) - ag(ny)ar(=ny) - ap(—n,) € Zy C M(1).

The unique bilinear form (-,-) on M(1) satisfying (9.53.1) and (9.3.2) is defined on

basis elements u,v € genM by

(mmz{gw>”“:” (9.3.3)

otherwise
Further, this form is nondegenerate, graded and symmetric.
Proof. We will construct the form in (9.3.3) from (9.3.1) and (9.3.2), thus showing
the form is unique. Consider u,v € genM such that u # v. Then there is an element
a(—n) € h and a positive integer ¢ such that a(—n) is contained in u or v but not
in the other. We may assume a(—n)" is in u, say u = a(—n)ta;(—ny) - - a.(—n,).

But then
(u,v) = (a(=n)'ai(=n1) - ar(=n,),v)
= (a1(=m) - an(=n,), a(n)'v)

= (u(=m)--ar(=ny),0)

S (9.3.4)

(As a byproduct, (9.3.4) shows the form is graded and symmetric.) Now we need only
examine the form applied to a single basis element. Let u = a;(—nq) - a,.(—n,).

Then

(w,u) = (a1(=n1) - ar(=n,),a1(=n1) - a,(—n,))

= (ap(n,) - aa(ni)oa(=ng) - ap(=n,), 1)

= p(u), (9.3.5)

thus proving that (9.3.3) is the unique form satisfying (9.3.1) and (9.3.2). Nonde-

generacy is immediate from (9.3.5). O
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Given « € h, we will need the following three series in a formal variable, z, with
coefficients in le:

at(z) = Z ak)z

kE€Z 4

a(z) =a (z) +at(x).

The vertex operator algebra associated to a Heisenberg algebra is described us-

° ° which reorders the

o o)

ing a normal ordering procedure, indicated by open colons
enclosed expression so that all operators a;(—m) are placed to the left (multiplica-

tively) of all operators as(n), for ai,as € h, m,n € Z,. For example,

o

car(z)az(z)ov = S(ay (x) + o (x))az(w)v

= ay (z)as(z)v + as(x)af (z)v.

This normal ordering moves degree-lowering operators to the right. Notice that
a’(z) will only produce elements of lower weight than the basis element of M(1)
to which it is applied, while a~ (z) will only produce elements of higher weight.
Therefore applying all the degree-lowering operators before all the degree-raising
operators guarantees that no single weight-space has infinitely many summands in
it.

We now have the notation to describe the VOA associated to a Heisenberg

algebra. Define a linear map Y'(-,z) : M(1) — (End M (1))[[z,2z~!]] by

Y(o,2)= ¢ (ﬁ (di) a1<x>) (ﬁ (di) ar<x>> :

for v = ay(—nq) - . (—n,). We also define two distinguished elements of M (1),

1=1andw =137 4(—1)% where {v,}¢, is the orthonormal basis of h as above.
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Proposition 9.3.2. The quadruple (M(1),Y,1,w) as defined above is a vertex op-

erator algebra.

Our treatment here largely mirrors [D], with the above proposition being Propo-
sition 3.1 in [D]. A proof may be found in [G] or [LL]. For our purposes, however,
the nondegenerate bilinear form on M (1), described in (9.3.3), is equally relevant.
We will now prove an additional property of that bilinear form.

Lemma 9.3.3. The bilinear form on M (1) defined in Equation (9.3.3) is Virasoro

PTeServing.

Proof. First, we will explicitly calculate the L(k) operators and then show that
(L(k)v,w) = (v, L(—k)w). Symmetry of the form allows us to only consider k € N.
Using the definition of the L(k) operators we see that

L =Y (5 Y -1

kEZ

Employing the definition of Y, for £ € Z, we have

d k—1
L(k) =) %Z%(j)%-(k—J + ) vi(=vilk + 5)
i=1 j=1 =/
d
L(—k)zz —Z% Ii(=k+7) + Z% k—3)v(i)
i=1 JELy

Given u,v € genM,
(L(0)u,v) = wt (u) (u,v) =wt (v) (u,v) = (u, L(0)v)

since either (u,v) = 0, or u = v implying wt (u) = wt (v). For k € Z, we make use

of (9.3.1) to observe that,

d E—1

1
Z 5 (%(])% u U + Z % % k+])u U)
i=1 Jj=1 JEL+
d 1 k=1
= | 5 2wk i)v(=i)w) + 3w v(—k = 5)u()e)
=1 j=1 JEZ4+

= (u, L(=k)v).
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]

Using the Heisenberg VOA M (1) along with the nondegenerate, Virasoro pre-
serving bilinear form defined in (9.3.3), we will follow the construction of a VOC in

Section 9.2. First, we define a linear map ¢ : V — C by
c(l)=1

clag(—=nq) - - ap(—n,)) =0

where r > 1 and a;3(—nq) -+ - a.(—n,) € genM. It is clear that ¢(v) = (v,1) for all

v € M(1). Next, we define a linear map p: V' — C by
plu(=1)%) =1

for each basis element 7; of h and p(v) = 0 for v any other basis element of M(1).
Again it is clear that p(v) = (v,w) for all v € M(1). Finally, we need to define a

linear map A(z): V — (V @ V)|[[z,2~!]] such that
(A(x)u,v@w) = (u, Y (v, z)w).

For notational simplicity, given € h, n € Z, and x a formal variable, let

o (ma)=3) (i - 1)04(—/{)3:“

keZy

at(nx) =Y (‘f_‘f) a(k)z =k

keZ4

a(n,z) =a (n,z) +a*(n,z)

so that

Y(ag(—nq) - ap(—n,),z) = coq(ng,x) - ap(ng, x)
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It is also notationally useful to define

o (nx) = 3 (;k__ll)a(—k)x—k—n

keZ4

OEDY (7’2 - 1)04(1{)3:’“_"

keZy

o, ) = a7 (n,3) + o (n, )
so that, by (9.3.1),

(v, ™ (n, 2)vy) = (a (n, x)vy, vs),
(v1, at(n, 2)vy) = (a (n, x)vy, va),

(v1, a(n, z)vy) = (a.(n, x)vy, v2).

(9.3.6)
(9.3.7)

(9.3.8)

Proposition 9.3.4. Let v denote the basis element B31(—my) - - - Bs(—ms) and define

A): V- (Ve V)|z,z7]] as

A(z)u = Z Lv ® ofOn.(my,x) .- Bs.(ms, ) cu.

vegenM p('l})

For all u,v,w € M(1), (A(x)u,v @ w) = (u, Y (v, x)w).
Proof. First, note that our definition of A is equivalent to

(A(x)u,v @w) = (Lv ® ofn.(my,z) - Ba.(mg,x) Su,v @ w)

p(v)

for all u = ay(—nq) - a,.(—n,), v = Fi(—=my) - Bs(—ms), w = py(—Ly) - - -

Given these basis elements we use induction on s to show that

( gﬁl-(mhx> o -ﬁs_(ms,x) guv U)) = (u7 gﬁl(mlax) o 'ﬁS(msv J}) zw)'

fe(—Ly).

(9.3.9)

For s = 0, this is trivial. If we assume that (9.3.9) is true for s — 1 and appeal to

(9.3.6) and (9.3.7), we see that

( gﬁl.(m17 I) e 55_(7’)15, I) g% w)
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= (ﬁ;(m&z) 251_(777/1,1') e ﬂs—l.(ms—bm) Z'LL, /IU)

+ (2B (my, ) - Boor.(ms—1, ) 2B (my, 2)u, w)

= (Br(my,x) - Bs_r.(ms_1, ) Qu, ﬁ:(ms, T)w)

+ (ﬁ:(mm ac)u, gﬁl <m17 (L’) U 63—1(7’”3—17 l’) Zw)

= (ua Zﬁl(mlv [L’) o ﬁs—l(ms—la ZE)Z B;_(mw QT)IU)

+ (u7 ﬂs_(msa l‘) zﬁl(mla ZL’) e ﬁs—l(ms—la $) gw)

= (’LL, gﬁl<m17 1’) Y ﬂs(m&x) ZlU).
Finally, using Equation (9.3.9) we see that

(A(z)u,v @ w) = (ﬁv ® ofr(my, ) Bs.(ms, ) cu,v @ w)
_ v (oBu(my, ) Bo(ms, ) Ju, w)

p(v)

= (ua gﬁl(mh:ﬂ) T Bs(msaaj) Z’LU)

= (u, Y (v, x)w).

~—

]

Theorem 9.2.1 proves that the quadruple (M (1), A, ¢, p) associated to the Heisen-

berg algebra hy is a vertex operator coalgebra.
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