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ALPHA, THE FINE-STRUCTURE CONSTANT

Abstract

by

Keith Gordon Calkins

The ne-structure constant or electromagnetic coupling constant, ., is a dimen-
sionless ratio which unites many physics sub elds. Although known precisely via
experiments in each sub eld, there is disagreement within and between sub elds.
In particular, precise values obtained via electron g 2 experiments which depend
heavily on QED calculations have not always been in agreement with those obtained
via muon g 2 experiments. Also, solid state measurements (quantum hall e ect
and AC Josephson e ect) often disagree with neutronic an measurements. . Is
often said to vary with energy but the question remains as to whether or not its low
energy value is stable now or has been stable over the history of the universe. Im-
proved precision helps resolve these issues as they relate to physics, possibly beyond
the standard model.

The Optical Frequency Measurements group in the Time and Frequency Division
at the National Institute of Science and Technology (NIST, Boulder, CO) developed
and maintains a femtosecond laser frequency comb which is calibrated with respect

to the cesium fountain clock implementation of the second. A single frequency

component of the femtosecond laser comb is used together with a solid state diode



Keith Gordon Calkins

laser and cesium thermal beam to precisely measure the cesium D; F 2 f3;4g
transition frequencies. The value of 2! .. = 335 116 048 748:1(2:4) kHz obtained
for the transition centroid is over fteen times more precise than the most recent
previous measurement. A precise value for the cesium D; hyper ne splitting fyr =
1 167 723:6(4:7) kHz is reported as well. This value is also over fteen times more
precise than the most recent previous measurement.

These new neutral 33Cs 6s %5,., ¥ 6p P,-, transition (D,) frequencies, when
combined with the 2002 CODATA values of the Rydberg, proton/electron mass
ratio, cesium atomic mass, and cesium recoil frequency, provide an almost QED-free
value of alpha: ¢ = 1=137:036 0000(11) or 7.7 ppb. This value for  is comparable
in precision with these other measurements. When this value is combined with the

other measurements used to calculate the 2002 CODATA recommended value, an

improved value of = 1=137:035 999 08(46) is obtained.
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PREFACE

. there were seuen hundred chosen men left handed, every one could
sling stones at an haire breadth, and not misse. ludges XX:16

The University of Notre Dame and other similar entities have a long tradition
as religious organizations. Religion has played an important role in human history
and provides a basis for how we treat ourselves and others. It can provide hope for
a future. It is faith-based on a core set of beliefs which are not necessarily testable.
However, these are not axioms in the mathematical sense. In mathematics one is
expected to choose ones axioms carefully, examine their relationships, and eliminate
contradictions.

Science, on the other hand, has at its core the concept of testability. It seeks
to explain the observable universe by use of the scienti ¢ method whereby one
makes a conjecture, measures something, and analyzes the results. These results
are then assembled into a uni ed model. In the case of physics the current model for
particle physics dates back to 1974 and is called the standard model. Since ancient
times mathematics has been developed to explain these observations. However, the
requisite mathematics generally goes beyond that used by most of the population.
Richard Feynman once said that to analyze nature without mathematics limits ones
understanding.

Science and religion have not always gotten along well together. However, Notre
Dame \is dedicated to religious belief no less than scienti ¢ knowledge. It has always
stood for values in a world of fact” [60]. The biblical quotes at the beginning of

each chapter were included with these thoughts in mind. They were taken from

X



the Authorized King James Version of 1611 [6], retaining the original spelling (u
for v, | for J, and lots of extra e’s) but unfortunately not the typography. Use of
the English language, science, and religion have all changed substantially since that
time and indeed continue to evolve.

In keeping with my high school math teacher and computer science backgrounds,
I have avoided the convention, so common in the physics and mathematics literature
[58], of writing a=bc when a=(bc) is to be inferred. A known exception occurs within

Figure 3.3, however.
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CHAPTER 1

WHAT IS ALPHA, THE FINE-STRUCTURE CONSTANT, AND HOW IS IT
MEASURED?

I am Alpha and Omega, Reuelation 1:8

Experimental spectrographic observations have progressed in precision virtually
in lock-step with the great developments in physics. These experiments have thus
established the accuracy of existing theories, or required the development of new
theories, depending on the relative timing and corresponding agreement. In recent
years precision frequency measurements have replaced wavelength measurements in
the determination of the recommended values of the fundamental constants. The
1999 introduction of the femtosecond laser frequency comb has allowed high preci-
sion absolute frequency measurements in the optical range. This dissertation con-
nects the recent precise measurements made by this research group of the absolute
optical frequency of the *3Cs 6s %5,-, ¥ 6p P;-, (D,) transitions to the correspond-
ing calculations deriving alpha, ( ), the ne-structure constant, or electromagnetic
coupling constant. This chapter develops alpha, in general, and how it is measured.

Chapter 2 examines how alpha is measured with cesium atoms. Chapter 3 uses
this dissertation’s cesium D; precise frequencies to improve upon the value of alpha
given in the 2002 CODATA adjustment of the recommended value of fundamental
constants. Chapter 4 details the lasers used to make these measurements, giving

special attention to NIST’s femtosecond laser frequency comb and Notre Dame’s



scanning cesium D; diode laser developed for this experiment. Chapter 5 describes
the remaining experimental setup. Chapter 6 describes the precise frequency data
collected and how it was analyzed.

The Greek letter is often used to refer to other quantities or entities so the
electromagnetic coupling constant, the ne-structure constant, will be referred to
as . or occasionally spelled out as alpha. . has an approximate value of . =
0:007297 ﬁl? It is common to refer to alpha inverse or '  137.

Alpha ( ¢) enters physics whenever charged particles interact electromagneti-
cally. As a simple example, in the hydrogen atom, the speed of the electron as a
fraction of the speed of light is proportional to .. 2 sets the scale of the Bohr levels
themselves. Wherever relativistic e ects in atoms become important, more factors
of . appear, such as £ in the ne structure of hydrogen atoms.! The hyper ne
structure also scales as 4 but the e ect is diminished in hydrogen by a factor of
about one thousand due to the electron/proton mass ratio [36].

e IS the electromagnetic coupling constant, which is to say it characterizes the
strength of photon/electron interaction. The radiative correction to the magnetic
moment of the electron, known as the anomalous magnetic moment, also depends
on . This correction results from the quantization of the electromagnetic eld
itself. It is one component of the Lamb shift which can contribute up to 10% of
hydrogen’s ne structure. The Lamb shift scales as 2 [7].

Alpha can be expressed as the dimensionless ratio of fundamental constants:

1 e oce?

74 4, hc 2h
2

: : ec .. : . : .
slightly di erent: . = he' since in electrostatic units and Gaussian cgs units the

electric constant or permittivity of the vacuum is unity [43, 51, 58].

since g9 ==c 2and h =h=2 ). Sometimes . looks

1The splitting scales with 2 for both the ne and hyper ne structures.



1.1 What is Alpha ( ), the Fine-Structure Constant?

Alpha is considered one of the most fundamental physical constants. Since it is
very precisely known, permeates all electromagnetic interactions, and depends very
clearly on a few other fundamental constants, its recommended value has long been
used not only to test the overall consistency of the collection of physical data used
to improve the known value of other physical constants, but also to develop and test
the standard model now used to describe physics [77, 51].

As early as 1905 Planck noted that both h and e?=c have dimensions of action
and are roughly of the same magnitude. By 1909 Einstein suggested that they might
be related and formed the dimensionless ratio hc=e?>. This ratio had a magnitude
of about 900 or about 140 when h is substituted for h. While Lorentz doubted
its relevance, Sommerfeld in 1916 named this ratio the ne-structure constant and
until 1929 it was considered merely a useful spectroscopic constant. Soon various
relationships were developed and explored but many were merely numerological
exercises, thus revealing no more precision nor insight [51].

Things started to change after 1928 when Dirac developed relativistic quantum
mechanics. His theory incorporated special relativity e ects noted by Thomas in
1927 and thus gave a theoretical basis for the experimental observation that spin
angular momentum is twice as e ective as orbital angular momentum in producing

a magnetic dipole moment. This is often expressed as an electron [spin] g factor

j9ei =j =8 2, where g = is the Bohr magneton. Later experimental

results by Lamb showed that g, was sTightIy more than 2. By 1947 Schwinger, Feyn-
man, Dyson, and Tomanaga explained the Lamb shift and put severe constraints
on the electron’s anomalous magnetic moment (a. = (jgej 2)=2) using the theory
of quantum electrodynamics (QED) to calculate radiative corrections [20, 36]. Sec-

tion 1.3 describes the theory used to calculate the electron’s anomalous magnetic



moment. Since 1987 these experiments have given the most precise results for .
The muon, a particle similar to but heavier than the electron, also has a measureable
anomalous magnetic moment. However, the theoretical dependance on . is slightly
di erent. Recent experiments have shed light on the precision of the theory as well
as the experiment and have led researchers to wonder if physics beyond the standard
model is in evidence. The state of this research is also examined in Section 1.3.

The ne-structure transition frequencies are proportional to 2R,c. However,
this method is limited in obtaining . by both theoretical and experimental preci-
sion. Similarly, the ground-state hyper ne transition frequencies of various simple
atoms and pseudoatoms are proportional to 2R;c. If the experimental and the-
oretical values can be obtained to enough precision and equated, an independent
value of  can be obtained. Of these methods, only hyper ne data from muonium
was used to calculate alpha in the 2002 CODATA adjustment. The limitations are
discussed in Section 1.4.

Two experiments determining . in condensed matter physics and their theories
are examined in Section 1.5. How the de Broglie wavelength (via %) establishes a

value forr_e is examined next in Section 1.6. The Rydberg (R1) and . are related
2R1h

c
e
method will be developed further in the next two chapters as it applies to cesium.

by .= . The focus of Section 1.6 will be on using slow neutrons, but this

This chapter concludes in Section 1.7 with some other information related to .

1.2 Is Alpha Changing?

Although . and ! are referred to as constants, their known values have

e
changed in recent years both in the precision and accuracy with which they are
known. This is illustrated in Table 1.1. The precision is stated in terms of the num-

ber of signi cant digits, listed in the right-hand column, using the log,, of the



TABLE 1.1

A BRIEF OUTLINE OF THE EVOLUTION OF ALPHA INVERSE ( 1)

Source, Reference Determination Method Year | Value of ! Relative log,,(rel. unc.)
Uncertainty?®
Einstein, [51] action ratio 1909 | 140(5) 36 ppk 1.4
Sommerfeld, [73] H ne structure 191679 | 137.1(1) 690 ppm 3.2
Spedding, et al, [74] Deuterium 1935 | 137.4(2) 1.5ppk 2.8
Lamb, et al, [14] H Lamb shift 1953 | 137.0365(12) 9ppm 5.1
Cohen, Cleland, [77, 12] | H & Muonium hfs () | 1963/4 | 137.0388(8) 6 ppm 5.2
Taylor, [77] only Ky &, H hfs (not H fs) | 1969 | 137:036 02(21) 1.5ppm 5.8
1973 CODATA, [64] AC Josephson (K3) 1973 | 137:036 04(11) 820 ppb 6.1
Williams & Olson, [87] | K; & Von Klitzing ( g) 1979 | 137:035 963(15) 110 ppb 7.0
1986 CODATA, [57,13] e g 2, wmu 1986 | 137:035 9895(61) 45 ppb 7.4
1998 CODATA, [57] e g 2,h=m,,etal, 1998 | 137:035 999 76(50) 3.6 ppb 8.4
2002 CODATA, [58] e g 2, h=mcs, etal, 2002 | 137:035 999 11(46) 3.3ppb 8.5

aThis refers to parts per thousand (10 3, ppk), parts per million (10 ©, ppm), and parts per billion (10 °, ppb).




relative standard uncertainty. The increasing precision comes from improvements
in experimentation and theory whereas accuracy refers to which experimental or
theoretical values might be in error. Regarding accuracy, only three of the ten listed
changes in . !'s value are within one standard uncertainty of the prior value which
is much less than the margin of error usually placed on such one standard deviation
error bars.

The fundamental constants are referred to as being adjustable. In recent decades
the Committee on Data for Science and Technology (CODATA) has taken on the
responsibility for adjusting the known physical constants and producing a table
of recommended values. CODATA now expects a reevaluation every two to four
years rather than the 12 or 13 years which prevailed during the last few decades
of the 20th century. This is done with a least-squares error reduction, where the
interdependence (covariance) of one variable on another is accounted for, and using
the best available physical and theoretical evidence. More details of this process,
speci ¢ for ¢, are given in Section 3.5.

Often . is said to vary, or \run," with energy [42]. This is a misnomer which
refers to the vacuum polarization e ects which modi es the strength of the e ective

eld seen by a scattered electron. The eld dependence on x is best expressed
through a Fourier transform into terms of g (momentum transfer) and is well known.
This e ective coupling constant, sometimes called . (g?) increases in the large q
q2

limit by the inverse of the factor 1 S—eloge pvrol At weak boson (W ) energies and

2c

electron masses the reduced screening e ectively increases . by almost 10% [36].
Some models extending the standard model of physics allow the low energy limit
value of . to vary. These variations could be spatial (location) or temporal (time)
variations at zero or low-energy. One way to check for such variation on a cos-

mological scale is through the spectral measurements of distant stars and galaxies.



Variations in dimensioned quantities cannot be unambiguously observed. For exam-
ple, c, the speed of light has units of distance per time. If ¢ were to change it could
be because of a change in the distance or the time (or both). However, changes in
dimensionless quantities such as . remain meaningful even though often thought
of as ratios between dimensioned constants [61].

Dirac started the time-varying constant discussions in the late 1930’s by noting
the similar magnitudes of the ratio of the electromagnetic force to the gravitational

force between an electron and a proton and the ratio of the size of the universe to
e? meC®

the size of the electron or
Gnmpme  e2Hy

10%°. These are also approximately

- cd .
the square root of the number of baryons, or when multiplied, ————. This

myGn Ho
relationship became known as Dirac’s large-number hypothesis [61].
Speci cally, if near equality is not a coincidence, since the universe is expand-
ing (Ho 7/ %), he picked Gy 7/ % Since then measurements such as the Viking
Landers on Mars and big bang nucleosynthesis limit the change in Newton’s gravi-

tational constant to two orders of magnitude below this predicted value of %‘f‘—p‘ =
10 1°/yr. Extensions to Einstein’s general relativity theory allow such variations.
Experimentation then provides a limitation on the parameters used to extend the
theory which typically involve violations of the equivalence principle. These lim-
itations set constraints on variations of fundamental constants which are model
dependent [61].
Several groups looked at quasar absorption lines at signi cant redshifts (0:5 <
z < 3:0). Several methods have been applied to analyze the data, with some initially
statistically sign cant results suggesting a smaller past value for  (or larger _1).
This is often expressed in fractional formas = ¢=( ; 0o)= o, Where ,isthe

ne-structure constant for a given redshift and ¢ is the present day value. When

signi cant (4:3 ) results were announced, with values on order 10 °, the hunt was



on to nd more evidence and to determine the timing and magnitude of any such
changes in .. The quasar studies will be described in more detail before looking at
the evidence against such changes [61, 26].

The relative line splitting of an alkali ne-structure doublet varies as 2 and
thus any di erence between terrestrially vs. celestially observations would indicate
a change in . due either to time or location. When other atoms and other tran-
sitions are utilized and relativistic corrections applied, the many multiplet method
is created which gives a test sensitive to changes of order 10 . This method has
been applied to data from several telescopes with mixed results. One must remem-
ber however, that these studies depend on isotopic abundances, particularly for Mg
which is produced most e ciently in stars of about ve solar masses. Thus these
assumed changes in  may instead re ect a poor understanding of the true isotopic
composition of the intervening absorption clouds [61, 26].

The abundance of “He in the early universe is predicted by the theory of big
bang nucleosynthesis. Any model going beyond the standard model of physics is
constrained by the observed production rates. The He abundance and those of other
light elements, especially ?H, 3He, and ’Li, are greatly a ected by the neutron to pro-
ton ratio which in turnisa ected by either the expansion rate or the weak interaction
rate, which in turn depend on fundamental parameters. Two such fundamental pa-
rameters a ecting the mass di erence between neutrons and protons are known as
the quantum chromodynamics scale ( ocp of order 100 MeV) and the Higgs expec-
tation value (v of order 100 Gev). In the relevant equation, myc®> =a ¢ ocp+bv,
the numbers a and b are determined by theory and experiment. This equation shows
how . a ects the nucleon mass di erence. Since the theoretical prediction for “He
abundance agrees with observation within a few percent, . cannot have changed by

more than 5% over the history of the universe. This is often expressed in fractional



form assuming a constant rate as * &= = = 4 10 2=yr [61, 53].

String theorists or those postulating the strong, weak, and electromagnetic gauge
coupling constants coming together at some uni cation scale, end up with a much
tighter bound on .. Typically, changes in ocp correspond to a 30-fold larger
changes in . and changes in v e ect a 100-fold larger change in . Since the mass
generated by the Higgs mechanism is proportional to v for all quarks, leptons, and
intermediate vector bosons, all low-energy particle masses would change. Nucle-
osynthesis data thus adds another two orders of magnitude to the limit given in the
previous paragraph [61].

Similarly, the microwave background radiation gives the decoupling temperature
to within a few percent. The decoupling temperature occurred when the universe
cooled to the point where most photons were no longer energetic enough to keep
protons and electrons from forming neutral hydrogen atoms. This decoupling tem-
perature depends on . and limits the change in . over the past 13 billion years to
about 2:3 10 %/yr [61].

Hansch’s group at the Max Planck Institute measured the absolute frequency
of the hydrogen 1S-2S two-photon transition with a precision of 15{18 parts in
10*° in 1999 and again in 2003 to 10 parts in 10 by use of an atomic cesium
fountain clock and femtosecond laser frequency comb which are described in Chapter
4. Their work established this optical frequency as the most precisely known and
as a de facto standard. It also established the variation limit for this time period:
— = 4:1(8:2) 10 *°, which is consistent with zero change. Results measuring
the well studied clock frequencies: 8 Rb, *3Cs, and *°Hg were similar. Some of
these experiments can be combined to generate an even smaller bound of 0:9(2:9)
10 d/yr [61, 59, 25].

About two billion years ago in southeast Gabon on the west coast of central



Africa, enough uranium came together in what is now the Oklo uranium mine to
cause a natural ssion reaction. Using, among other things, the ratio of abundance
of 1*9Sm to #7Sm, constraints can be derived on variations of . of the order 0:5
10 "/yr over the past two billion years [61, 27].

Radioactive decay rates for long-lived isotopes such as '8’Rh, U, and 238U in
meteorites have also been compared to those from modern sources. These rates and
other constraints imply a limit on how much  has changed over the past 4.6 billion
years of 5:9(5:9) 10 8/yr [61].

Although extensions to the standard model might suggest that . did and can
change or is changing, this dissertation is concerned with its absolute value at this

time and place in the universe.

1.3 Anomalous Lepton (¢ and ) Magnetic Moment or a, = %(jgej 2) and
a =3309] 2

There are several aspects to the evaluation of , from the anomalous magnetic
moment of a lepton. The theoretical work is discussed below. The experimental
work done at the University of Washington for electrons is discussed in Section 2.2.
Some material on the work now being done for muons at Brookhaven National Lab-
oratories (BNL) is also discussed below. The anomalous magnetic moment approach
to . has provided some of the most stringent tests of the standard model of physics.

The early history of the electron g factor or anomalous electron magnetic mo-
ment was developed earlier on page 3. Ground state hydrogen atoms have no orbital
angular momentum and thus no orbital magnetic dipole moment. Yet the ground
state energy level can be split by a uniform applied magnetic eld into two com-
ponents symmetric about the no- eld value. This is an example of the anomalous
Zeeman e ect which is observed as the splitting of the spectral emission lines.

Schwinger in 1947 applied the principles of QED along with Dirac’s 1928 rel-
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ativistic quantum mechanical description of the electron to include interactions of
the electron’s electromagnetic eld (virtual photons) with the electron itself. These
interactions can be described as a cloud of virtual particles (photons) which are
emitted and absorbed in various combinations. The Heisenberg uncertainty prin-
ciple limits the energy and duration of these virtual particles so that higher en-
ergy particles are less likely [36]. There are additional contributions to the elec-
tron’s anomalous magnetic moment from weak and strong (hadronic) interactions.
One writes a, = %(jgej 2) and expresses the theoretical value as: ac(theory) =
a.(QED) + a.(weak) + a.(hadronic). However, both a.(weak) and a.(hadronic) are
so small as to not yet signi cantly contribute to a.(theory) [58].

The QED term is broken into parts with di ering dependence on lepton mass
ratios: a.(QED) = A; +A,(me=m ) + Ay(me=m ) + Az(mMe=m ; me=m ), where the
lepton in the denominator of the mass ratio is the virtual particle. To specify the
terms for a one would replace me with m everywhere and vice versa. The A;
correction terms are usually expanded into power series in powers of ( .= ). The
power of ( .= ) is determined by the number of virtual particles involved and the
magnitude by the sum of the strengths of the various interactions. Each possible
interaction can be represented by a Feynman diagram and each contribution is
computed by integration. The contributions in turn depend in part on the lepton

mass ratio. One thus writes:

2 3 4
—nA@ _e @ _e ® _e ® _e cee

Since . is proportional to e?, the order of a term with ( .= )" and its coe cient is
referred to as order 2n. The dominant A; term is mass independent. The leading or
second order coe cient for A; comes from one Feynman diagram and is: A% = 1
S0ge 2 1+ %— [58]. This was worked out in 1948. In 1952 the corresponding

spectral shift was precisely measured in hydrogen by Lamb. Lamb received half

11



the 1955 Nobel prize in physics for this work on the ne structure of the hydrogen
spectrum.

The term A§4) involves seven Feynman diagrams and was tediously calculated
by the late 1950’s to be exactly:

A9 =3 3 2| 2+ 2+197— 0:328 478 965 579 :: :
1 _Z() ?oge TR :

where (n) is the Riemann zeta function.?
The term A® involves 72 Feynman diagrams. Thirty years of work produced
analytic results by 1996 in terms of readily evaluated functions using computer

symbolic manipulation programs.

100 215 83 2 139 25
A(6)=_ [t + + > + 22 10022 2 10022
298 2 239 4 17101 2 282
%8 log, 2 39 + 0 + 8259 =1:181241456::::

9 ¢ 2160 810 5184

P
Theas = 57 = 0:517 479 061::: term is also known as the polylogarithm? of
n=1

L or Lis() and (5) = 1:036 927 755 143 :: : [58, 16].

A few of the 891 Feynman diagrams needed for the AES)

term are known analyt-
ically. All these integrals have been evaluated numerically using supercomputers.
The correction of an error involving 18 gauge-invariant diagrams led to a signi -

cant change in the fundamental constants between the 1998 and 2002 CODATA

X1 ¥
2The Riemann zeta function, (s) = P~ = 1—L; is an important complex function in
n=1 S
mathematics, which if the Riemann Hypothesis is t’:’ue, bopunds the error term for the distribution
of prime numbers. Although only real arguments are required here, (S) shows up elsewhere in
physics with complex arguments. The Riemann Hypothesis (all nontrivial zeroes of the Riemann
zeta function have real part %) was rst stated in 1859. By 1900 its proof was listed as number eight
in Hilbert’s list of 23 important unsolved mathematical problems. In 2000 the Clay Mathematics
Institute made it one of seven problems of the millennium, each worth a million dollar prize. Values
for the Riemann zeta function can, however, be readily calculated. The irrational and possibly
transcendental number (3) = 1:202 056 903 159::: is also known as Apery’s constant [16].
7x
3This is not, however, the logarithmic integral Li(x) =

often used in conjuction with
loge t
0

the Riemann Hypothesis.
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values. The value AES) = 1:7366(384) was used in 2002 instead of the 1998
value A® = 1:5008(384). The A® uncertainty alone contributes about 1 ppb
to a.(theory) and this was a 5:9 change! Little is known about A" and higher
order terms, but it is assumed they contribute about 220 ppt to the uncertainty
of a.(theory). Similarly, uncertainties in the various Ag) and Agi) terms have a
negligible a ect, but only for the electron [58].

The various QED contributions are recombined in like powers of — so that
@ _e @ e’,c® ¢°,c® ¢t can e °
a(QED)=C¥ — +C¥ — +C¥ — +C — +C77 — +:u

The values used for the CODATA 2002 adjustment were: C& = 0:5, ¢ =
0:328 478 444 00, C® = 1:181 234 017, C&¥ = 1:7366(384), C&? = 0:0(3:8)
[58].

In 1987 the University of Washington measured the anomalous electron magnetic
moment for both electrons and positrons. When these results are combined under
the assumption of CPT invariance, the results of a, = 1:159 652 1883(42) 10 3 is
obtained. When this value is combined with the theory above, the value .(a;) =
137:035 998 80(52) is obtained. The di erences between this and the 1998 values,
again are a result of an error found in the theoretical calculations [58, 81].

Similar experimental and theoretical results can be obtained with muons. These
experiments have been carried out at Brookhaven National Laboratories (BNL) and
the European Laboratory for Partical Physics (CERN). Although both results agree,
later BNL results (1998, 1999, and 2000 runs) have a much lower uncertainty so the
CERN results were not included in the 2002 CODATA adjustment. Later BNL runs
have been analyzed since the 2002 adjustment.

The theory for a , although it parallels that for the electron, is strongly a ected
by the larger mass of the muon. There are one additional fourth order and six

additional sixth order Feynman diagrams to include, however. The Agg)(m =M)
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term is a signi cant contributor and is based on the numerical evaluation of 469
additional Feynman diagrams. In 1998 the dominant theoretical errors came from
the hadronic contribution. This has since become a very active eld of research with
major developments before the 2002 CODATA adjustments as well as new results
afterwards. The resulting value from this research ¢(a ) = 137:035 81(15) still has
fairly low precision (1.1 ppm) but nonetheless di erences between the theoretical and
experimental results caused cautious researchers to look for and nd programming
errors and omitted diagrams and others to herald these initial results as the rst

sign of physics beyond the standard model [57, 58, 21].

1.4 Fine and Hyper ne structure: *H, 2H, “He, Muonium, Positronium

The ne structure of *H and ?H are already used in the determination of the
Rydberg constant. The large natural width of the 2P levels limits the experimental
accuracy and so a determination of . by this method is no longer competitive. It
was, however, the method of choice in the 1930’s. The “He ne structure has narrow
transitions from the 2°P; excited states due to restrictions on an electric dipole
transition to the ground state. Recent experimental work would give a value of
to 15ppb if the theory were better developed [89]. However, the theory involves
complex calculations without any independent evaluation and agrees poorly with
experiment [58, 62].

When a muon ( ) and electron (e ) form a bound state, the resulting exotic
\atom™ is called muonium which has a lifetime of 2.2 s. This is similar to a hy-
drogen atom except that the proton has been replaced by a lepton and hence the
hadronic contributions are greatly reduced. The ground-state hyper ne splitting

was developed by Fermi in 1930 as



Since then the full theoretical expression has been expressed in terms of Dirac (rela-
tivistic), radiative, recoil, radiative-recoil, electroweak, and hadronic (strong) contri-
butions. The 1964 . value used this method. Active research in this area improved
the accuracy and precision of this theoretical result between the 1998 and 2002 CO-
DATA adjustments. However, the main source of uncertainty remains the electron
to muon mass ratio [58].
Theoretically, = 4 463 302 905(272) Hz, is the ground state muonium hyper-
ne splitting. The most precise measurements of the Zeeman transition frequencies
in muonium were done at the Meson Physics Facility at Los Alamos (LAMPF) in
1982 and 1999. Combining these gives ! = 137:036 0017(80) with a relative
uncertainty of 58 ppb [58].

Although the experimental values for the hyper ne frequency di erences in hy-
drogen have a low relative standard uncertainty (10 2), the theory is only precise
to order 10 ©. It thus does not provide a competitive value for .. The theory
is limited by the nite size and internal structure of the proton. These a ect the
proton’s rms electric charge and magnetic moment radii and polarizability [58].

When a positron (e*) and electron (e ) form a bound state, the resulting exotic
\atom" is called positronium. Positrons are stable in vacuum but being antimatter
tend to annihilate within 1 ns in ordinary matter. Both theory and experiment are
limited to the order of 10 ° so this method is not yielding a competitive value of
[58].

The theory for the ne structure and hyper ne splitting for more complex sys-
tems obviously limits the ne/hyper ne structure approach even though experimen-

tal precision is reaching 10 *? in many systems.
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1.5 Condensed Matter: AC Josephson and Quantum Hall E ect

In 1962 Brian Josephson predicted current steps in the quantized Josephson
voltages obtained when a Josephson (superconducting) junction is irradiated with
electromagnetic radiation. The voltage (U;) and radiation frequency (f) are related
via the Josephson constant: U;(n) = nf=K;. Josephson received half the 1973 No-
bel prize in physics for this work which provided a value of . largely independent
of QED [77]. Josephson’s work showed that the earlier 1963 constants adjustment
had rejected the wrong set of discrepant experimental determinations [64]! Until
the 1986 CODATA adjustment, . was determined largely through this method.
Since then arrays of thousands of Josephson junctions have been crafted to enable
highly accurate voltage standards at the 10V level. This research, involving di er-
ent frequencies, power and current levels, numbers of steps, superconductor types,
and junction types, continues to support the view that K; = 2e=h, the Josephson
constant, is a constant of nature [58, 57].

Measurement of alpha via the Josephson e ect involves the calibration of current
in standard cells and resistors. This in turn depends on the gyromagnetic ratio ( E))

and magnetic moment ( ﬁ)) of the shielded proton through the relationship:

1_ o %
2 4R1 ) sh’

where g is the Bohr magneton. Precision of the proton’s gyromagnetic ratio is

often the limiting factor in this approach to ..

Four important measurements of the product of the shielded proton ( g) or he-
lion (®*He nucleus) ( },) gyromagnetic ratio and Ago known as } 4,(l0) or } g,(l0)
are of note. The resulting . are listed here by the metrology laboratory do-
ing the work and abbreviated year: NIST-89 E)_go(lo) 137:035 9880(51), NIM-
95 ! go(l0) 137:036 006(30), KRISS/VNIIM-99 ! go(lo) 137:035 9853(82), and
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VNIIM-89 | o,(lo) 137:035 942(16). For reasons discussed in Section 3.5, only
the rst of these values was used in the 2002 CODATA adjustment [58].

In 1879 Hall discovered the e ect of a transverse voltage when a magnet was used
to de ect the current in a conductor. In 1980 von Klitzing observed the quantum
Hall e ect (QHE). He received all the 1985 Nobel prize in physics for this discovery.
At high ux densities (10T) and liquid helium temperatures (1K) the degenerate
electron gas in the inversion layer of metal oxide semiconductor eld-e ect transis-
tors (MOSFETS) becomes fully quantized.* This can be observed as plateaus in
the Hall voltage versus gate voltage curve for xed current and varying gate volt-
age. The quantized Hall resistance of the ith plateau (Ry(i)) is the quotient of
U0 _ R g s e
von Klitzing constant and i is an integer.®> Further theoretical and experimental

h C
work shows that Rk = 2 = 2—Oe

Measuring the quantity Rk consists of comparing it to a known resistance R

the plateau voltage (Un(i)) and current (1): Ry(i) =

which in turn is known in terms of an Sl resistance . The ratio R= is determined
by the calculable cross capacitor which depends, to high accuracy, on its length.
The uncertainty thus depends on the capacitor’s design quality and the comparative
impedance chain. Since the impedance measurements are done in AC and the QHE
work is done in DC, the di erences in the special kinds of resistors used must also
be well understood [58].

The conventional values involved are the Faraday constant F in Agg = Vgo= 9o
units, Kygeo, and Rkgeo. These units were established in 1990 as new, laboratory
V) and Sl ohm ( go = R

J K{90
based on the Josephson and quantum Hall e ects and adopted values for the Joseph-

Koo

realizable representations of the Sl volt (Voo =

4Heterojunctions can also be utilized, but then the magnetic eld is varied.

5The fractional quantum Hall e ect is not a factor in adjusting the fundamental constants.
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son (Kygeo = 483 597:9 GHz/V) and von Kilitzing (Rkge = 25 812:807 ) constants.

They can be realized at the 1V and 1 level with a relative standard uncertainty
of about 1 ppb [57].

Since = ﬁ and o and c are established exactly, the relative uncertainty of

e Obtained by this method comes directly from the relative uncertainty of the

experimental value of Rkx. Five recent results are of note, many of which su-

percede earlier results. Listed here are the corresponding values of ! which will

e
be referred to by the metrology laboratory doing the work and abbreviated year:
NIST-97 137:036 0037(33); NML-97 137:035 9973(63); NPL-88 137:036 0083(73);
NIM-95 137:036 004(18); and BNM-03 137:036 0023(73). For reasons discussed in
Section 3.5, only the rst of these values was used in the 2002 CODATA adjust-
ment [58].

1.6 de Broglie Wavelength (Mass) of Slow Neutron
s

2meC . 2R4 A/ (X h
e _°" it follows that . = 1 Ar(X)

2h ¢ Ar(e) m(X)’
where A,(X) is the relative atomic mass of particle X with mass m(X). Since R4

From the relationship R, =

and c are either precisely or exactly known, the relative uncertainty comes from the
relative atomic mass of particle X and the ratio h=m(X). Although this principle
is applied here to the experiment involving neutrons, the same h=m method will be
applied in later chapters to the cesium atom. There a couple of mass ratios will
have to be inserted to obtain the desired results.
During the 1980’s and 1990’s a series of experiments at Institut Max Von Laue-
Paul Langevin (ILL) in Grenoble, France were conducted by Kruger, et al which
rst had an e ect on the 1998 CODATA determination. The basic idea was to
precisely measure h=m,, or the ratio of Planck’s constant to the mass of the neutron

by measuring both the de Broglie wavelength and corresponding velocity of slow
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neutrons via the relationship p = myv = h= or h=m, = v. A monochromatic
(= 0:25mm) horizontal beam of slow neutrons was back re ected from the (311)
lattice planes of a single silicon crystal. Their velocity of about 1600 m/s was de-
termined by time-of- ight using polarization modulation at a known frequency and
interferometrically measured distance of about 10 m. The four silicon crystals used
had to be compared with the Si,,o reference standard and temperature compen-
sated. The distance measurement had to be corrected to account for the residual

air and its index of refraction. Their result of 2060:267 004(84) m/s for has

Mnd220
a relative standard uncertainty of 41 ppb. Although the ¥220g silicon lattice spacing

isn’t a fundamental constant, it is considered an invariant quantity of nature. Car-
bon and oxygen impurities can be measured and accounted for, but about 15 ppb of
relative standard uncertainty remains in the intercomparisons. Attempts to create
better crystals continue, because this not only a ects the neutron mass and ratio
h=m,,, but also Avogadro’s constant (Na). The value obtained with 2002 CODATA
values was ! = 137:036 0015(47) which has a relative standard uncertainty of

34 ppb [58, 57].
1.7 Other Alpha Information

Theories which extend the standard model of physics often unify several of the
known forces of nature and attempt to explain what happened promptly after the
big bang. Then things were more energetic than scientists have been able to probe
even with large accelerators such as Fermilab and CERN. Evidence suggests, how-
ever, that at such high energies, the various coupling constants might merge to the
same value indicating a uni cation of three of the four forces generally observed:
Lis given

electromagnetic, weak, and strong. Speci cally, the value 128:896 for

for intermediate vector boson energy levels (90 GeV) [42]. Much larger (smaller)
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values for alpha (inverse) are required at uni cation energy levels.

It is worth noting how  sets the scale for several phenomena involving elec-
trons. Remember that the Rydberg constant (R4 ) is the proportionality constant
which inversely relates the wavelength of a photon required for an electron bound
to a hydrogen atom to escape completely. The base length is set to % or about

a1
45.6 nm. The Bohr radius (ag) of the hydrogen atom, or the expected classical

radius of the electron’s orbit, can be written as ag = 2 F\e> . When written as
a1
a Bohr circumference, this becomes gonr = ﬁ or about 332.5pm. Now con-
1

sider the Compton wavelength of an electron, the constant which relates the change

in wavelength between the incident and scattered photon when scattered by an

2
e

2R1
2ay. Again, writing this as a wavelength

electron:  compton = ¢ = 2 el = or about 2.43pm. Consider next the
classical radius of the electron: r, =
3
e

2R1
portant length scales related through successive powers of .. Some have extended

2

giVeS  classical = 2 e = 2 289 = or about 17.7fm. There are thus four im-

this scheme to larger length scales involving everything from black holes to the uni-
verse, but these well established relationships should su ce to show the signi cance
e has.

Many have noted how the universe would di er if various parameters had other
values. One such parameter is the energy di erence between the two protons and
two neutrons which bind together to form an alpha particle. This di erence is about
0.7%, hence its reciprocal is about 132.7 or easily related to ,!. Others in humor

have noted how twice ! less one sets the celsius temperature scale. That spoof

e
in 1930 ultimately led to the famous 1948 cosmology paper by Alpher, Bethe, and
Gamov [64]'! These are but a few examples of the type of numerology often applied
to .. Many relationships involving , the golden ratio ( ), and such have been

generated over the decades because physicists are still searching for a reason why
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TABLE 1.2

a,* VALUES USED TO CALCULATE CODATA 2002 [58]

Method of Measuring Alpha Value Relative Uncertainty
(Dimensionless) | (in parts per billion)

electron anomalous magnetic | 137:035 998 80(52) 3.8

moment: g 2 or a

cesium recoil: ml 137:036 0001(11) 7.7

Cs

Quantum Hall E ect: Rk 137:036 0030(25) 18

AC Josephson: ijh_go(lo) 137:035 9875(43) 31

Neutron de Broglie: an 137:036 0015(47) 34

Muon Hyper ne: Mu 137:036 0017(80) 58

only B30.1 from Rk 137:036 0037(33) 24

only B26.1 from %,h_go(lo) 137:035 9880(51) 37

e has the value it does. Eddington and perhaps Einstein believed all fundamental
constants were calculatable [64, 48, 51]. In 2000 Salamin conjectured that ., in
a better model, would be related to a Feigenbaum-like constant, constants which
characterize a certain family of functions known as logistic maps [24].

This chapter concludes with Table 1.2 which is a summary of the various values
of . as calculated by the various methods described [58]. The  values are in
decreasing levels of precision. The replacement entries at the bottom of the table

will be explained in Section 3.5.
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CHAPTER 2

FINDING ALPHA PRECISELY VIA CESIUM

. the yeeres of the life of Ishmael; an hundred and thirty and seuen
yeeres: .
Genesis XXV:17

Chapter 1 noted how alpha ( ), the ne-structure constant, is related to the

Rydberg (R1) and other fundamental constants such as the speed of light (c),
, _ 2Rqh
e

Planck’s constant (h), and the mass of the electron (mg): ¢ = . If calculated

e

na vely from the 2002 CODATA recommended values of these constants, the large
uncertainties in h (170 ppb) and m, (170 ppb) dominate since c is de ned exactly
and R4 is known very precisely (6.6 ppt!). Thus 2 would have an uncertainty of

240 ppb which corresponds to an uncertainty in . or ! of 120ppb. Speci cally,

2 = 2 10973 731:568 525(73) M 1 6:626 0693(11) 10 34JS _ L. 5 1—
299792458 M/S 9:109 3826(16) 10 3t Kg =53251354(13) 10 % or =

137:036 000(16).

Mass ratios, however, are generally known more precisely than masses because
gravity is a weak force, the earth sends a strong signal, and the mass standard is

still a macroscopic object in Paris. Speci cally for the cesium atom:

2 _ 2R4h _ 2R1%mc;5 h .
€ cMe C Me My Mcs

Since these mass values are now known to a few parts per billion in the right units, a

LThis refers to parts per billion (10 °, ppb), parts per trillion (10 2, ppt), ppg, etc.
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correspondingly precise value of  should be obtainable in this manner. CODATA
converts the experimental mass ratios into recommended mass values.

Although used in the equation above as mass ratios, several of these values are
more typically reported as relative atomic masses. The relative atomic mass of 12C
is exactly 12 uni ed atomic mass units (symbol u), and thus 1u is % of this. The
uni ed atomic mass unit is not an Sl unit but is accepted for use with the Sl by the
CIPM.? Precision can be lost when converting to Sl units, but the process is noted
here for reference. One mole (symbol mol) of a substance is the collection of as many
entities of this substance as there are atoms in 0.012 kg of free, neutral, at rest *2C
in their ground state. Thus another factor, the molar mass constant, 10 2kg/mol
is usually necessary. The number of atoms in one mole is the Avogadro constant
(NA). The 2002 CODATA recommended value for N is 6:022 1415(10) 10%=mol
which has the typical uncertainty associated with h and masses (in kg) of 170 ppb
[58].

The parts per billion precision mass ratio measurements, however, are very re-
cent. A value of the ne-structure constant from the cesium method was rst utilized
in the most recent adjustment of the recommended values of the fundamental con-

stants (2002 CODATA) released in December 2003 [56].° This chapter examines in
h

mcs

detail the precision of the ve necessary values: R4, me, my, Mcs, and . More
comments about the actual process CODATA used to determine the recommended

value of ., however, will be deferred until Section 3.5.

2International Committee for Weights and Measures, but in French.

SWith the details published two days after the defense of this dissertation [58].
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2.1 Precise Measurement of the Rydberg

The Rydberg constant has been for many years more precisely known than al-
most* any other fundamental constant. This precision is based on spectroscopic
measurements of resonant frequencies in hydrogen and deuterium as well as some
related theory involving Dirac eigenvalues, QED e ects such as vacuum polarization
and self energy, and nuclear size and motion [57]. Since the Rydberg is known so
precisely, when the fundamental constants are adjusted, the Rydberg is generally
analyzed rst, its value set, and then not allowed to vary. Since 1990 only optical
frequency (no wavelength) metrology data have been considered. These are com-
plex experiments done at several leading laboratories at the cutting edge of scienti ¢
measurement [58].

The 1998 CODATA value for the Rydberg was 10 973 731:568 549(83) m !
and had an uncertainty of 7.6 ppt. The 2002 CODATA Rydberg value was slightly
improved: 10 973 731:568 525(73) m ! with an uncertainty of 6.6 ppt. Primarily
this value comes from the absolute frequency of three hydrogen transitions: 1S-2S,
2S-8D, and 2S5-12D. However, only one (1S-2S) is known extremely precisely (15
to 18 parts per quadrillion (10 *° or ppq)) [59] as discussed in Section 1.2. The

Rydberg’s precision is limited by the precision of the others [57].

2.2 Precise Mass and Anomalous Magnetic Moment of the Electron

There was substantial improvement in precision between the 1998 CODATA
recommended value for the mass of the electron (5:485 799 111(12) 10 “u, 2.2 ppb)
based primarily on the University of Washington’s 1995 results (Farnham, Van Dyck,
and Schwinberg) [22], and the 2002 CODATA value of 5:485 799 0945(24) 10 “u.

4The 2002 CODATA uncertainty for ge is 3.8 ppt and for m is 14 ppt.
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The much lower uncertainty (440 ppt) is largely due to the progress of the GSI-Mainz
collaboration reported in 2002 by Beier [58]. Their value (5:485 799 0924(40) u or
730 ppt) was shifted somewhat and the error reduced [4].

This shift was somewhat for consistency with theory and older less precise results,
but other factors are at work also. Since hydrogenic carbon (*2C°*) and hydrogenic
oxygen (**O7*) are utilized, some theory involving the bound-state electron g-factor,

nite nuclear size and mass, and QED e ects is necessary. Some of these involve

e- The recommended value for  shifted signi cantly between the 1998 and 2002
CODATA due to corrections in the g-factor theory (for both electrons and muons).
Such correlation among, for example, ., g = 2(1+ a.), and m, is what makes
the CODATA global adjustments and corrections so important [58]. The g factor
theory for low Z, hydrogenlike systems and the electron mass were recently viewed
as limiting factors on the precision of  from the cesium system. This fact has thus
driven recent e orts for improvements [4, 48].

The University of Washington also claims the best measurements for the anoma-
lous magnetic moment of the electron. Those measurements provide the only value
for ¢ with less uncertainty than that obtained from cesium. The g 2 experimental
results date back to 1987 [81]. Both the mg and g 2 experiments use a Penning trap
as described in the next section. The Gabrielse group at Harvard has completed
the rst round of measurements of the electron magnetic moment in a cylindrical
Penning trap with a well-known mode structure and hopes thereby to improve the
experimental precision of  from g 2 by a factor of 5. Publication is pending

[28, 89].
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2.3 Precise Mass of the Proton

The 1998 and 2002 CODATA recommended values of 1:007 276 466 88(13)u
(130 ppt) for the mass of the proton are identical. This value is largely based on the
University of Washington’s results published in 1995 and 1999 [58, 22]. However, it
also has to be consistent with the values used in the equation relating the hydrogen
atom to its constituent parts, including the binding energy and electron. Other
experiments, such as SMILETRAP, a hyperbolic Penning trap mass spectrometer
in Stockholm, assessing systematic e ects between their results and the University
of Washington results, have generated consistent values [57, 58, 22].

The ions in a Penning trap are stored using the superposition of a magnetic

eld and a static electric eld. A diagram of the motion of one ion and a typical
Penning trap are shown in Figure 2.1. The magnetic eld forces the ions into a
cyclotron-like orbit and keeps them from escaping perpendicular to the magnetic
eld lines. Con nement in the direction of the magnetic eld lines is obtained by
producing a minimum electrostatic quadrupole potential with voltages applied to
cylindrical endcap electrodes. The ion motion can be described by three uncou-
pled harmonic oscillators termed: reduced cyclotron (from B and E), axial (from
E), and magnetron oscillations (from B E). The corresponding frequencies are:
T P aq— 12 . :

1, = ;f+ 12=4 1222 1, = r?1_\<;2 and 1, = 2(;/—28 = 21% where  is the ion’s
charge, m its mass, V is the operating voltage, and d = Pz is the character-
istic trap dimension based on the magnetron radius (r) and axial displacement (z).
The expression for the free space cyclotron frequency combines these frequencies in
quadrature (I, = % = pm), relates it to the charge, magnetic eld,
and mass, and is independent of tilt and ellipticity [8].

The ultra-high precision single ion mass measurements at the University of Wash-

ington date back to the 1960’s and netted Hans Dehmelt one quarter of the Nobel
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Prize in 1989. The ions are detected via the tiny AC image current induced in the
endcap electrodes by the axial motion which is transformed by a highly tuned LC

Iter into an AC voltage. Both the axial and reduced cyclotron frequencies depend
on mass. The axial frequency is locked to a constant value with a feedback loop.
The coupled cyclotron and axial modes are then monitored and the correction sig-
nal measured to obtain the mass. State of the art electrodes, batteries, magnetic

elds, sideband detection, magnetron radius reduction, vacuum, and cryogenics are
required [22]. In a technical sense, the mass of the proton is not used in this calcu-

lation for alpha, only the mass ratios. However, it is included for convenience.

2.4 Precise Mass of the 133Cs Atom

Recent improvements in the precision of the measured atomic mass of several
alkali metals were driven by the need to reduce their uncertainties for use in this new
determination of .. MIT achieved an hundred-fold improvement in precision for
these atomic masses between 1993 and 1999 as reported by Bradley and Pritchard
[8, 66]. The mass of the® neutral 133Cs atom was added to the 2002 CODATA input
equations using the value 132:905 451 931(27) u with an uncertainty of 200 ppt.
Although the 2002 CODATA value is based exclusively on this work, this value is
in agreement with older measurements with larger uncertainties [58].

The experiment utilized a Penning trap with orthogonal compensation. The free-
space cyclotron frequency ratios between two ions were measured during the early
morning hours when the nearby subway was not running. The cesium results come
from ve nights of $33Cs®*/CO; data and four nights of 1*3Cs?*/CsH; data. The
ratios were measured to twelve signi cant digits and then analyzed. Large night-

to-night variations for cesium were unexplained but compensated for by quoting a

SIt is conventional to use the not a here since physicists believe in identical particles [64].
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