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CONNECTIVE 1-DIMENSIONAL EUCLIDEAN FIELD THEORIES

Abstract

by

Elke Markert

In this dissertation we construct an ­-sp ectrum from spacesof certain super-

symmetric1-dimensionaleuclidean¯eld theoriesof degreen, which is a newmodel

for connective ko-theory. The spacesof this spectrum form connective covers of

the spacesof euclidean¯eld theories constructed by S. Stolz and P. Teichner in

their expository paper \What is an elliptic object?"[27]. Weprovide a direct proof

of the loop spectrum properties and the connectivity using a quasi-¯bration with

contractible total space.This is at the sametime a proof of Bott periodicity for

the ¯eld theory model of K -theory and gives a description of the Bott element.

We give an interpretation of 1-dimensionaleuclidean¯eld theories as con¯gura-

tions and make useof the convenient properties of con¯guration spacesto show

the quasi-¯bration properties. This connectsour model of connective ko-theory

to an older description due to G. Segal.Basedon our result in the 1-dimensional

case,we give a conjecturefor a connective versionof spacesof 2-dimensionalcon-

formal ¯eld theories. The ideasdeveloped in this work might also help to prove

the spectrum properties for the original spacesof conformal ¯eld theories of S.

Stolz and P. Teichner, which is still an open problem.
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CHAPTER 1

INTR ODUCTION.

This work is basedon an approach to de¯ne Euclidean and Conformal Field

Theory in a functorial and geometrical way, initiated by G. Segaland E. Wit-

ten [25], [30], which was made more preciseby recent work of S. Stolz and P.

Teichner [27]. The goal is to construct cohomologytheoriesfrom spacesof quan-

tum ¯eld theories (of either euclideanor conformal °avor in the 1-dimensional

or 2-dimensionalcase,respectively), which provide interesting invariants (as for

examplethe Witten genus). The spacesconstructed in [27] form a spectrum for

K -theory in the 1-dimensionalcaseand areconjecturedto yield a spectrum for the

theory of topologicalmodular forms (TM F ) in the 2-dimensionalcase.The latter

is alsoknown as \univ ersalelliptic theory" and is built by taking an inverselimit

over the spectra associated to all elliptic curves,i.e. curvesin
� 2 of genus one. It

is a well-known fact that most such curvesgive rise to formal group laws which

are Landweber-exactand thereforeallow oneto form cohomologytheories. Since

its discovery, tmf hasbeenstudied by many people,amongthem M. Hopkins, H.

Miller, M. Mahowald, P. Goerss,M. Ando, P. Landweber, D. Ravenel,N. Strick-

land and J. Lurie (seefor example [12], [13], [1], [19], [28], [18]). Nevertheless,

the focus has mostly beenon the homotopy theoretic side, trying to understand

tmf by calculating its homotopy and homology data. However, the appearance

of modular forms in quantum physics,as partition functions of ¯eld theories,re-
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mains somewhatmysteriousconsideringthe homotopy theoretic de¯nition of the

spectrum. The hope is to understand the relation between modular forms and

quantum theory, by ¯nding a way to build this spectrum in a geometric way.

SinceE. Witten and G. Segal,several groupsare working on di®erent approaches

to this goal ([2], [15], [14], [27]). A solution to this problem would mark a major

breakthrough in topology as well as in mathematial physicsand help to connect

the two ¯elds. In their work on this project, Stolz and Teichner achieve, among

other improvements, a model of K -theory from spacesof 1-dimensionaleuclidean

¯eld theories,which are built along the samelines as their 2-dimensionalconfor-

mal ¯eld theories. This is helpful, sinceK -theory should be considereda \case

study" for tmf .

The idea we follow in this work is to study connective coversof the spacesof

¯eld theories. We show how to obtain a connective spectrum in the 1-dimensional

euclideancase,which yields connective ko-theory. The proof of the spectrum and

connectivity properties is done using a certain quasi-¯bration with contractible

total space.This is at the sametime a new proof for Bott periodicity for the ¯eld

theory model of K -theory. To construct the quasi-¯bration, we reformulate spaces

of euclidean¯eld theories in terms of their generatingoperators, or certain con-

¯gurations (spectral datum) associated to theseoperators, respectively. We make

extensiveuseof con¯guration spacesin particular, for showing the quasi-¯brations

properties. The idea to model connective K -theory in terms of con¯gurations is

not new in itself (see [24]), however we de¯ne a new version which is directly

compatiblewith ¯eld theories. In doing so,we adapt the languageto show certain

symmetry conditions (supersymmetry). The result is thus not proven using ¯eld

theory functors, but rather generatorsor their con¯gurations. However, it can be
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stated in terms of ¯eld theory functors and can therefore be formulated for the

2-dimensionalcaseas well, if only as a hypothesisthere.

At this point we would like to include a short "hand-waving" introduction

to quantum ¯eld theories in mathematics. What are the ¯eld theories men-

tioned above? Roughly, how do the authors in [27] develop their spacesof (eu-

clidean/conformal) ¯eld theories?

The original idea ([25], [30]) was to model quantum ¯eld theoriesby de¯ning

functors from a geometric category B, describing the actual particles and their

time-development, into the categoryof Hilbert spaces,H il b, assigningto a parti-

cle its probabilistic position function. In B, movement of the particle is modeled

as bordisms between particles (with in-going and out-coming boundary compo-

nents), consideredas morphismsin the category. Consequently, the functors will

assign morphisms in H il b, i.e. operators on the Hilbert spacedescribing the

changeof the associated probability distributions for the particle's position. The

functors are subject to certain axioms re°ecting additional structure of the two

categories.The decisionwhich type of geometricalinformation onewants to carry

along on particles and bordisms determinesthe \°a vor" of the ¯eld theory (e.g.

euclidean,conformal, topological). Traditionally the \gluing" of bordismsneeded

for composition of morphismsin particular and the large amount of information

and structure carried and respectedby thesefunctors in generalhave led to major

di±culties in rigidifying the basic idea.

The theory setout in [27] additionally embodiesthe phenomenonof supersym-

metry which assigns\super-partners" to particles ([5]). It alsoassociatesdegrees

to ¯eld theories,as neededfor the construction of a cohomologytheory, through

the use of Cli®ord-structures. In the 1-dimensionaleuclideancasethis yields a
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supersymmetric,Cli®ord linear versionof \classical" quantization. The spacesof

functors with this particular °avor and properties then form a spectrum EF T .

The two structure elements supersymmetry and Cli®ord-linearity are of fun-

damental importance. We show that the connective version of EF T is obtained

by requiring additional Cli®ord-structure on the reduced part of the super moduli

space of bordisms.

The supersymmetry condition requiresto enrich Bn over (generalized)super-

manifolds. A supermanifold basically consistsof a manifold together with a sheaf

of Z=2-gradedalgebras,which replacesthe sheaf of functions on the manifold.

In particular, everything in the world of supermanifolds is graded. Roughly, one

can imagine supermanifoldsas having setsof \even and odd local coordinates".

The manifold which carries this graded structure sheafis called the reduced,or

underlying manifold. In the non-supersymmetric world, objects in Bn would be

0-dimensionalmanifolds with spin structure; now these are replaced by (0j1)-

supermanifolds, where the odd, or \fermionic" line corresponds to the spinor

bundle. Similarly, morphisms in the category are now (1j1)-dimensional super

bordisms, i.e. supermanifoldswith embeddingsof boundary supermanifolds. In

fact, we needto embed boundarieswith collars, to obtain smooth gluing. This is

againa category, but not yet with the correct enrichment. We make the hom-sets

of this category(setsof super bordismsbetweentwo supermanifolds) into (gener-

alized) supermanifoldsthemselves,by de¯ning certain families of super bordisms,

parametrizedby \base" supermanifolds. In this, the versionpresented herevaries

slightly from the oneof [27]. The new hom-objects carry again a super structure,

or Z=2-grading. This is crucial for the homotopy type of spacesof such supersym-

metric ¯eld theories. Studying now the \super moduli space"of super bordisms,
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it turns out to be su±cient to look at (1j1)-dimensionalsuper-intervals I t;µ and

their gluing behavior, where t and µ are even and odd \super variables". The

underlying manifolds of thesesuper intervals are just regular intervals of positive

length. The euclideanmetric on the intervals is replacedby a metric structure

on the supermanifold, which restricts again to the metric on the underlying man-

ifold.Together, the super bordisms I t;µ form the super moduli spaceR1j1
> 0. This

supermanifold itself hasa reduced(\b osonic") part, R> 0, which comesagain from

the underlying (spin) intervals I t . In the 2-dimensionalcasethe super moduli

spaceof bordismsbecomesvery large. But onecan still identify the reduced part

of it as the \traditional" bordisms.

Sofar, we have discusseddegree0 theories. Oneneedsto introducethe degree

datum. In the traditional sense(non-super), this is done by assigningthe nth

tensorpower of certain Cli®ordalgebrasto objectsin Bn , andsimilarly (nth powers

of) bimodulesover the Cli®ordalgebrasasociated to the boundaries,to morphisms

in Bn . The Cli®ord algebrasare constructedfrom the vector spacesof sectionsof

the spinor bundle, while the bimodulesare Fockspaces.This construction can be

adapted to supermanifoldsand families of super bordisms. We have sketched the

procedure;however, parts of this arestill work in progress.The main consequence

is that ¯eld theoriesof degreen will take valuesin the (super spaceof) operators

which are linear with respect to the algebraCn .

Now the result for the euclideancaseis

Theorem 1. (informal) Let k > 0. We de¯ne the spacesEF T k
n by requestingthe

operators associated to \bosonic" superbordismsto be C¡ k ¡ Cn -bilinear (in general

only Cn -linear). Then they form an ­ -spectrum with EF T k
n » EF T n < k > . In
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particular,

ef t ¡ n := EF T n
¡ n » ­ 1¡ nko:

Here ­ 1¡ nko is the n-th spacein the ­-sp ectrum associated to connective

ko-theory. This result underlines the important role of supersymmetry. Note

that (by a result of Stolz and Teichner) the spacesEF Tn without the Z=2-graded

structure introduced by supersymmetry are contractible! It is remarkable that

after embeddingthe traditional bordismsinto the enrichedcategoryand changing

to the \super-version" EF T n the structure on exactly this embeddedpart still

relatesto connectivity.

The 2-dimensionalconformal ¯eld theoriessuggestedby S. Stolz/P. Teichner

are built along the samelines as in the 1-dimensionalcase,however the situation

becomesconsiderablymorecomplicateddueto the fact that excisionin the theory

demandscutting surfacesand gluing alongopenparts of boundaries(arcs). This is

doneby creating2-categories(and 2-functorsbetweenthem), wherethe objectsare

(0j1)-dimensional,1-morphismsare (1j1)- and 2-morphismsare (2j1)-dimensional

supermanifolds. The functors then associate von Neumann algebras,bimodules

over them (and their Connes-fusionproducts) and operators, respectively. It is

still an open conjecture whether the spacesformed by these2-functors form an

­-sp ectrum and are in fact equivalent to TM F . We hope to be able to generalize

someideasof the proof in the euclideancase,in particular the quasi-¯bration and

here the de¯nition of a contractible total space,to the more involved conformal

case.

The structure of this paper will be as follows. We will ¯rst give someprelim-

inaries, de¯nitions of ¯eld theoriesand someof the required technicalities. This

makes up Chapter 2. It contains a short overview of super manifolds (as far as
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we will usethem). The de¯nitions for euclidean¯eld theoriesare to someextend

tailored to the 1-dimensionalcase,which savessometime; they comprisehowever

an updated versionof the supersymmetricenrichment, using families of bordisms

(generalizedsuper manifolds). We continue with the descriptionof euclidean¯eld

theories in terms of their generatorsor con¯gurations, respectively, and give the

explicit de¯nitions of con¯guration spacesand their topology. Finally the chap-

ter concludeswith the main result of Stolz and Teichner, connecting spacesof

euclidean ¯eld theories to K O-theory. We sketch the connectionsto Cli®ord-

modules, Fredholm operators and operator algebra K -theory, in terms of our

generator, and con¯guration spaces,respectively. Chapter 3 contains the main

part of this thesis. We set the de¯nitions for the connective covers of the spaces

EF T n and the quasi-¯brations usedto prove the spectrum properties. We then

prove our result in several steps.
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CHAPTER 2

PRELIMINARIES.

In this chapter we give a more precisede¯nition of the spacesof euclidean

¯eld theoriesof degreen, EF T n , in the senseof [27]. In particular, we focus on

their topology and their interpretation as spacesof certain con¯gurations on the

compacti¯ed real line R+ .

2.1 SupersymmetricEuclideanField Theories

The versionof euclidean¯eld theorieswe introduce in this chapter might ap-

pear slightly changed(as opposedto the published version in [27]), in particular

concerningthe introduction of supersymmetry. It represents a quite rudimentary

solution with respect to someof the problemsof gluing and de¯ning moduli spaces

of bordismsin the categories.To be moreprecise,we avoid the problemsposedby

including \thin" bordisms. We useone-sidedcollars as boundary information for

the gluing process,which shortensthe de¯nitions in our case,but excludesthin

bordisms. However, this aspect becomesmore critical in the 2-dimenisonalcase.

Streamlining the de¯nitions there and adapting them to the geometricsituation

given by (conformal) ¯eld theory is in fact still work in progress.Other than ¯nd-

ing the most adequatesolution for the gluing problems,onealsohopesto further

smooth de¯nitions by including for examplethe degreedata in the supersymmetry

structure.
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The variation presented here is unpublishedwork of S. Stolz, P. Teichner and

H. Hohnhold, who kindly suppliedus with his material on the super moduli space

of super bordisms. We will state an unpublished result of his without proof and

ask the readerto direct questionsto him (or practice their patienceuntil his work

appearsin written form).

Let us give the de¯nition in several steps. Sincewe want to start steep,with

supersymmetric ¯eld theories,we needto introducecategoriesof supermanifolds

and a notion of superbordism; we also need to clarify the enrichment and the

supersymmetric interpretation of the category of Hilbert spaces.Only then is it

possibleto de¯ne the (enriched) functors (i.e. the ¯eld theories) between these

categories.

The discussionof supersymmetry is kept very short. One can ¯nd detailed

exposition of the topic for examplein [4], [5], and [29].

2.1.1 Supermanifolds.

De¯nition 2. A supermanifold M of dimension(mjn) is a pair (jMj ; OM ), con-

sisting of

- an m-dimensional smooth manifold jMj , the socalled underlying manifold, or

reduced manifold, and

- a sheaf of Z=2-graded commutative algebras on jMj , the \structur e sheaf" OM ,

suchthat for open setsU ½ jMj ,

OM (U) »= C1 (U)­̂ ¤[µ1; µ2; : : : ; µn ]:
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We refer to global sections of the structure sheaf of M as elementsin

C1 (M ) := ¡ 1 (OM ):

A morphism between two supermanifolds M := (jMj ; OM ), N := (jN j; ON )

is a pair (f ; f ] ) suchthat

f : jMj ¡ ! jN j

is a smooth map between the underlying manifolds and

f ] : ON ¡ ! f ¤OM

is a morphism of sheaves.

We de¯ne the category of supermanifoldsSM to be the category with superman-

ifolds as objects and morphsimsbetween them as above, denoted by SM(M ; N ).

Note that the global sectionsof the structure sheaf,or the \functions" on a

supermanifold, now form a Z=2-gradedalgebra,not anymorea ring aswe areused

to in the categoryof manifolds.

A standard example which we make frequent use of are the \super spaces"

Rmjn . In particular R1j1 will be interesting with regard to ¯eld theories. These

super spacescarry the structure sheaf

ORm j n = C1 (Rm )­̂ ¤Rn :

Onecanequipthem with \coordinatesover somesuper manifold S", usingYoneda's

lemma (seefor example[21]):
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Lemma 3. (Yoneda) Let C be a category. Then the functor

F : C ¡ ! F un(Cop; Sets)

into the category of functors from C into setsgiven by \evaluation":

X 2 Obj(C) 7! (FX : Y 7! C(Y; X ))

is the inclusion of a full subcategory.

Each supermanifold thereforecorresponds(as representing object) to a repre-

sentable functor from SM op into Sets,

M Ã ! M : S 7! SM(S; M ):

Weusethe samenotation for the functor and the actual supermanifold; this makes

sensedue to Yoneda.Evaluating the functor M on a supermanifold S givesa set:

the elements of this set

M (S) := SM(S; M )

are called the S-points of M . Consistently, the functor is often called \functor of

S-points". Note that we seethe points of the underlying manifold jMj by letting

S := R0j0:

M (R0j0) := SM(R0j0; M ) = jMj :

Over a general \base" supermanifold S we seemore than that: the functor of

S-points givesus local S-coordinateson a supermanifold. In the special caseof a
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super spaceRmjn we have:

Rmjn (S) = SM(S; Rmjn )

»=

½

(t1; : : : ; tm ; µ1; : : : ; µn ) t i 2 C1 (S)ev; µi 2 C1 (S)odd

¾
:

The isomorphism can easily be understood from direct calculation of the mor-

phismson the sheaflevel.

This givesa good way to calculateon super manifolds (which locally look like

Rmjn ), especially of courseon the Rmjn themselves. We can usethe even and odd

\coordinates" (t1; : : : ; tm ; µ1; : : : ; µn ) very much like usual coordinates (with the

distinction that they are graded). This is justi¯ed as long as all constructions in

terms of the S-coordinates are functorial in S (i.e. correspond to true construc-

tions in the category of super manifolds itself, by Yoneda). One has to keep in

mind though that the \coordinates" are really functions on a basesupermanifold

S. We frequently use this mechanism to describe morphisms, metric structures

on Rmjn , group or semi-groupstructures and similar.

Example 4. Someeasy examplesof morphismsgiven over S-points are:

R1j1(S) ¡ ! R1j1(S) : (t; µ) 7! (0; µ)

R2j2(S) ¡ ! R1j2(S) : (t1; t2; µ1; µ2) 7! (t1 + t2 + µ1µ2; µ1; µ2)

R2j2(S) ¡ ! R2j1(S) : (t1; t2; µ1; µ2) 7! (t2; t1; µ1 + µ2)

and similar. Another typical morphism we will use is given by ¯xing an S-point

(t0; µ0) 2 R1j1(S), and writing the \tr anslation morphism"

Tt0;µ0 : R1j1(S) ¡ ! R1j1(S) : (t; µ) 7! (t + t0+ µµ0; µ + µ0):
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Sincethe functorial way of describingsupermanifoldsand constructionsinvolv-

ing them is quite convenient, while the representabilit y of the constructedfunctors

might be rather hard to show, we go a step further and introducethe notion of a

generalized supermanifold: This is a functor from supermanifoldsinto sets,which

is not neccessarilyrepresentable in the categoryof supermanifolds.

De¯nition 5. The category of generalized supermanifolds, GSM has the objects

Obj(GSM) :=

8
><

>:

functors M : SM ¡ ! Sets :

S 7! M (S)

9
>=

>;
:

Its morphism setsare given by

GSM(M ; N ) :=

8
>>>><

>>>>:

natural transformations¨ :

F un(SM op; Sets) ¡ ! F un(SM op; Sets)

M ¡ ! N

9
>>>>=

>>>>;

:

Composition is givenin the obviouswayascomposition of natural transformations.

A morphism ¨ 2 GSM(M ; N ) in the categoryof generalizedsupermanifolds

can be evaluated over a supermanifold S. We obtain maps

¨( S) : M (S) ¡ ! N (S):

Of coursethis largercategorycontains the categoryof supermanifolds,by Yoneda's

lemma:

Corollary 6. The category SM is a full subcategory in the category GSM.

Example 7. Let V := V 0 © V 1 be a Z=2-graded vector space. Then we can form
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the functor

V : S 7!
¡
V ­̂C 1 (S)

¢ev
=

¡
V 0­̂ C1 (S)ev

¢
©

¡
V 1­̂ C1 (S)odd

¢
:

This de¯nes a generalized supermanifold associated to V.

Example 8. In fact, the category of supermanifoldsSM can be enriched over the

category of generalized supermanifolds GSM:

De¯nition 9. Let C be a monoidalcategory (with terminal object e). A C-category

D consists of a set of objects Obj(D), for each pair of objects A; B 2 Obj(D) a

hom-object

D(A; B) 2 Obj(C);

and for each triple A; B ; C 2 Obj(D) an arrow (composition)

D(B ; C) £ D(A; B) ¡ ! D(A; C) 2 M or(C)

satisfying the usual associativity axioms. This structure D can be made into a

category by applying a suitable (\for getful") functor, returning hom-sets for the

hom-objects: one can usethe functor

U : C ¡ ! Sets : D(A; B) 7! C(e;D(A; B)):

Then UD is a category, and we say that UD hasbeen enriched over C.

For de¯nitions and further material seefor example[21], [17]. For later refer-

enceit is good to add the de¯nition of \enriched functors", i.e. functors between

two C-categories:
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De¯nition 10. A C-functor E : D 1 ¡ ! D 2 of two C-categories,consistsof a map

on objects,

E : Obj(D 1) ¡ ! Obj(D 2)

and for all pairs A; B 2 Obj(D 1), a morphism in C

E(A; B) : D 1(A; B) ¡ ! D 2(E(A); E(B))

which respects composition.

Back in our example,we seethat onecan replacehom-setsSM(M ; N ) in SM

by functors

SM(M ; N ) : S ¡ ! SM(M £ S; N )

describinggeneralizedsupermanifolds(as families of morphismsparametrizedby

S). We alsohave a forgetful functor, assigningto such a hom-object its value on

R0j0, thus producing a hom-set:

SM(M ; N )(R0j0) = SM(M ; N ):

This construction enrichesthe categorySM over generalizedsupermanifolds.

Our next step will be to de¯ne the \super bordism" category used in the

de¯nition of the ¯eld theory functors. This will again be a GSM-category, with

a similar enrichment as we saw in the example above. The key observation is

that one can use families of morphisms, parametrized over somesupermanifold

S. In the casebelow, morphisms will be super bordisms, and the generalized

supermanifoldsin the enriched categorywill thus be constructedfrom families of

super bordismsover basesupermanifoldsS.
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For the de¯nition of \super bordisms", werestrict ourselvesto the caseof (1j1)-

dimensionalsuper bordisms between(0j1)-supermanifolds. This is exactly what

we needto de¯ne the categorySEB; however, it is not much more than that. The

de¯nition is truly modeledon superbordismsof R0j1, which we generallyview as

embeddedin R1j1 by the standard embedding described below. In this, so to say,

°at situation, gluing is particularly easy. A more generalde¯nition would involve

de¯ning boundary manifolds with (two-sided)collars, and bordismswith embed-

dings of theseboundary collars. This would allow socalled thin super bordisms,

wherethe boundary supermanifoldsare embeddedonto the samesubmanifold of

the bordism supermanifold. In particular with respect to 2-dimensionalconfor-

mal ¯eld theories, thin bordismsmakessensegeometrically, sinceone would like

to think of surfaceslike pinched annuli and similar, as (2-)morphismsin the cate-

gory. Unfortunately, with respect to the functors, this would causetrouble, since

the imageof a thin bordism under the functors can produceunboundedoperators

and causedi®erentiabilit y problems on the maps of hom-objects (super moduli

spacesof morphisms)given by the enriched functors.

De¯nition 11. An (mjn)-dimensional supermanifold with boundary is a super-

manifold Y := (jY j; OY ) where the underlying manifold jY j is an m-dimensional

manifold with boundary@jY j, togetherwith an embedding@Y ,! Y of an (m¡ 1jn)-

dimensionalboundary supermanifold @Y, suchthat j@Yj = @jY j ,! jY j is the em-

bedding of the boundary on the underlying part. The embedding of supermanifolds

@Y ,! Y is part of the datum (the mapcould behavenon-trivial ly on the odd part).

Example 12. The standard local model at the boundary for sucha supermanifold

is a \super half-space", Rmjn
> 0 . The reduced manifold of this is Rm

> 0 = [0; 1 ) £

Rm¡ 1, and the sheaf simply consistsof C1 (Rm
> 0)­̂ ¤Rn . This standard super half-
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space comesequipped with the standard embedding of the boundary supermanifold

Rm¡ 1jn , which is given over S-points by

Rm¡ 1jn (S) ¡ ! Rmjn
> 0 (S) : (t1; : : : ; tm¡ 1; µ1; : : : ; µn ) 7! (t1; : : : ; tm¡ 1; 0;µ1; : : : ; µn ):

Restricting this super half space to the (underlying) interval [0; ²) for some² > 0

givesa \boundary patch" [0; ²)1j1. We usethis and the opposite one, (¡ ²; 0]1j1, as

one-sided collars of super bordisms in the de¯nitions below.

Remark 13. (Supergeometry) One can de¯ne vector bundles of rank mjn over

supermanifolds in a completely analogous fashion as for \or dinary" manifolds,

where the ¯ber is now an Rmjn . The tangent bundle TM of a supermanifold M

is de¯ned as the locally free C1 (M )-module of derivations of the structure sheaf

OM ; the moduleof derivationson Rmjn (with coordinatest i , µj ) is generated by the

even @
@t i

, and odd @
@µj

. For an explicit de¯nition of theseobjects see for example

[4], sections 3.2, 3.3.

The cotangentbundle on M is the dual ­ 1
M of the tangent bundle TM . This

is again a locally free module over functions C1 (M ). From this one obtains the

di®erential graded algebra of di®erential forms on M , ­ ¤
M .

In the caseof R0j1, the n-forms in ­ n
R0j 1 are generated by (dµ)n , as a module

over C1 (R0j1) = R[µ]; thus all n-forms can be written as (a + bµ)(dµ)n , for a,

b2 R. One hasd[(a + bµ)(dµ)n ] = b(dµ)n+1 . Note that for this reason, there is no

top-dimensionalform in ­ ¤
R0j 1 .

The 1-forms on R1j1 can be written as f dt + gdµ, for f , g 2 C1 (R1j1). An even

1-form will havean evenfunction f and an odd function g as coe±cients. Again,

see [4] for de¯nitions and calculations.
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De¯nition 14. A metric structure on an (1j1)-dimensional supermanifold Y is

an even1-form ! , suchthat ! j jY j and d! j jY j are nowhere vanishing. We addition-

ally require that the Berezin-integral of ! over (0j1)-dimensionalsub-manifoldsis

positive. Typical metric structures on R1j1(S) are

! := dt + µdµ; ! := ¡ dt + µdµ;

where ! is de¯ned to be the standard metric structure. We call ! the \r eversed"

metric structure (with respect to ! ). For a general metric structure ! Y on Y we

obtain the reversed metric structure ! Y by changingthe sign of the evencoe±cient

f 2 C1 (Y) (recall that the 1-forms are a locally free module on one evenand one

odd generator).

Note that a metric structure restricts to a metric on the underlying manifold;

the standard metric structure on R1j1 restricts to the standard metric on R (this

can be easily seenby letting µ = 0).

The positivit y requirement in the de¯nition says that the pullback i ¤! of !

under inclusionsof (0j1)-dimensionalsub-manifolds

i : R0j1 ,! Y

hasa positive coe±cient b> 0 in the term bµdµ (seeremark above). Thereforethe

changeof sign of the even coe±cient doesnot a®ectthe positivit y of the Berezin

integral. We refer to [27], [4] for technical details.

Remark 15. We de¯ne superbordisms with sets of in-coming, and out-going

boundary parts, respectively. The idea is to imagine each component as a \su-

perpoint": this would be R0j1 togetherwith an \orientation ", designatingthe type
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of collar or boundary information (left- or right-side collar; this corresponds to

picking an orientation of the normal bundle of the boundary). We ask that one

type comes with embeddings of a small super interval [0; ²)1j1 with the standard

metric structure (for some² > 0), while the other comeswith embeddingsof the

\opposite" super interval (¡ ²; 0]1j1, again with the standard metric structure. This

gives\one-sided collars" of the bordism supermanifold, which is the boundary da-

tum used for gluing, which is doneby merging one-sided collars into (¡ ²; ²)1j1.

The above is the picture one has in mind whentalking about objects and mor-

phisms. However, in the precise de¯nition, we do not need to talk about the su-

perpoints themselves(as (0j1)-dimensional supermanifolds). The datum we keep

track of on the object level is reduced to the sets of boundary components of ei-

ther type, i.e. ¯nite setswith \orientation ". On the morphism level we havethe

embeddingsof the corresponding pieces as part of the datum.

De¯nition 16. Let Z := (Z + ; Z ¡ ) 2 Sets£ Sets be pairs of ¯nite sets. We refer

to the ¯rst component of a pair Z as (Z )+ := pr1(Z ) and the second component as

(Z )¡ := pr2(Z ). We de¯ne the involution (¢) on suchobjects, given by switching

sides:

(Z )+ := (Z )¡ ; (Z )¡ := (Z )+ :

There is a sum operation (union) given by

Z1 q Z2 := (Z1
+ q Z2

+ ; Z1
¡ q Z2

¡ ):

Then a superbordism from Z1 := (Z1
+ ; Z1

¡ ) to Z2 := (Z2
+ ; Z2

¡ ) is a (1j1)-
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dimensionalsupermanifold Y with metric structure and boundary embeddings

(Z1 q Z 2)+ £ [0; ²)1j1ÂÄ //Y (Z1 q Z 2)¡ £ (¡ ²; 0]1j1?_oo

where [0; ²)1j1, (¡ ²; 0]1j1 come equipped with the standard metric structure ! of

R1j1 and where the embeddingspreservemetric structure.

Example 17. A standard exampleof super bordisms like above is the super in-

terval of length a, a 2 R. This is the sub-supermanifold [0; a]1j1 := [0; a] £ R0j1

of R1j1 with the standard metric structure. It can be interpreted as superbordism

from the superpoint,

spt := (f R0j1g; ; )

to itself, with the natural boundary embeddingsof

(spt q spt)+ £ [0; ²)1j1 = f R0j1g £ [0; ²)1j1 = [0; ²)1j1;

(spt q spt)¡ £ (¡ ²; 0]1j1 = f R0j1g £ [0; ²)1j1 = (¡ ²; 0]1j1:

A priori this is certainly a very uninteresting example. But once we changeto

families of super bordisms parametrized over base supermanifolds, this type of

examplebecomesricher. Note in this respect, that we can interpret the number a

as a function on the supermanifold R0j0. We will see that in a fancy formulation,

this exampleis a family of super intervals parametrized over the singlepoint R0j0.

Let us now de¯ne the bordism categoriesneededfor ¯eld theories.

2.1.2 The Categories.

We begin with the plain (not enriched) version:
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De¯nition 18. The category SEB consistsof

Obj(SEB) :=
½

pairs of ¯nite setsZ := (Z + ; Z ¡ )

¾
:

Morphisms in the category consist of superbordisms:

SEB(Z 1; Z 2) :=

8
><

>:

(1j1)-dimensionalsuperbordismsY : Z1 ! Z2 with

metric structure and boundary embeddingsas above

9
>=

>;
:

Composition in the category is given by gluing super bordisms. To do that one

identi¯es the embeddingsof out-going boundary of one superbordism with the in-

going one of the other. In the diagram we have assumed for simplicity that all

Z i := (Z i
+ ; ; ), i = 1; 2; 3. Then we have

SEB(Z2; Z3) £ SEB(Z1; Z2) ¡ ! SEB(Z1; Z3) : Y2 ±Y1 ¡ ! Y

where Y is the connected sum

Y := Y1 q Z2
+ Y2

and where the boundary embeddingsare as pictured below:

Z1
+ £ [0; ²)1j1ÂÄ //Y1 Y2 (Z 3)¡ £ (¡ ²; 0]1j1?_oo

(Z 2)¡ £ (¡ ²; 0]1j1 [0; ²)1j1 £ Z2
+

?Â

OO

Â?

OO
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where we can identify in the lower line

Z2
+ £ (¡ ²; 0]1j1 q [0; ²)1j1 £ Z2

+

Z2
+ £ (¡ ²; ²)1j1

(glue)

Note 19. This is a symmetric monoidal category under the sum, or union, of

objects. All objects Z here are really just to be considered as multiple copies of

spt and spt, with the position indicating the embeddingsin [0; ²)1j1 and (¡ ²; 0]1j1,

respectively.

The morphisms in this category do not contain an identity. Such an object

would be given by a super bordism in SEB(spt; spt), such that composition with

this bordism is trivial. Since composition is by gluing, this is only possibleif it

wasa thin bordism, i.e. a (0j1)-dimensional super manifold. With our de¯nition

we haveneither identity nor isomorphisms.

We enrich this categoryover generalizedsupermanifolds,the sameway as we

have sketched before for SM, using families of bordisms. It is a crucial point to

have the super structure on the moduli spaceof super bordisms; in fact, this is

exactly the requirement which insuresthat we do not obtain homotopically trivial

spacesof functors EF T n in the end ([27]).

De¯nition 20. A family Y over S of super bordisms (representingan isomor-

phism class) in SEB(Z1; Z2)(S), is de¯ned by:

² a bundle Y ! S of supermanifolds with (1j1)-dimensional ¯ber I and local
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trivializations:

Y ¾ U
»=

' U
//

##G
GGG

GGG
GG

S £ I

||xxx
xxx

xxx

S

² a vertical (¯ber-wise) metric structure on Y, i.e. an even1-form de¯ned on

vertical vector ¯elds on Y, satisfying the requirementsin de¯nition 14, and

a metric structure on I , suchthe ' U are isometries

² boundary embeddings(preservingmetric structures) as shown:

(Z1 q Z 2)+ £ S £ [0; ²)1j1ÂÄ //

¼
((RRRRRRRRRRRRRRR
Y

²²

(¡ ²; 0]1j1 £ S £ (Z1 q Z 2)¡?_oo

¼
uul l l l l l l l l l l l l l l l

S

where the ¼are projection on S.

In short, Y(S) is a ¯b er bundle of (metric) super bordisms over S. Maps of

such objects are de¯ned in exact analogeto bundle maps. Compositions can be

de¯ned by ¯b erwisegluing ([11]).

De¯nition 21. (SEB, enriched) We de¯ne the GSM-category SEB. The objects

are the same as above. For any two objects Z1, Z2, we de¯ne the generalized

supermanifold of super bordismsSEB(Z1; Z2) as the functor

SEB(Z1; Z2) : SM ¡ ! Sets :

S 7!

8
>>>><

>>>>:

isomorphismclassesof families of

super bordismsZ1 ! Z2 with

metric structure, parametrized by S

9
>>>>=

>>>>;
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as described above. Composition is given by ¯berwise gluing of families of super

bordisms.

Note 22. The concept of using families of super bordismsto enrich the morphism

sets works reliably also in more generally de¯ned super bordism categories (in

particular in the (2j1)-dimensional CF T-case). Families occur naturally in the

¯eld theory picture, for instance as families of spin manifolds over a parameter

space, carrying Dirac operators on the ¯bers and thus providing the generalized

Â-genus. Therefore this enrichment makesa substantial amount of sensefrom

the topological point of view, even without yet considering the consequences for

our functors. The generalized form of supersymmetry we use here incorporates

the family structures in an elegant way.

Notation 23. The generalized morphism supermanifolds de¯ned above can in-

clude families with ¯bers I := I open q I closed where the parts I closed are closed

components. Concerning the (super) moduli problem of morphisms in the cate-

gory SEB, such families with closed component ¯bers are somewhatredundant

information in SEB(Z1; Z2), since these bordisms already appear in SEB(; ; ; ).

We therefore like to consider the \non-closed component" of the generalized su-

permanifold SEB(Z1; Z2), whichcontains only families of super bordismswhere the

¯bers do not haveclosed components. Consequently, one shouldcall this smaller

generalized supermanifold SEB(Z1; Z2)open (or elsedistinguish it from the super-

manifold of all morphismsin the category). However,in all of the following weare

concerned with moduli questionsand would like to excludefamilies of super bor-

dismswith closed componentsfrom the discussionalltogether. We therefore prefer

to abusenotation and let SEB(Z1; Z2) denotethe families of super bordisms with

no closed componentsin the ¯bers. We frequentlyrefer to this as the (generalized)
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\moduli supermanifold of bordisms".

Let ustakea look at the exampleof super intervals in the extended,generalized

version. We seethat we now obtain families of super intervals.

De¯nition 24. We de¯ne the standard family of super bordisms I t;µ . This was

¯rst written out in detail by H. Hohnhold.

Let (t; µ) be a point in R1j1
> 0(S) = SM(S; R1j1

> 0), given by a morphism

(t; µ) : S ¡ ! R1j1
> 0:

Then we can write this over somebaseB as

(t; µ) : S(B) ¡ ! R1j1
> 0(B) : s 7! (t(s); µ(s));

where s stands for an element of SM(B; S), and t(s), µ(s) 2 SM(B; R1j1
> 0) are

considered as the two B-coordinates of a B-point of R1j1
> 0. Recall here that in case

of \super spaces" Rmjn one can interpret B-points as (m; n)-tuplesof functions on

B.

Now we de¯ne a family I t;µ 2 SEB(spt; spt):

I (t; µ)

²²

½ S £ R1j1
> 0

S

with boundary embeddings

S £ [0; ²)1j1ÂÄ T0;0 //I (t; µ) (¡ ²; 0]1j1 £ S?_Tt;µoo
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given on B-points by

T(t;µ) : (s; l ; ´ ) 7! (s; l + t(s) + µ(s)´ ; ´ + µ(s));

T(0;0) : (s; l ; ´ ) 7! (s; l ; ´ ):

On the underlying manifolds we obtain

jI (t; µ)j =
½

(¹s;x) ¹s 2 jSj; x 2 R : 0 6 x 6 t(¹s)

¾
:

This means that wesee intervals of lengtht(¹s) 2 R as ¯bers of the underlying map

jI (t; µ)j ¡ ! jSj:

However,the super intervals carry substantially more structure, since the odd coor-

dinatesare changed by the odd function µ. In fact, also the evensuper coordinates

vary depending on the odd coordinates.

We have a ¯berwise metric structure on this family, given by the standard

structure ! on R1j1
> 0. One hasto check that the boundary embeddingsT(t;µ) preserve

this metric structure. This is an easy calculation (done for examplein [27]). In

fact one can see that the \tr anslation automorphisms" Tt;µ are exactly the auto-

morphismsof R1j1
> 0 which preservethe metric structure given by ! , and they form

a super semi-group (for de¯nitions see [4]). The semi-group structure is given by

T(t1 ;µ1 ) ±T(t2 ;µ2 ) = T(t1+ t2+ µ1µ2 ;µ1+ µ2 ) :

This prescribes the composition of families I t;µ under ¯berwisegluing.

A priori thesenew hom-objects in SEB are generalizedsupermanifolds. One
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has to check the representabilit y of the functors to seewhether they are in fact

supermanifoldsthemselves. It turns out that the above families play the key role.

The proof of the following result is work of H. Hohnhold [11], which is yet to be

published.

Theorem 1. (H. Hohnhold) The functors SEB(Z1; Z2) are representablein the

category of supermanifolds for all pairs of objects Z1, Z2 in the category SEB.

Compositions can be de¯ned and correspond to ¯berwisegluing of bordisms in the

families of bordismsgiven by the functor.

In particular, in the caseZ1 := Z2 := spt, one obtains the representingmoduli

supermanifold of bordismsR1j1
> 0:

SEB(spt; spt) »= R1j1
> 0

with metric structure given by the standard form ! on R1j1. The isomorphismis

given on S-points by

R1j1
> 0(S) ¡ ! SEB(spt; spt)(S) : (t; µ) 7! I t;µ ;

and composition by

R1j1
> 0(S) £ R1j1

> 0(S) ¡ ! R1j1
> 0(S) : (t1; µ1); (t2; µ2) 7! (t1 + t2 + µ1µ2; µ1 + µ2):

This equipsSEB(spt; spt) with a super semi-group structure.

This result coincideswith the one of S. Stolz, and P. Teichner in [27], corre-

sponding to the earlier setup in their paper.

2
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Let usnow takea closerlook at the target categoryof the ¯eld theory functors,

the category of Hilbert spacesand operators. Sincewe have just equipped SEB

with the enriched structure, we would like to have a corresponding structure on

the target category. Then wewill beableto de¯ne enrichedfunctors (seede¯nition

10) between the two enriched categories,preservingthe additional structure on

the hom-objects.

In order to introducea super structure on H il b, we needto talk about graded

Hilbert spaces.Consider¯rstly the categoryof gradedHilbert spaceswith Hilbert-

Schmidt type morphisms,HS. It hasas objects

Obj(HS) :=

8
><

>:

graded,real, separableHilbert spacesH

with grading involution ²H

9
>=

>;
:

The morphismsare Hilbert-Schmidt operators betweentheseHilbert spaces.An

operator A is de¯ned to be Hilbert-Schmidt, if it satis¯es tr (A¤A)
1
2 < 1 . The

morphisms

HS(H1; H2) :=
½

A : H1 ! H2; Hilbert-Schmidt operator

¾

form a gradedvector space,with grading involution A 7! ²2A² 1, induced by the

involutions on the Hilbert spaces. I.e., we have grading-preserving(even) and

grading-reversing(odd) operators, and

HS(H1; H2) = HS(H1; H2)ev © HS(H1; H2)odd;
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where

HS(H1; H2)ev := f A 2 HS(H1; H2)j²2A² 1 = Ag

HS(H1; H2)odd := f A 2 HS(H1; H2)j²2A² 1 = ¡ Ag:

This is a symmetric monoidal categoryunder tensor product of Hilbert spaces.

Note 25. The usual de¯nition of the category of Hilbert spaces is slightly larger,

containing bounded operators asmorphisms. Nevertheless,the ¯eld theory functors

land in the category HS with Hilbert-Schmidt operators. This is so becauseof one

of the axiomson the functors, the adjunction transformation.

This is a transformation on both categories (described more explicitly below),

which is used to re-interpret super bordismsfrom in-going to out-coming boundary

as super bordisms from the empty set to the total boundary, or vice versa. Since

we excluded the possibility of thin super bordismsin this discussion(see alsoNote

19), the adjunction transformation on the bordism sidebecomesa bijection (every

\thick" bordism can be reinterpreted as above). In this senseit is consistent to

work with thecategory of Hilbert spacesandHilbert-Schmidtoperators on the target

side of the functors, since the Hilbert-Schmidt operators are precisely the image

of the corresponding adjunction transformation. It also matchesthe fact that we

haveno identity in SEB (see 19): the identity on an in¯nite-dimensional Hilbert

space is not a Hilbert-Schmidt operator.

Note 26. In this work we do not consider complex1-dimensional ¯eld theories,

since the aim is to strenghtenthe connection of ¯eld theories and K -theory, which

is more interesting in the real case. To de¯ne complex ¯eld theories, one would

simply useC as base¯eld; in particular one would havecomplexHilbert spaces.

To enrich the categoryHS over generalizedsupermanifolds,we usethe functor

of S-points from example7:
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De¯nition 27. We de¯ne the category HS, enriched over GSM: For H 1, H2 2

HS, set

HS(H1; H2) : SM ¡ ! Sets :

S 7!
¡
HS(H1; H2)­̂C 1 (S)

¢ev
:

Recall that this decomposesinto purely evenand odd parts:

¡
HS(H1; H2)­̂C 1 (S)

¢ev
=

=
¡
HS(H1; H2)ev­̂C 1 (S)ev

¢
©

¡
HS(H1; H2)odd­̂C 1 (S)odd

¢
:

Composition is given by composition of operators.

This matchesthe enrichment on the sourcecategorySEB. Let us now give a

summary of the additional structure on both sourceand target categories,which

the functors will have to respect.

Remark 28. (Structure on categories) The enriched categories SEB and HS

carry the following structure elements

² Symmetric monoid:

{ On SEB: w.r.t. to the disjoint union q .

{ On HS: w.r.t.the tensor product ­̂ .

Note here that we haveno identity in our categories (see note 19).

² Involution (¢):

{ On SEB: This is identity on objects. On hom-objects it is given by

\r eversingthe metric structure": Recall that we can changean even,

nowhere vanishing 1-form on a (1j1)-dimensional supermanifold Y by

changingthe sign of the evencoe±cient (! := f dt + gdµ, f 2 C1 (Y)ev,
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g 2 C1 (Y)odd, becomes ! := ¡ f dt + gdµ). This is again a metric

structure. Consideringa family Y ¡ ! S of super bordismsover S, we

apply this changeof metric structure to Y. Accordingly, the embeddings

of the boundary collars, which by de¯nition of a morphism in SEB

carry the standard metric structure, haveto be changed by an isometry.

This moveis il lustrated in the diagrams below; we haveagain assumed

here that all objects contain only one type of elementsZ i := (Z i
+ ; ; ),

i = 1; 2; 3, for simplicity. So let

Y 2 SEB(Z1; Z2)

be (the isomorphismclassrepresented by) a family

Z1
+ £ [0; ²)1j1 £ SÂÄ //Y

²²

Z 2
¡

£ (¡ ²; 0]1j1 £ S?_oo

S

Then we let

Y 2 SEB(Z1; Z2)

be (the isomorphismclassrepresented by) the family

(Z1)¡ £ (¡ ²; 0]
1j1

£ S
ÂÄ //Y

²²

(Z 2)+ £ [0; ²)
1j1

£ S?_oo

Z1
+ £ [0; ²)1j1 £ S

»=

OO

S Z 2
¡

£ (¡ ²; 0]1j1 £ S

»=

OO
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where we usethe isomorphism

[0; ²)1j1(S) ¡ ! (¡ ²; 0]
1j1

(S) : (t; µ) 7! (¡ t; µ);

changingthe form from ! to ! . The upper line in the diagram shows

the operation we did to the family; one could interpret this as a super

bordism from Z 1 to Z 2, howeverwith reversed metric structure on the

collars. The isomorphismsmake it again into a morphism in the cat-

egory. Note that overall we have not changed the roles of in-coming

and out-goingboundary components. On the underlying manifolds, the

changeof metric structure corresponds to a changeof orientation. In

this sensewehavesimply \°ipp ed the orientation" on the wholebordism

(as indicated in ¯gure 2.1).

{ On HS: The involution is trivial for real Hilbert spaces; in the complex

caseone switchesa morphism A : H C
1 ! H C

2 to A : H
C
1 ! H

C
2 , using

the opposite complexstructure (see note 26).

² Anti-involution (¢)¤:

{ On SEB: This is again identity on objects. On morphisms,we reverse

the metric structure on Y, while the boundary parts are now embedded

by reversingtheir metric structure but without changingthe types from

[0; ²)1j1 to (¡ ²; 0]1j1. This can be interpreted as exchangingin-going

and out-coming side, determining a super bordism Y¤ : Z2 ¡ ! Z1 with

boundary embedding of Z 1 q Z2. Let again

Y 2 SEB(Z1; Z2)
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be (the isomorphism class represented by) the family as before. Then

we let

Y¤ 2 SEB(Z2; Z1)

be (the isomorphismclassrepresented by) the family

Z1
+ £ [0; ²)

1j1
£ S

ÂÄ //Y

²²

Z 2
¡

£ (¡ ²; 0]
1j1

£ S?_oo

Z 1
¡

£ (¡ ²; 0]1j1 £ S

»=

OO

S Z2
+ £ [0; ²)1j1 £ S

»=

OO

where the isomorphismsare as above.

{ On HS: Here (¢)¤ is identity on the Hilbert spaces,and on the operators

it is given by taking the adjoint.

² Adjunction transformation:

{ On SEB: We havenatural transformations

SEB(; ; Z 1 q Z2) ! SEB(Z1; Z2)

givenby changingthe embeddingsinto the bordism supermanifoldscor-

respondingly and thus reinterpreting them.

{ On HS: This corresponds to the adjunction transformation on opera-

tors

HS(R; ¹H1­̂ H2)
»=¡ ! HS(H1; H2):

This is an isomorphismon Hilbert-Schmidt operators (see Note 25).

All of the above is completely analogousto [27], de¯nition 2.1.1.
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Figure 2.1. The involutions on reducedmanifolds. Metric structure and
reversedmetric structure are indicated as orientations. We usethe

shortenednotation Z i := (Z i )+ = (Z i )¡ , for simplicity.

2.1.3 The Functors.

Finally, here is our de¯nition of 1-dimensionaleuclidean¯eld theories. Again,

this is a slightly simpli¯ed versioncomparedto the onegiven in [27], sincewe ¯x

the functors on objects from the start. This makeslife easierregardingthe sets,or

spaces,of such ¯eld theories. It is reasonable,sincethe sourcecategorycontains

only copiesof two elements spt and spt, related by an involution. Each functor

can thus only pick one \basic" Hilbert space,namely the one associated to spt,

sinceit has to respect the structure on the categories.

De¯nition 29. Let H 2 HS be a graded separableHilbert space. A 1-dimensional

supersymmetric euclidean ¯eld theory on H (of degree 0) is a continuous symmet-

ric monoidal GSM-functor between enriched categories

E : SEB ¡ ! HS; with E(spt) := H;
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which respects the structures given in remark 28. We denoteby

EF T (H )

the set of such 1-dimensional supersymmetric euclidean ¯eld theory functors on

H .

The enriched-functor property implies that the functor givesmapsof general-

ized supermanifolds(natural transformations)

SEB(Z1; Z2) ¡ ! HS(E(Z1); E(Z2)) ;

which are compatible with composition (of bordismsor operators, respectively).

Evaluating a map of hom-objects as above on S := R0j0 shows in particular

that the functor assigns

Z 2 Obj(SEB) ¡ ! E(Z ) - (tensor power of) H

Y 2 SEB(Z1; Z2) ¡ ! E(Y) : E(Z1) ¡ ! E(Z2) - Hilbert-Schmidt operator.

What is the essential data of such a functor? One can show that all the nec-

cessaryinformation is contained in the behaviour of the functor on the moduli

supermanifold of bordismsSEB(spt; spt).

Theorem 30. (Stolz, Teichner) Let H 2 HS. Then there is a bijection of ¯eld

theories and super semi-group homomorphisms

EF T (H ) oo 1¡ 1 //ssg(R1j1
> 0; HSsa(H ))

where the latter standsfor (the generalized supermanifold of) self-adjoint Hilbert-
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Schmidt operators on H .

Proof. (Sketch) This has been shown by S. Stolz and P. Teichner in [27], and

workedout for our slightly di®erent versionof ¯eld theory functorsby H. Hohnhold

[11]. Given a functor E, oneobtains a two-parameterfamily (over S-coordinates)

E Â //(( t; µ) 7! E(I t;µ ))

By the adjoint property it follows that the operators are self-adjoint. The family

E(I t;µ ) obtainedthis way describesa super semi-groupunder gluing; thereforeone

obtains a super semi-grouphomomorphism. The other direction involves more

work. The authors show that the functors are completely determined by their

valueson SEB(spt; spt). This usesthe fact that they have to satisfy a rich set of

axioms. Thm. 1 givesthe representation of this super moduli spaceSEB(spt; spt)

by R1j1
> 0, and its super semi-groupstructure. Oneshowsthat each super semi-group

homomorphismas above determinesa ¯eld theory.

2

2.1.4 Euclidean ¯eld theoriesof degreen.

Now the remaining pieceof work is to introduce the degreeof a ¯eld theory

functor. This is done using Cli®ord structure. Before explaining how this struc-

ture is built into ¯eld theories, let us ¯rst give a very short overview over some

facts concerningCli®ord algebrasand Cli®ord structures on Hilbert spaces.More

details and de¯nitions can be found in Appendix A.
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2.1.4.1 Somefacts on Cli®ord algebras.

The Cli®ord algebraswe use here are the standard algebrason Rn . We use

the notation

Cn := Cl(Rn ; q); C¡ n := Cl(Rn ; q¡ ); n > 0;

whereq(x) := x2
1+ x2

2+ : : :+ x2
n and q¡ (x) := ¡ q(x), x 2 Rn . The algebrasCn have

n generators(vectors in Rn ), which we typically denote by ei and which square

to ¡ 1, while the opposite C¡ n has n generatorsf j which squareto +1. Di®erent

generatorsanti-commute. For a precisede¯nition, seethe appendix. The algebras

are graded, into elements of even and odd length. We denotethis splitting by

Cn := C0
n © C1

n :

The even part C0
n forms an algebraitself, while the odd onedoesnot. More than

that, we have isomorphisms(of ungradedalgebras)

Cn¡ 1
»= C0

n

for all n.

There are graded and ungraded modules over Cli®ord-algebras. They are

related: Ungradedmodules over C0
n correspond to gradedmodules over Cn . The

functor assigningto a graded Cn -module M := M 0 © M 1 its even part, the C0
n -

module M 0, inducesisomorphisms:

M (Cn ) »= M 0(C0
n ) »= M 0(Cn¡ 1):

Here M (Cn ) and M 0(Cn ) denote the free abelian groups (Grothendieck groups)
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generatedby irreducible graded, or ungraded modules, respectively. For us an

important part to note about them is the structure of representations. All (un-

graded) algebrasare of the shape k(n) or k(n) © k(n), for some¯eld k. Therefore,

ungradedirr educible representationswill look like kn , up to isomorphism. There

are very few isomorphismclassesof such representations:

Theorem 2. Let k = R; C; or H. Then up to equivalence of representations,

the only irr educiblereal representationof the matrix algebra k(n) (as algebra over

R) is the natural representation ½ on kn . The algebra k(n) © k(n) has exactly

two equivalence classesof irr educible real representations, given by the natural

representationof each factor on k(n):

½1(x1; x2) := ½(x1); ½2(x1; x2) := ½(x2):

Hereequivalenceof two real representations ½i : A ¡ ! H omk(Wi ; Wi ), i = 1; 2,

of an algebra A meansthat there is a k-linear isomorphismF : W1 ! W2 such

that F ±½1(a) ±F ¡ 1 = ½2(a) for all a 2 A.

Together with the shift between graded and ungraded representations, this

givesa classi¯cation of M (Cn ) and M 0(Cn ) (seetable in Appendix A). Moreover,

given the structure of Cli®ord representations as vectorspaceskn , one can make

senseof Hilbert spaceswith Cli®ord-module structure, Cli®ord-linear subspaces

(sub-modules), Cli®ord-linear operators (commuting with the Cli®ord-action),

and dimensionsof Cli®ord-linearsubspacesas(gradedor ungraded)Cli®ord mod-

ules.

For the latter, denoteby dn the dimensions(over R) of the standard ungraded

irreducible representation of Cn (the dn 's are listed in table A.2). Then we de¯ne:
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De¯nition 31. Let V be a Cn -linear vector space. The (ungraded) \Cli®or d-

dimension", dimCn (V) refers to the number of copies of irr educible (ungraded)

Cn -modulesin V, i.e.,

dndimCn (V) := dimR(V):

The \gr aded Cli®ord-dimension", dimgr
Cn

(V) counts the number of copies of the

standard graded irr educibleCn -module, for graded modulesV. If V is a graded, we

have

dimgr
Cn

(V) = k ) dimCn (V) = 2k:

Remark 32. In general, we use right Cn -modulesas the standard in the follow-

ing. Note that Cli®ord-multiplication from the right with a generator ei of Cn

corresponds to multiplication from the left with ²ei . This is an element which

squares to +1 and can be interpreted as a generator of the opposite algebra C¡ n .

Hence a right Cn -module structure is equivalent to a left C¡ n -modulesstructure.

Remark 33. Cli®ord algebras also come with an adjoint transformation, which

lendsthemthe structure of C¤-algebras. A C¤-algebra is a sub-algebra of the algebra

of bounded operators on somein¯nite-dimensional Hilbert space H , which is closed

under the operator norm and the adjoint. The adjoint is sometimesrefered to as

the ¤-operation of the algebra.

Since we will use Hilbert spaces and bounded operators on them, but want

to intr oduce Cli®ord-structure both on the Hilbert space and the operators, it is

usefulto makethe two characteristic structurescompatible. Equippingthe Cli®ord

algebras with C¤-algebra structure is not complicated in the caseswe need: In the

caseof C¡ n we let the ¤-operation be trivial. In the caseof Cn it is induced by v 7!

¡ v for v 2 Rn . Clearly the algebras are closed with respect to the corresponding
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¤-operation.

De¯nition 34. Let Hn be a Hilbert space with a ¯xed right Cn -module structure.

Then this module structure is compatible with the Hilbert space structure if the

action

Cn ¡ ! End(Hn )

is a C¤-homomorphism. In the following we will alwaysassumesuch a structure

on Hilbert spaces denoted with an index n.

Lemma 35. The compatibility of the C¤-structure of the Hilbert space and the

algebra implies that orthogonal projections along the inner product in H onto a

Cli®ord-linear subspace Vn are linear with respect to the Cli®ord structure.

Proof. SeeAppendix A.

2

Note 36. The notation of a Hilbert space with Cli®ord structure H n can be slightly

confusing since it does not distinguish between di®erent module structures on H .

In fact there can be many di®erent suchstructures. However,wewant to consider

in¯nite-dimensional Hilbert spaces. In thesecases,the space of Cli®ord structures

is contractible, which means that we can ¯x one action and think of all others as

homotopyvariations of that one.

2.1.4.2 Degreen structure.

One can now construct functors

Degn : USEB ¡ ! Clif f
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wherewewrite USEB for the underlying categoryof objectsand (1j1)-dimensional

super bordisms, while Clif f stands for the category of Cli®ord-algebrasand bi-

modulesover them. In our casefor instance,

Degn (spt) := C­ n
1 = Cn ; Degn (spt) := C¡ n :

Note here that although it might seemso in our euclideancase,the construction

of the degreefunctors on the bordism categoriesis not quite trivial. There are

geometric intuitions behind it: the bimodules associated to super bordisms are

constructedas certain \F ock-spaces",or \generalizedPfa±an lines" (see[27]).

One then produces the categoriesSEBn , whose hom-objects SEBn (Z1; Z2)

have an action of the two Cli®ord-algebrasDegn(Z1) and Degn (Z2) associated to

sourceand target. A family in SEBn (Z1; Z2)(S) over S now comesequipped with

a sectionÃn of a Cli®ord-bimodule bundle Degn ¡ ! S of Degn(Z 2) ¡ Degn(Z1)-

modules:

Degn
//

""D
DD

DD
DD

D Y

ÄÄ¡¡
¡¡

¡¡
¡

S
Ãn

bbD
D

D
D

whereDegn is locally isomorphicto Degn (I ), the bimodule associated to the ¯b er

of Y ! S.

In the examplesimportant for us, the families I t;µ 2 SEB(spt; spt), we have

the trivial bundle

Degn := S £ Cn ;

with ¯b er the standard irreducible module with actions of the Cli®ord-algebras
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Degn (spt) = Cn , Degn (spt) = C¡ n by multiplication from the right, or left respec-

tiv ely.

Now we have an action of the Cli®ord-algebrasDegn (Z 2), Degn (Z1) on these

degreen families of bordismsin

SEBn (Z1; Z2)(S) :=

8
>>>><

>>>>:

isomorphismclassesof families (Y; Ãn )

as above, whereY 2 SEB(Z1; Z2);

and Ãn 2 ¡( S; Degn)

9
>>>>=

>>>>;

givenby multiplying the sectionÃn with constant elements in the Cli®ord-algebras

from either side.

We ask of the functors, that they preservethis action:

E(Y; c(x2) ±Ãn ±c(x1)) := c(x2) ±E(Y; Ãn ) ±c(x1);

where c(x i ) stands for multiplication with an element x i in Degn (Z i ). Certainly

this posessomeconditions on the category HS the functors land in, we need

to be able to make senseout of Cli®ord-multiplication there. We describe the

consequencesfor ¯eld theory functors below.

First however, we would like to point out that a completereformulation of the

degreedatum is presently work in progress(S. Stolz). It is not yet clear, in which

way the degreedatum ¯ts together with the new structure of generalizedsuper

manifolds. One suspectssomeredundancy: the bimodulesDegn(Y) associated to

super bordismsare algebraicFock spaces,constructed in the earlier versionfrom

spin structureson the bordismmanifolds. The spin structures,however, havebeen

incorporated in the super structure. They correspond exactly to the geometric

part of the de¯nition of super bordism, namelythe metric structure. It seemsvery
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likely that there should be a similarly elegant way to expressthe Fockspaceele-

ments associated to bordism manifolds in terms of the super structure. However,

this is still somewhatunknown territory .

For sake of brevity and to avoid double-tracking, we will skip the discussion

of this aspect and jump to the result for degreen theories. The details of the

construction of Degn can be found in [27], sections2.2, 2.3. The main e®ect

we see,happens in fact on the category of Hilbert spaces. As indicated above,

it has to be equipped with someCli®ord-structure. We requestthat the Hilbert

spacesE(Z ) associated to objects Z are (right) modulesover the Cli®ord-algebras

Degn (Z ). We can then askthat the functors preserve the Cli®ord action asstated

before.

This is re°ected in the corresponding structure theorem(which should be un-

derstood as de¯nition of ¯eld theoriesof degreen for the time being).

Theorem 37. (Stolz, Teichner) Let EF T (Hn) be the set of 1-dimensional su-

persymmetric euclidean ¯eld theory functors on some¯xed Hilbert space H n with

compatible right Cn -module structure. Then there is a bijection

EF T (Hn ) oo 1¡ 1 //ssg(R1j1
> 0; HSsa(Hn)) ;

where HSsa(Hn ) is the space of Cn -(right)linear operators on Hn with respect to

the given Cli®ord structure (and interpreted as generalized super semi group as

before).

Proof. (Sketch) The argument is roughly like this: The bijection is now, as op-
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posedto beforein the non-Cli®ord linear case,given by

E Â //(( t; µ) 7! E(I t;µ ; ­ n ))

wherewewrite the super semigrouphomomorphismover S-coordinatesandwhere

­ n is a speci¯c sectionin Degn over S, the socalled\v acuum" section. Recall that

we equipped the families I t;µ with the trivial degreebundle Degn = S £ Cn ; the

vaccumsectionreturns the unit in Cn . Sincethe functors are linear with respect

to Cli®ord-multiplication, they are determined by these families with vacuum

sections.See[27] for details.

2

Certainly there is now room to de¯ne a sort of universal version, simply by

letting the ¯xed spaceof the theory be largeenough.

De¯nition 38. Let H n denotean in¯nite dimensionalHilbert universewith ¯xed

compatible Cn -right module structure. This means that H n contains all irr educible

graded Cn -modulesin¯nitely many times. Then for all n we de¯ne

EF T n := EF T (H n):

These are so far only sets of functors. The next step is to study suitable

topologies,making the sets EF T n into spaces. The problem is that one knows

how to write down the super semigroup homomorphisms(or \super semi-groups

of operators associated to super bordisms") only in terms of S-points. Thus one

does not really associate operators to intervals, as on the underlying manifolds,

but rather S-points of operator super spacesto S-points of the super moduli space
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of super intervals. Fortunately however, one can condensethe information of an

euclidean¯eld theory functor even further. This way we can even avoid the super

semi-groups;in fact, we are left with studying only one operator generating a

super semigroup homomorphism.

2.1.5 GeneratingOperators.

In this section we show that we can replacesuper semi-groupsof operators

E(I t;µ ) associated to ¯eld theory functors E by generatingelements in a certain

operator space.Exact de¯nitions of this type of operatorswill follow below. First,

let us sketch the connection between these operators and the functors. This is

again work of S. Stolz and P. Teichner, which has also beenworked out in detail

in our setting by H. Hohnhold [11].

Let for now EF T 0(Hn ) denotesomespaceof \op erators generating¯eld the-

ories", whoseproperties we will derive below. Then there is a map giving super

semi-grouphomomorphisms:

EF T (Hn) oo1¡ 1 //ssg(R1j1
> 0; HSsa(Hn )) EF T 0(Hn)oo

E oo 1¡ 1 //(( t; µ) 7! E(I t;µ ; ­ n ))

³
(t; µ) 7! e(¡ tG 2+ µG)

´
GÂoo

We have the (informal)

Theorem 39. (Stolz, Teichner; Hohnhold) The right hand side map in the above

diagram is a bijection for a suitablyde¯ned space of operators. In particular, every
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homomorphismof super semi-groupsas above is of the shape

R1j1
> 0(S) ¡ ! HSsa(Hn )(S) : (t; µ) 7! e(¡ tG 2+ µG)

for someoperator G on Hn .

Thereareseveralways to provethe last statement. Maybethe mostelegant one

would be to make the transition from super Lie groupsto their super Lie algebras

and derivean in¯nitesimal generatorof the super semigroup. This is the approach

of H. Hohnhold [11]. The basicideaherecomesfrom the observation that applying

the ¯eld ( @
@µ + µ @

@t ) to a super semigroup of the shape e¡ tG 2
(1 + µG) = e¡ tG 2+ µG

for someG, producesa multiple:

(
@
@µ

+ µ
@
@t

)(e¡ tG 2
(1 + µG)) = G(e¡ tG 2

(1 + µG)):

Letting t, µ becomesmall, we obtain the in¯nitesimal generatorG. This can be

generalizedto obtain the generatorsfor any of the super semi-groupsin question.

Another way is to translate from super semi-grouphomomorphismsasaboveto C¤-

algebrahomomorphismsand usethe spectral theoremto construct the generator.

This is donein [27]. A short sketch can be found in section2.3.1.

The statement implies in particular, that to each euclidean¯eld theory E 2

EF T (Hn) we can associate an operator GE on Hn . We call GE the generatorof

the ¯eld theory.

Let us derive someelementary facts about GE . The operators e¡ tG 2
E needto

be even, self-adjoint, Cli®ord-linear and Hilbert-Schmidt. In particular, this also

meanscompact. This implies that GE is odd, symmetric and Cli®ord-linear; and

that it has an eigenspacedecomposition with real eigenvalueswhich are discrete
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but can accumulate at 1 . This in turn implies that the generatorGE of a su-

per semi-grouphomomorphismof this given shape is really unbounded and can in

generalonly be de¯ned on a densesubsetD(GE ) ½ Hn , namely the algebraicsum

of its eigenspaces.It is often unpleasant to work with unboundedoperators. For-

tunately in this case,we have nice spectral properties. This makesthe generators

quite manageable.One of the draw-backs that remain, however, is that we have

to keeptrack of the domainsat all times.

Sinceall the following will contain this type of operators, we include a short

summaryof somecentral factsand issues.For expositionsof someof the problems

concerningunbounded operators in mathematical physics, seefor example [16],

[26], [8], [9].

Remark 40. (Unbounded operators)

² A bounded linear operator A on someHilbert space H satis¯es

k AÃ k6 k k Ã k; for all Ã 2 H; and somek 2 R> 0:

An unbounded operator is one \which does not do so for any k". More

precisely, we are looking at an operator de¯ned on a (dense)linear subspace

D(A) ½ H . The domain is part of the datum of an unbounded operator

A; in particular composition of two such operators does not make senseif

domain and rangedo not match accordingly.

² In general, operators on in¯nite-dimensional Hilbert space donot haveeigenspace

decompositionsasoneis used to in the ¯nite-dimensional case. Self-adjointness

however,assures this nice property. A bounded, self-adjoint operator is de-

¯ned on the Hilbert space sum of its orthogonal eigenspaces. An unbounded
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self-adjoint operator is de¯ned on the algebraic direct sumof its eigenspaces,

but not neccessarily on the Hilbert space closure of it (in¯nite sumsof vec-

tors whoseHilbert norm converges). The algebraic direct sum is densein

the Hilbert space sum (implying that an unbounded self-adjoint operator is

always denselyde¯ned in H ). In the following discussionthe direct sum

appears frequently, and we mean the algebraic direct sum unlessotherwise

stated.

² It is not straight-forward to de¯ne self-adjoint unbounded operators. The

usual description of self-adjointnessregarding the scalar product

< Á;AÃ > = < AÁ;Ã >; for all Á;Ã 2 D(A)

doesnot take enoughcare of domains. In the world of unbounded operators,

an operator A is called symmetric, if it hasan adjoint A¤ which agreeswith

A on D(A). A is called self-adjoint, if additionally the domainsof operator

and adjoint agree. In general, A¤ will be an extensionof A, A ½ A¤: the

domain D(A¤) is de¯ned as the set of all Ã 2 H suchthat Á 7! < AÁ;Ã > is

bounded for all Á 2 D(A). Then one can de¯ne the adjoint operator A¤ by

< AÁ;Ã > = < Á;A¤Ã >; for all Á 2 D(A); Ã 2 D(A¤):

² There are ways to extend symmetric unbounded operators to truely self-

adjoint ones, by means of extending them to larger domains. In fact one

neccessarilyhasto extendthe operator to a densesubsetof H in order to be

ableto makethe result self-adjoint. This processis not easy and hascaused

many problemsfor operators used in physical applications.
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Nevertheless,most of theseproblems are of formal nature in our case,since

the operators we work with are nice enoughand represent a great simpli¯cation

from studying functors or super semi-grouphomomorphisms.We thereforework

with spacesof such generators.

De¯nition 41. Let Hn be a Hilbert space with compatible Cn -module structure as

before. We set

Sym(Hn ) :=

8
>>>><

>>>>:

linear operators D(A) µ Hn ; A is Cn -linear,

A : D(A) ! D(A) hascompact resolvent,

and AjD(A) is self-adjoint

9
>>>>=

>>>>;

:

We de¯ne a ¯nite version of this:

Sbym(Hn) :=
½

A 2 Sym(Hn ) spectrum ¾(A) is a ¯nite set

¾
:

Final ly, set

EF T 0(Hn ) :=
½

G 2 Sym(Hn)odd e¡ G2
is Hilbert-Schmidt

¾
;

EF T 0
n := EF T 0(H n ):

This means that A 2 Sym(Hn) is densely de¯ned in a closedsubspaceof

Hn , D(A) := (D(A)? )? . In particular, operators A 2 Sym(Hn) have discrete,

real eigenvalues(which can accumulate at 1 ) and their domainssplit into pair-

wise orthogonal, ¯nite-dimensional eigenspaces(spectral theorem for self-adjoint

operators).

Then we seethe relation between¯eld theoriesand their generatingoperators

(as sets):
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Lemma 42. We havefor all n:

EF T n
1¡ 1Ã ! EF T 0

n :

Furthermore,

Sbym(H n )odd ½ EF T 0
n ½ Sym(H n )odd:

The corresponding statementshold on any suitableH n 2 HS.

Proof. Clearly the classEF T 0
n of operators which generate¯eld theory functors,

are exactly those G 2 Sym(H n), such that e¡ tG 2
is Hilbert-Schmidt (for t >

0 2 R). We have chosen the classesSym(H n ) such that all other properties

requiredfor forming the super semi-groupsof operators,are ful¯lled by de¯nition.

Certainly all operators G 2 Sbym(H n ) ful¯ll the Hilbert-Schmidt criterion, since

they have only ¯nitely many eigenvalues.

2

The next section serves to get a good grip on the topology of spaces of such

functors or operators,respectively. To obtain a moreintuitiv evisual picture of the

generatorspaces,we will further expressthe information of a generatingoperator

asa con¯guration of points on the real line, with labelswhich aresubspacesof (the

domain of the generatorin) H . This represents the spectral data of the operator.

One obtains a con¯guration spacemodel for euclidean ¯eld theories, which is

convenient due to its combinatoric - geometricnature. Subsequently we will then

often give equivalent statements using both operator spacesand con¯guration

spaces.
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2.2 Topology of Spacesof EuclideanField Theories.

The authors of the original paper [27] suggesta topology on the sets of eu-

clidean¯eld theories,namely the strong operator topology on the familiesof com-

pact Hilbert-Schmidt operators e¡ tG 2
, which represent ¯eld theories. It is more

convenient though to equip the actual spacesof generatorsG with a topology;

the strong topology is certainly not suitable for this, sincethe operators are now

unbounded.

2.2.1 Topology on Generators.

We equip the operator spacesSym(Hn ) with a topology and a notion of con-

vergence:

De¯nition 43. De¯ne a topology on the space of operators Sym(H n): Let C0(R)

denotethe continuous functions on R with compact support, i.e. functions which

vanish outsidea compact subsetof R. Then we havea map on Sym(H n):

#f : Sym(Hn) ¡ ! Bdd(Hn ) : G 7! f (G);

where

f (G) :=

8
><

>:

f (G) functional calculus; on D(G)

0 ; on D(G)
?

We can extend f (G) this way since the function f 2 C0(R) is trivial outside a

compact set.

Then wede¯ne the topologyof compactly supported norm convergence on Sym(H n)

to be the coarsest topology under which all suchmaps#f , f 2 C0(R), are contin-

uous.
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For operatorsA j ; A 2 wecannow say that they convergeon compactsupports,

A j ¡ ! c A ( ) k #f (A j ) ¡ #f (A) k! 0;

for ¯xed f 2 C0(R).

This de¯nes a topology and notion of convergenceon the generatorsof eu-

clidean ¯eld theories,EF T 0(Hn ), as a subspaceof Sym(Hn)odd.

The functional calculuswith compactly supported functions in this topology is

designedto handleoperatorswith eigenvalueswhich accumulate at 1 . Basically,

two operatorsareclose,if they areclosein norm on compact parts of their spectra.

It can be convenient to apply functional calculus with speci¯c functions to the

operators, aswe will seelater on. This givesroom for somecalculationsin norm.

On the other hand, the above topology can be somewhat impractical and

is little intuitiv e. One can more easily just consider the spectra themselves as

the data of operators, and write them down in terms of con¯gurations. This is

illustrated and madecompatible to the above de¯nitions in the following section.

2.2.2 Con¯gurations and their Topology.

In this part wesetthe de¯nitions andexplain in moredetail the correspondence

between EF T 0
n and con¯guration spaces. The following de¯nitions are clearly

madewith the spectral datum of generatingoperators in mind.
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2.2.2.1 Grassmannians.

De¯nition 44. Let Hn be again a Hilbert space equipped with compatible Cn -

module structure. Then de¯ne

Gr k(Hn ) :=
½

Cn ¡ linear subspaces V ½ Hn dimCn (V) = k

¾
;

Gr (Hn ) :=
`

k Gr k(Hn ):

Note that the dimension is counted in the senseof irr educible(ungraded) modules

over Cn .

One has di®erent choicesfor topologieson the Grassmannian.What we need

to keepin mind is the compatibilit y of the resulting con¯guration spaces(which

will topologically look like someproduct with the Grassmannian)with the spaces

of operators.

A good ideais to interpret the Grassmannianasa spaceof projection operators,

and equip it with the operator norm. This meansthat two subspacesare close,

i® the projections operatorsonto them are closein the usual operator norm (note

that projection operators are bounded). Sincethe spectral datum of an operator

is really what the con¯gurations will incorporate, this is a natural topology to

chooseon the Grassmannian. The Cli®ord-linearity is simply expressedby the

fact that we look at the subspaceof Cli®ord-linearprojection operators(recall the

discussionof compatible Cli®ord-structure on H ).

Thus we set

pr : Gr (Hn ) 1¡ 1¡ ! Pr (Hn ) :=

8
><

>:

orthogonal projections V ½ Hn Cn -linear,

¼V : Hn ! Hn ¯nite-dimensional

9
>=

>;

V ¡ ! pr(V) := ¼V
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and equip Gr (Hn ) with the topology of Pr (Hn ), given by the norm:

±(V; W) := k pr(V) ¡ pr(W) k; for V; W 2 Gr (H n ):

Remark 45. Onecould alsousethe topology induced by the gapbetween subspaces

±(U; V) = supf dist(u; V)jjuj = 1 2 Ug

for two subspacesU, V in Gr k(Hn ) (see ref. [23]). This givesa metric to the k-th

Grassmannian. There is a similar concept on spaces of operators on H n , which

usesthe gapbetween graphsof operators. The convergence of operators A j ¡ ! A

in this senseis called \generalized convergence". It is equivalent to convergence

in norm on spaces of bounded operators. This seems like a second option which

might work on our spaces. See ref. [16], Thm. IV-2.23.

Now we are ready to de¯ne con¯gurations.

2.2.2.2 Con¯gurations.

De¯nition 46. Let X be a topological space with an involution ®. Let H n be a

Z=2-graded vector space with grading involution ² and with compatible Cli®ord-

structure. Then a symmetric (or graded) con¯guration c on X with labels in H n

is a map

c : X ¡ ! Gr (Hn )

where

² pts(c) := f x 2 X jc(x) 6= f 0g 2 Gr (Hn )g is a discrete set.

² c(x) ? c(y); x 6= y:
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² c(®(x)) = ²(c(x)) for all x 2 X (Z=2-invariance).

We call the non-trivial subspacesc(x) of the vector space H n associated to a point

x, the\label" at x. Since we are studying symmetric con¯gurations, we use the

term\symmetric pair (of labels) at x" to describe the sum c(x) © c(®(x)). The

direct sum of all labels is called the domain of the con¯guration: D(c) :=
M

x2 X

c(x):

We write

Conf (X ; Hn ) :=
½

symmetric con¯gurations c : X ! Gr (Hn )

¾

for the set of (Cli®ord-linear, symmetric) con¯gurations on X .

We can imagine con¯gurations as distributions of discretepoints on X , sym-

metric with respect to the involution ®, wherethe labelsattachedto the points are

subspacesof Hn . Sincewe usethe Cli®ord-linearGrassmannian,the singlelabels

are Cn -linear subspaces.Symmetric sumsof labelsare alsogradedsubspaceswith

respect to the grading involution ²; they thereforeform gradedCn -modules.

Note 47. The spacesof symmetric con¯gurations are of coursesubspacesof con-

¯gurations without symmetry condition, Conf 0(X ; Hn ). The symmetric con¯gu-

rations form the ¯xed point set under the involution givenon Conf 0(X ; Hn ) by ®

and ²:

Conf 0(X ; Hn ) ! Conf 0(X ; Hn ) : c 7! ² ±c ±®:

To give correct credit for the ¯rst useof this notation of con¯gurations (in the

non symmetric case),we have to mention D. McDu® and G. Segalat this point

[22], [24].

We note hereagain, that all direct sumsmentioned with regard to con¯gura-

tions always refer to the algebraicdirect sum of subspaces,even if H n is really a
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Hilbert spaceas in our applications (one should think of the labelsaseigenspaces

of generatingoperators).

2.2.2.3 Topology on Con¯gurations.

The topology on such spacesis the obvious: we want to be able to move

points with their labels around (symmetrically), and we also want to be able

to manipulate the labels (keeping them orthogonal, graded etc.), even without

pushing their carrier points about in X . There are two specialties to keep in

mind:

² We want the labels to add in algebraic direct sum, whenever two points

meet.

² We want to be able to move points continuously to the basepoint of the one-

point-compacti¯cation X + of X , where they disappear together with their

label; thus the dimensionof the domain of a con¯guration can jump under

such a move.

The suitable topology for this purposeis basedon the product topology of X and

the Grassmannian.

De¯nition 48. (Topology of Con¯gurations) Let X , ®, ² and H n as before. Then

we de¯ne a subbasis for a topology on Conf (X ; Hn )as follows: Start from basic

underlying sets

V ½ K ½ X ; Vopen and K compact

L ½ Gr (Hn ); open:
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Then de¯ne setsof con¯gurations for all suchpairs V, L:

U(V; L) := f c 2 Conf (X ; Hn )j
M

x2 V

c(x) 2 Lg:

Thesesetsare a subbasis for our topology. We determinethe basepoint con¯gura-

tion c1 to be the \trivial" (or \empty") con¯guration with no points.

Note 49. The condition on the labels in an open set V implies that labels of two

points of a con¯guration haveto be added in direct sum as the points meet. Since

we can only makestatementsabout points of con¯guration which are contained in

somecompact subsetof X , one can alwayshave points moving in or out of the

basepoint of X + .

Note 50. This topology is independent of the symmetry conditions. We can de-

¯ne it completelyanalogouslyon Conf 0(X ; Hn ). Then the subspace of symmetric

con¯gurations inherits the topology, with the sameresult as above.

Remark 51. (Spectral measures) The con¯guration spacesand their topology are

de¯ned in a very geometric manner (which is mainly a matter of personal taste).

For a more analytically-minded reader it might be more natural to consider the

spectral measure of generating operators: This is an operator-valued measure as-

sociated to symmetric operators on H , which assignsthe projection operators onto

the eigenspaces to eigenvalueson the real axis. Thus for each operator with real

eigenvalueswe obtain a (density) function

R ¡ ! Pr (H ):

In our particular case, this function is discrete, since the eigenvaluesof all oper-
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ators are isolated. In the general casethis need not be so. However,evenin the

general case, one can regain the operator by integrating the identity against this

spectral measure. Again, in our casethis is an integral againsta discrete measure

and therefore just a sum; namely the spectral decomposition of the operator.

The open sets U(V; L) described above then correspond to integrals over V

against the spectral measure of the operators. In particular this re°ects the fact

that the label set L counts only the sumsof labels over V. The subbasis element

then contains operators which haveclosespectral measure on a piece V of the real

axis.

Thus instead of with con¯gurations and \discrete" topologies as above, one

could as well work with spectral measures and topologies given by integrals over

open sets in R (or C, integrating along closed curves). Con¯gurations are more

general in the sensethat we allow any topological space X (which might not make

senseas a space in which operators take eigenvalues).So far, spectral measures

are more general in the sensethat they allow \continuouscon¯gurations" of eigen-

values. Naturally however,we see from this examplehow one shouldextend the

notion of con¯guration to continuous con¯gurations.

De¯nition 52. We want to specify for later use the subspace of ¯nite con¯gura-

tions:

Cconf (X ; Hn ) :=
½

c 2 Conf (X ; Hn ) dim(D(c)) < 1

¾
:

Furthermore, we de¯ne abbreviated notations for con¯gurations with labels in our

speci¯ed Hilbert universeH n with compatible Cn -structure:

Conf (X )n := Conf (X ; H n ); Cconf (X )n := Cconf (X ; H n ):
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Now we can move points with their labels around \naturally". In particular,

mapsobtained from proper mapson the topological spaceX are continuous:

Lemma 53. Let

' : X ¡ ! Y

be a proper, Z=2-invariant map of pointed topological spaces with involutions.

Then the induced map of symmetric con¯gurations

' ¤ : Conf (X ; Hn ) ¡ ! Conf (Y; Hn ) :

c 7!
µ

' ¤(c) : y 7!
L

x2 ' ¡ 1 (y) c(x)

¶

is continuous.

Proof. Firstly, it is clearthat the abovede¯nesa mapof con¯gurations. In particu-

lar, the imageof a con¯guration is againa con¯guration, with pairwiseorthogonal

labels,discretesetsof points etc.

Secondly, it is continuous: Let U(W; L) ½ Conf (Y; Hn ) be an open set of

con¯gurations, with

W ½ K W ½ Y; W open, K W compact.

Then, since' is proper, the preimages

' ¡ 1(W) ½ ' ¡ 1(K W ) ½ X
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have the corresponding properties. Then

c 2 ' ¡ 1
¤ (U(W; L)) ( ) ' ¤(c) 2 U(W; L)

( )
L

y2 W ' ¤(c)(y) 2 L

( )
L

y2 W

L
x2 ' ¡ 1 (y) c(x) 2 L

( )
L

x2 ' ¡ 1 (W ) c(x) 2 L

( ) c 2 U(' ¡ 1(W); L) open in X :

2

In particular, having a proper homotopyon the spaceX inducesa continuous

homotopy on the spaceof con¯gurations:

Corollary 54. Let

h : X £ I ! X

be a proper, symmetric homotopyon X (invariant with respect to symmetry invo-

lution on X ). Then the induced homotopyon con¯gurations

H : Conf (X ; Hn ) £ I ! Conf (X ; Hn ) : (c;t) 7! h(t)¤(c)

is continuous.

2

We have a continuous action of the Cli®ord-linear isomorphismsof the label

spaceHn as well:
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Lemma 55. Let Hn , ~Hn as before. The map

Ã : Conf (X ; Hn ) £ I soCn (Hn ; ~Hn ) ¡ ! Conf (X ; ~Hn ) :

(c;¯ ) 7! ¯ ±c : X ! Gr (Hn ) ! Gr ( ~Hn )

is continuous with ¯ber I soCn (Hn ; ~Hn ). In particular, composition with a ¯xed

isomorphism¯ is an isomorphismof con¯guration spaces.

Proof. There is not much to show here;clearly we have that

f cg £ I soCn (Hn ; ~Hn ) 1¡ 1¡ ! Ã¡ 1(c)

(c;¯ ) 7! (¯ ¡ 1 ±c;¯ )

for every c 2 Conf (X ; ~Hn ), since

Ã¡ 1(c) = f (b;¯ )j¯ ±b= cg

= f (b;¯ )jb= ¯ ¡ 1(c)g:

This makesÃ continuous,sinceopen setsof con¯gurations U have preimageU £

I soCn (Hn ; ~Hn ). We also have that for a ¯xed isomorphism¯ the composition Ã¯

is an isomorphism: Let U(V; eL) 2 Conf (X ; ~Hn ). Then clearly

Ã¡ 1
¯ (U(V; eL)) = U(V; Ã¡ 1

¯ (eL)):

Thereforecomposition with ¯ is continuousas map of con¯guration spaces.It is

invertible, since¯ is and the inverseis continuous. Clearly both commute with

the Cli®ord multiplication on the spacesHn , ~Hn , since¯ does.

2
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2.2.3 Field Theories,Generators,and Con¯gurations.

We comparethe two models of spacesof euclidean¯eld theoriesas spacesof

generatingoperatorsand con¯guration spaces,respectively. In particular, weneed

to seethat the two topologiesagree. Then we give the preciserelations between

thesespacesand the spacesof euclidean¯eld theories.

Lemma 56. Let Hn be as above; de¯ne the symmetry involution on R by

° : t 7! ¡ t:

Then there is a set bijection

Sym(Hn)odd Ã ! Conf (R; Hn ):

Proof. The bijection can be seenas follows. For any operator G 2 Sym(H n ), its

set of eigenvalues, ¾(G), is a discrete set in R, by de¯nition. The eigenspaces

Esp(G; ¸ ) of G at ¸ are ¯nite-dimensional, Cn -linear subspacesof Hn . We set

cG(¸ ) := Esp(G; ¸ ). In particular, cG(x) = f 0g for all x =2 ¾(G). This gives a

con¯guration cG with domain D(cG) = D(G) and ¾(G) =: pts(cG). The map is

clearly injective (two operators di®er if and only if their spectral data di®ers). It

is alsosurjective sincefor each con¯guration c 2 Conf (R; H n ), onecan construct

a \generating operator" Gc by de¯ning Gc with domain D(Gc) := D(c) and Gc :=

§ ¸ 2 pts(c)¸¼c(¸ ) , where ¼c(¸ ) is the projection onto the label of c at ¸ . This is

clearly an odd operator, sincewe started with a grading preservingcon¯guration

and therefore ²(c(¸ )) = c(¡ ¸ ) for the grading involution ² on H n . The spectral

properties and Cli®ord-linearity required are full¯lled trivially (by de¯nition of

the con¯gurations).
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The samerelation is explained in terms of a spectral theorem for projection-

valued measuresin [26], VI I I.3.

2

Con¯gurations on R and their generatorscarry the very sameinformation. The

con¯guration is symmetric about 0, i® the generatoris odd.

In fact, we even have:

Lemma 57. The bijection

Sym(Hn )odd Ã ! Conf (R; Hn )

as given above, is a homeomorphism.

Proof. We start with the continuity of \ ( ": Considerthe combination

Conf (R; Hn )
Ã //Sym(Hn)odd

# f //Bdd(Hn )

for f 2 C0(R). We needto show that for all c 2 Conf (R; Hn ), all ² > 0, and for

each f we can ¯nd an open neighbourhood U±(c) such that

8b2 U±(c) k #f Ã(b) ¡ #f Ã(c) k< ²:

The ¯rst step is to restrict attention to the support of f . Sinceit is compact, the

operator Ã(c) will have only ¯nitely many eigenvalueson supp(f ). We call those

eigenvalues° j and the labels c(° j ). Now we build the open set

U±(c) :=
\

j

U(V j
± ; L j

±)
\

U(W±; f 0g)
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where

V j
± := I ±(° j ) ½ R; open ±¡ ball around ° j ;

L j
± := I ±(c(° j )) ½ Gr (Hn ); open ±¡ ball around c(° j );

W± := supp(f )n
S

j I 1
2 ±(c(° j )) :

We can write

#f Ã(c) :=
X

j

f (° j )pr j (c)

wherepr j (c) := ¼c(° j ) . Now also for b2 U±(c) onehas

#f Ã(b) :=
X

j

X

i

f (¯ j ;i )pr j ;i (b);

where

k
X

i

prj ;i (b) ¡ pr j (c) k< ±; j
X

i

¯ j ;i ¡ ° j j ·
1
2

± < ±:

Consideronesuch open set V j
± , to easethe calculation. We suppressj . Then

k
P

i f (¯ i )pr i (b) ¡ f (° )pr(c) k=

= k
P

i f (¯ i )pr i (b) ¡
P

i f (° )pr i (b) +
P

i f (° )pr i (b) ¡ f (° )pr(c) k

= k
P

i (f (¯ i ) ¡ f (° ))pr i (b) + f (° )(
P

i pri (b) ¡ pr(c)) k

· i±f + jf (° )j± ¡ ! 0

for ± ¡ ! 0. Here ±f < ±mf dependson the maximal slope mf of f on V j
± , but

sincef is continuous, we can make it as small as we want by letting ± ! 0. We

seefrom this that also

k #f Ã(b) ¡ #f Ã(c) k·
X

j

k
X

i

f (¯ j ;i )pr j ;i (b) ¡ f (° j )pr j (c) k < ²

for ± ¡ ! 0 small enough.
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In the other direction, the calculation is similar. We show that Ã is open. Let

U(V; L) be an open set in Conf (R; Hn ), and let C 2 Ã(U(V; L)) with

CjV :=
X

i

ci pri (C):

We have of course
P

i pri (C) 2 L, since C 2 U(V; L). Then we want to ¯nd

an open set around C contained in Ã(U(V; L)). We construct this set as the

intersectionof two open sets,for two functions f , g 2 C0(R).

For V ½ R and C, we can ¯nd an open neighbourhood NC of the boundary

@V, such that C hasno eigenvaluesin NC . This is possiblebecauseC hasdiscrete

eigenvalues.

We pick f with supp(f ) ½ V [ NC , such that f jV = 1, 1 ¸ f ¸ 0 everywhere.

Now pick a g with supp(g) ½ NC , such that gjsupp(f )nV = 1 and 1 ¸ g ¸ 0

everywhere.

Now wehaveg(C) = 0, by de¯nition. Wepick two neighbourhoodsin Bdd(H n ):

Let Ng(C) be a ±-ball around the trivial operator 0 = g(C), ± << 1. Let N f (C)

be a ²-ball around f (C). This de¯nes two open setsin Sym(H n) around C: One

consistsof all D with k g(C) ¡ g(D) k< ±. The other consistsof all E with

k f (C) ¡ f (E) k< ². We call them Ug(C), Uf (C), respectively. We set

U(C) := Ug(C) \ Uf (C):

Now note that operators in Ug(C) cannot have eigenvaluesin supp(f )nV. This is

becausewe have

k g(C) ¡ g(D) k= k 0 ¡ g(D) k= k g(D) k< ± < 1
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but g(D) would have eigenvalue 1 for eigenvaluesof D lying in supp(f )nV. Thus

we get

k f (C) ¡ f (D) k= k
X

i

pri (C) ¡
X

j

prj (D) k< ²

where the i and j list the eigenvaluesof the operators in supp(f ), that is, in V,

since neither of them have eigenvalues in supp(f )nV for D 2 U. Thus D 2 U

implies that
P

j prj (D), i.e. the sum of labels of the con¯guration Ã¡ 1(D) on V,

LV (D), is within an ²-neighbourhood of the sums of labels of C on V, L V (C)

which lies in L. SinceL is open, it will contain some²-neighbourhood of L(C).

Thus we have D 2 Ã(U(V; L)) for all D 2 U(C).Thereforewe have found an open

neighbourhood of each C 2 Ã(U(V; L)) contained in Ã(U(V; L)), henceÃ(U(V; L))

itself is open.

2

Remark 58. Again we havethe corresponding relations for non-symmetric con-

¯gurations and (not neccessarily odd) generators:

Sym(Hn) ¼ Conf 0(R; Hn ):

The proof worksalongthe samelines. We havenot treated the more general case,

since the symmetry is crucial for our purposes.

Summarizing,we have

Sbym(Hn)odd
OO
¼

²²

ÂÄ //EF T (Hn ) oo1¡ 1 //EF T 0(Hn )ÂÄ //Sym(Hn )odd
OO
¼

²²
Cconf (R; Hn ) Conf (R; Hn ):
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Wetopologizethe spaceEF T (Hn) assubspaceof Sym(Hn ). Now the good newsis

that for all of our applications,we candealwith the ¯nite spaces(on the left-hand

side) only. We have:

Lemma 59. There is a homotopyequivalence

Cconf (R; Hn ) » Conf (R; Hn ):

Proof. We contract a symmetric open neighbourhood N of the basepoint in the

one-point-compacti¯cation R+ of R by a symmetric (Z=2-invariant) homotopy

h : R+ £ I ! R+ . This inducesa continuous homotopy ht on Conf (R; Hn ) by

the samearguments as in Corollary 54. Clearly, h is a homotopy equivalence

between R+ =N and R+ . In particular, its composition with the quotient map

R+ ! R+ =N is homotopic to the identit y. This inducesthe samestatement on

con¯gurations spaces,thus it follows that h is a homotopy equivalence.But since

the only accumulation points of the con¯gurations (or in the spectra of generating

operators, respectively) wereat the basepoint, we have now contracted the space

of con¯gurations Conf (R; Hn ) to the spaceof ¯nite con¯gurations Cconf (R; Hn ).

2

Finally we can now talk about spacesof euclidean¯eld theories in terms of

con¯guration spaces,or spacesof generatorsof ¯eld theories (at least up to ho-

motopy). We de¯ne the notions

De¯nition 60. We set

E bF T (Hn ) :=
½

G 2 EF T 0(Hn) dim(D(G)) < 1

¾
;
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E bF Tn := E bF T (H n ):

Then by the above, we have

E bF T (Hn ) ¼ Sbym(Hn )odd ¼ Cconf (R; Hn )

and

E bF T (Hn) » EF T (Hn )

by the samehomotopy as in the preceedinglemma. The contraction of a neigh-

bourhood of the basepoint in R+ doesnot a®ectthe property of the generatorsG to

have e¡ G2
Hilbert-Schmidt, which characterizesEF T (Hn) in Sym(Hn )odd. These

arethe spaceswework with in the following chapter. To endthis section,wewould

like to point out the di®erencebetweensupersymmetricand non-supersymmetric

euclidean¯eld theories in the con¯guration picture. As proven by Stolz and Te-

ichner in [27], the supersymmetry condition and the Z=2-grading of all spaces,

maps etc., implies exactly that the generatorof a supersymmetric EF T is odd.

The S-point two-parameter family e¡ tG 2+ µG associated to super intervals in the

super moduli spaceof bordismsis generatedby an odd operator G. The situation

in the non-supersymmetriccaseis fundamentally di®erent sincethe moduli space

of non-super bordismsconsistsjust of the reduced part of R1j1
> 0, which is R> 0 and

consistsof intervals I t , t > 0. One obtains a one-parameterfamily of operators

associated to theseintervals, e¡ tA , where the operators A now lie in the reduced

part of the super spaceof operators, i.e. the even self-adjoint, Cli®ord-linear

Hilbert-Schmidt operators. Now A can be the squareof an odd operator G, but

does not needto be. Thus the con¯gurations of spectral data of such A will in

generalnot show any symmetry condition. However, it can be shown that the
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spectrum of A needsto be boundedon the left, i.e. it can only have ¯nitely many

negative eigenvalues(if it was a squareit could only have positive eigenvalues).

The left-hand boundednessof the spectra of the operators implies that the space

is contractible: the homotopy is simply given by \stripping all points o® to the

right". Sincewe have a smallesteigenvalue ¸ min for each such operator, we can

simply contract [¸ min ; 1 ). This inducesa continuous homotopy of the spaceof

con¯gurations. The contractibilit y is proven in [27].

Opposedto this, in the supersymmetriccasethe condition that the generator

be odd leadsto con¯gurations symmetricabout the origin. It is not possibleto do

a similar contraction move while respecting symmetry. In fact, even the attempt

to connect a single con¯guration symmetrically to the basepoint-con¯guration

can fail if the con¯guration has a label at 0. We seethus that the spacesof

supersymmetric ¯eld theories have a more interesting homotopy type than the

non-supersymmetricones.

2.3 EuclideanField Theoriesand K -theory.

In this sectionwe quickly explain the relationsbetweeneuclidean¯eld theories

as described above and K -theory. We want to illuminate the main result of [27]

concerningeuclidean¯eld theories:

Theorem 3. There is a homotopyequivalence:

EF T n
»Ã ! ­ 1 + nK O

where the space on the right is the (¡ n)-th space in the ­ -spectrum associated to

K O-theory. Thus the spaces EF T n are representingspaces for K O-cohomology.
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A similar result holds in the complexcase.

K O-cohomologyhasseveral di®erent known descriptions,for exampleasFred-

holm operators or C¤-homomorphisms. We sketch the connectionsbetween the

di®erent models. This part is due to work of S. Stolz and P. Teichner [27], N.

Higsonand E. Guentner [10].

2.3.1 C¤-algebrahomomorphisms.

The relation of euclidean¯eld theoriesto the operator algebrapicture of K O-

theory as given in [10] is taken directly from the paper [27]. The authors of the

former use C¤-algebra homomorphismsto form representing spaces,very much

like [27] usessuper semi group homomorphisms. The ¤-operation provides the

kind of inherent Z=2-grading which is, in terms of ¯eld theories, given by the

super structure. Recall that a C¤-algebra is basically a Banach algebra with a

¤-operation, which is compatiblewith the norm. Another way to think about it is

asa sub-algebraof the algebraof boundedoperatorson somein¯nite-dimensional

Hilbertspace,with the operator norm and the adjoint as ¤-operation (see also

appendix A).

An easyexampleof a C¤-algebra is the algebraof continuous functions on R

which vanish at in¯nit y, C0(R). This is an algebraunder pointwisemultiplication

and can be understood as C¤-algebrawith trivial ¤-operation.

The theorem describing representing spacesfor K O in terms of C¤-algebra

homomorphismsis the following

Theorem 4. (Higson, Guentner) Let H n be an in¯nite-dimensional Hilbert uni-

versewith Cli®ord- structure as before. Then the space C¤(C0(R); K(H n ))Z=2 of

grading-preservingC¤-algebra homomorphismsis homotopyequivalentto K O(¡ n),
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the (¡ n)-th space in (the ­ -spectrum equivalent to) the spectrum K O. In other

words,

C¤(C0(R); K(H n ))Z=2 » ­ 1 + nK O:

Here K(H n ) stands for Cn -linear compact operators on H n . In particular,

Hilbert-Schmidt operators are compact. In fact, grading-preservinghomomor-

phismsÃ as above correspond bijectively to super semi-grouphomomorphisms

Á 2 ssg(R1j1
> 0; K sa(H n )) » EF T n :

The isomorphismis given by sending

(Ã : C0(R) ! K(H n )) ¡ ! (Ã ± ¯ : R1j1
> 0 ! K sa(H n )) ;

where

¯ : R1j1
> 0(S) ! C0(R)(S) : (t; µ) 7! e¡ tx 2+ µx

is an isomorphismof super semi groups. That is, we interpret C0(R) as a super

semigroup, using the grading into even and odd functions to determinefermionic

and bosonicparts and proceedingasbeforewith operator algebras.The details of

this construction and the proof of the isomorphismcan be found in [27], Proposi-

tion 3.2.6.

The basic relation betweenthe con¯guration (or generator) spaceEF T 0
n and

the C¤-homomorphismsis the following

EF T 0
n Ã ! C¤(C0(R); K(H n ))Z=2

G ¡ ! (f 7! f (G));
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wheref (G) is functional calculuswith the operator G on D(G).

The other direction of the mapping is slightly more involved; consideringa

C¤-homomorphismÃ, one has to apply the spectral theorem to derive a decom-

position of H n into simultaneouseigenspacesof the family of operators given by

the imageof Ã. We can apply the spectral theorem,sincethe operators Ã(f ) are

pairwise commuting and compact. The commuting property comesfrom the fact

that Ã is an algebra homomorphismand C0(R) is a commutativ e algebra. The

splitting of H n into thesesimultaneouseigenspacesgives the labels of a con¯gu-

ration. Its points are given by the evaluation points of the eigenvalue function of

a simultaneouseigenspaceV ½ H n :

8V : e : C0(R) ¡ ! R : f 7! ¸ Ã(f )

whereÃ(f )jV = ¸ Ã(f )idV , i.e. ¸ Ã(f ) is the eigenvalueof the operator Ã(f ) on the

eigenspaceV. Note here that the operators Ã(f ) are self-adjoint, sinceÃ has to

respect the ¤-operation, which is trivial on the sourceand taking adjoints on the

target algebra.

As mentioned thesehomomorphismsare given by evaluation at a point x 2 R:

8V 9xV 2 R 8f 2 C0(R) : ¸ Ã(f ) = f (xV ):

We now choose

cÃ : x 7!

8
><

>:

V ; x = xV for someeigenspaceV

f 0g; else

as the con¯guration associated to the homomorphismÃ. The generator of this
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con¯guration is the operator GÃ with eigenvaluesxV on the eigenspacesV and

with domain D(GÃ) :=
L

V, the algebraicdirect sum of eigenspaces.Obviously,

mapping this back to a functional calculushomomorphismGÃ : f 7! f (GÃ) gives

GÃ : f 7! f (GÃ) = § V f (xV )¼V = § V ¸ Ã(f )¼V = Ã(f ):

Thus we have a bijection EF T 0
n Ã ! C¤(C0(R); K(H n ))Z=2. It can be shown that

this is a homeomorphism.This reliesagain on the basicfact that both spacesare

indeedoperator, or con¯guration spaces.

2

2.3.2 Cli®ord-modules.

A well-known model of K O-homology is as (quotient) spacesof isomorphism

classesof Cli®ord-modules, to be more precise,we have

K On (pt) »= M (Cn )=i¤M (Cn+1 )

wherei ¤ is the inclusion of Cn -modulesinto Cn+1 -modules, i.e. moduleswhich ex-

tend to the next higher level of Cli®ord-structureand the M (Cn ) the Groethendieck

groupsof isomorphismclassesof modulesas before.

The connectionbetweenthis model and euclidean¯eld theorieslies in the index

of the generatingoperators of each euclidean¯eld theory. As we saw before, the

information of a 1-dimensionaleuclidean¯eld theory of degree¡ n is contained

in a (Dirac-like operator) on the Hilbert-universeH ¡ n . The kernel of this odd

operator (or, respectively, the index of the operator restricted to the even part of

the Cli®ord-module H ¡ n ) is a C¡ n -right module, or equivalently, a Cn -left module.
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One obtains a map

¼0EF T ¡ n ¡ ! K On (pt) : [E ] 7! [ker(GE )]:

whereGE is the generatingoperator of the ¯eld theory functor E. Thus euclidean

¯eld theories contain someindex information: For instance for those examples

of ¯eld theoriescoming from Dirac operators D on closedspin manifolds, where

the kernel above is just the index of the positive-chiral Dirac operator D + on the

positive part of the spinor bundle.

2.3.3 Fredholm operators.

The connectionbetweenEF T n (or EF T 0
n , respectively) and the spacesof Cn -

linear, odd, self-adjoint, bounded Fredholm operators, which form representing

spacesfor K O-cohomology, is plain: A generator G of a ¯eld theory becomes

Fredholm if we take somecareof its spectrum. Oneneedsto apply functional cal-

culuson the domain with a Cayley-transform type function to obtain an operator

Â(G) with eigenvalues(on the unit sphereor) in [¡ 1; 1]. This operator is bounded

and can be extendedto all of H . Its even part giveswhat we want: The operator

Â(G)+ := Â(G)jH ev is Fredholm with index

ind(Â(G)+ ) = sdim(ker(G)):

We remark hereagain, that the goal is not to provide someK -theory model, but

rather the opposite: To provide the ¯eld theory model in this particular case.
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CHAPTER 3

CONNECTIVE 1-DIMENSIONAL EUCLIDEAN FIELD THEORIES.

In this chapter we build a connective version of the spectrum of operator

spaces,respectively con¯guration spaces,EF T 0
n . We have seenin the preceeding

chapter how thesespacesare equivalent to the spacesof 1-dimensionaleuclidean

¯eld theoriesasgiven in [27] and how they represent periodic K O-theory. Now we

introducea newcondition on the con¯gurations (or their generators,respectively).

We then show that the subspacescreatedby requiring the extra condition form

an ­-sp ectrum themselvesand are connective coversof the original spacesEF T 0
n .

In fact, they form a spectrum for the connective cohomologytheory eft associated

to EF T . We thus alsoderive a new model for connective ko-theory.

3.1 De¯nitions and Theorems.

Let us now give the main de¯nitions. Recall that a left C¡ k-structure on the

Hilbert spacecan equivalently be interpreted as a right Ck-structure.

De¯nition 61. Let H k
n 2 HS be a Hilbert space with compatible C¡ k ¡ Cn -bimodule

structure. Then for k > 0, we de¯ne spaces

EF T (H k
n ) :=

½

G 2 EF T (Hn ) G2 is C¡ k ¡ Cn -linear

¾
:
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We de¯ne the ¯nite version

E bF T (H k
n ) :=

½

G 2 EF T (H k
n ) dim(D(G)) < 1

¾
;

and for the Hilbert universeH k
n we set

EF T k
n := EF T (H k

n):

We de¯ne the corresponding operator, and con¯guration spaces:

Sym(H k
n ) :=

½

G 2 Sym(Hn) G2 is C¡ k ¡ Cn -linear

¾
;

Conf (X ; H k
n ) :=

8
><

>:

con¯gurations 8x 2 X : c(x) © c(®(x))

c 2 Conf (X ; Hn ) is a C¡ k ¡ Cn -bimodule

9
>=

>;
:

Again the symbols Cconf (X ; H k
n ) and Sbym(H k

n ) stand for the ¯nite-domain ver-

sions as before.

Then we have again the relations

E bF T (H k
n ) ½ EF T (H k

n ) ½ Sym(H k
n )odd ¼ Conf (R; H k

n );

E bF T (H k
n ) ¼ Sbym(H k

n )odd ¼ Cconf (R; H k
n );

with the usual (symmetry) involution on R as before,and we have the analogous

Prop osition 62. For Hilbert spaces H k
n as above and for all n and k > 0, there

is a homotopyequivalence

Conf (R; H k
n ) » Cconf (R; H k

n ):
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This implies also

EF T (H k
n ) » E bF T (H k

n ):

Proof. This is completelyanalogousto the lemmain the preceedingchapter. One

contracts a neighbourhood of the basepoint continuously. This move does not

change the labels of con¯gurations, and does therefore not a®ect the Cli®ord-

linearity properties.

2

These are con¯gurations where the symmetric sums of labels carry \more"

Cli®ord-structure. Note in particular, that then also the ¯xp oint-labels of the

symmetry involution (c(0), in our case)have this richer structure. The 0-label

plays an important role as the Cli®ord-module associated to a ¯eld theory, de-

termining a map into the K O-homologyof a point as described in Chapter 2. If

k > 1, the Cli®ord-structureon this label will extendto the next higher one. Thus

the con¯gurations in the spacesde¯ned abovecorrespond to the trivial equivalence

classof modules in K O-homology.

The next remark shows that the spacesEF T k
n for positive k are indeedcon-

nected. In fact, the generalprinciple behind the construction is to gain higher

connectivity properties of the operator spaces\in exchange" for higher Cli®ord-

structure on the operators (con¯gurations, respectively).

Remark 63. Let G 2 EF T (H k
n ) where k > 1, and regard the ¯rst additional

generator f 1 of the algebra C¡ k acting by left multiplication. This generator f 1

squares to +1 and commutes with G2 as well as with all n generators ei , i =

1; : : : ; n, of the algebra Cn , where the latter act by multiplication from the right.

The odd operator f 1 acts on the kernel of G, ker(G) = ker(G2), with eigenvalues
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(§ 1). Then we can use the projection onto the kernel of G, ¼ker(G) , to de¯ne a

homotopy

H t (G) := (
1

1 ¡ t
)G + (

t
1 ¡ t

)¼ker(G) f 1; t 2 [0; 1]:

Here the domain D(H t (G)) := D(G) staysthe samefor all t 6= 1. As t increases,

H t (G) movestowardstheunbounded operator with trivial domain, whichrepresents

the basepoint in EF T (H k
n ).

Let us check this in detail. The projection operator is even and commutes

with all Cli®ord actions in question,since it projects onto the kernel of G which

is a C¡ k ¡ Cn -bimodule. The combination with f 1 makesthe operator odd and

satis¯es all required Cli®ord linearity conditions as shown above. Furthermore,

the commutator of the two summandsis trivial: [G; ¼ker(G) f 1] = 0. This is because

both combinationsof the two operators are trivial:

(G¼ker(G) f 1)v =

8
><

>:

G(f 1v); f 1v 2 ker(G)

G(0) ; f 1v 2 ker(G)?

= 0

and by a similar calculation

(¼ker(G) f 1G)v =

8
><

>:

¼ker(G) f 1(0) ; v 2 ker(G)

¼ker(G)(f 1Gv); v 2 ker(G)?

= 0

where the last equation holds because v 2 ker(G)? implies Gv 2 ker(G)? =

ker(G2)? and since G2 commuteswith f 1, also f 1Gv 2 ker(G)? . This calculation
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thus determinesthe eigenvaluesof H t (G) to be

¸ t =

8
><

>:

( t
1¡ t ) ; on ker(G)

( 1
1¡ t )¸; on ker(G)?

where the ¸ are the eigenvaluesof G. So for t = 0, we haveH 0(G) = G. At the

levelof con¯gurations, this meansthat H t connects a con¯guration in Conf (R; H k
n )

to the (empty) basepoint con¯guration by splitting the 0-label along the involution

given by f 1 and pushingthe two parts given by the (§ 1)-Eigenspaces of f 1 sym-

metrically out to the basepoint of R+ , along with all other labels. This move is

continuous by Corollary 54.

In other words, we have establishedthe

Prop osition 64. For H k
n as abovewe have

¼0(EF T (H k
n )) = 0; k > 1:

2

The above providesa ¯rst pieceof evidencefor the following main theorem(where

we restrict attention to the spacesEF T k
n of ¯eld theorieson the Hilbert universe

de¯ned in the preceedingChapter).

Theorem 5. Let k > 0. Then the spaces EF T k
n are (k ¡ 1)-connected coversof

the spaces EF T 0
n in the spectrum EF T ,

EF T k
n » EF T 0

n < k > :
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Corollary 65. Setting

eft¡ n := EF T n
¡ n

one obtains an ­ -spectrum and a weak homotopyequivalence

eftn » ­ 1 + nko:

Here the latter again is the (¡ n)-th space in the ­ -spectrum associated to (con-

nective) ko-cohomology.

3.2 The quasi-¯bration setup

This proof was inspired by a paper of Mark Behrens,[3].

We will show that for k > 0 and all n, there are quasi-¯brations with contractible

total space:

E bF T k
n+1

//b� k
n+1

p
²²

E bF T k+1
n

We will start this section by de¯ning the total spacesand show their con-

tractibilit y. The de¯nition of the map p follows and we will take a look at the

preimages(¯b ers) of p. In the next sectionwe will then show the quasi-¯bration

properties using a theorem of Dold-Thom [6] and ¯nally put the piecestogether

to give the statements of the theorem.
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3.2.1 De¯nitions.

De¯nition 66. Let k > 0. Set Rpos := [0; 1 ). We de¯ne classesof operators

corresponding to our de¯nitions of E bF T k
n :

Sbym+ (H k
n ) :=

½

A 2 Sym(H k
n ) ¾(A) ½ [0;1 )

¾
:

Then set

^�

(H k
n ) :=

8
><

>:

(G; E) in D(E) = D(G) =: D; G and E

E bF T (H k
n ) £ Sbym+ (H )ev commuteon their domain

9
>=

>;
:

As topological space, this is again a con¯guration space:

^�

(H k
n ) 1¡ 1Ã ! Cconf (R £ Rpos; H k

n );

where the symmetry involution on R £ Rpos is given by °ipping the sign of R:

® : R £ Rpos ! R £ Rpos : (t; s) 7! (¡ t; s):

The last part of this de¯nition is a statement to be checked: We verify that the

con¯gurations on R £ Rpos with the given symmetry involution in fact correspond

to the pairs of commuting operators in b� k
n :

Starting from a con¯guration c 2 Cconf (R £ Rpos; H k
n ), we form two operators

G, E, by \pro jecting" onto the two components: First, let

D(E) := D(c) =: D(G):
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Then set

E :=
X

¹

¹
X

¸ 2 R

¼c(¸;¹ ) ; i.e. Esp(E; ¹ ) =
M

¸ 2 R

c(¸; ¹ ):

To form G we proceedthe sameway and get:

G :=
X

¸

¸
X

¹ 2 [0;1 )

¼c(¸;¹ ) ; i.e. Esp(G; ¸ ) =
M

¹ 2 [0;1 )

c(¸; ¹ ):

It is clear that G and E commute on their domain (since they commute on each

simultaneouseigenspace).Their spectra are discreteand ¯nite, sincethe original

con¯guration c had ¯nitely many points. We further seethat the operators have

the correct Cli®ord-structure and degree:

- The eigenspacesof E in particular consistof symmetric pairs c(¸; ¹ ) © c(¡ ¸; ¹ ).

Each pair of labels is a C¡ k ¡ Cn -linear subspaceby de¯nition of c 2 Cconf (R £

Rpos; H k
n ). Thus the direct sum of symmetric pairs is alsosuch a bimodule. They

are alsograded subspaces,for the samereason(symmetric pairs). Thus E is even

and C¡ k ¡ Cn -linear.

- For G oneobtains that

²(Esp(G; ¸ )) =
M

¹ 2 [0;1 )

²(c(¸; ¹ )) =
M

¹ 2 [0;1 )

c(¡ ¸; ¹ ) = Esp(G; ¡ ¸ )

and thereforeG is odd. We alsoseethat the sum

Esp(G; ¸ ) © Esp(G; ¡ ¸ )

is a C¡ k ¡ Cn -linear subspacefor each ¸ , sinceit is a symmetric sum in the con¯g-

uration c. The single eigenspacesare only Cn -right linear. The symmetric sums
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of two eigenspacesabove are the eigenspacesof G2, thus we have the correct

Cli®ord-linearity properties for G.

Vice versa, one generatesa con¯guration on R £ Rpos from the data of the

operators (G; E). Sincethe two commute on their commondomain D, one can

oncemoreapply the spectral theoremto obtain a simultaneouseigenspacedecom-

position (of D). We then let

c : R £ Rpos ¡ ! Gr (H ) : (¸; ¹ ) 7! Esp(E; ¹ ) \ Esp(G; ¸ ):

This con¯guration has the correct properties, by similar considerationsas above.

Note 67. There exists a non-¯nite version
�

(H k
n ) of the spaces ^�

(H k
n ): The

operators G will be elementsin EF T (H k
n ); i.e. eigenvaluescan accumulateat the

basepoint in R+ . The spectrum ¾(E) of E will as well be allowed to havepoints

accumulating at in¯nity. Then

Conf (R £ Rpos; H k
n ) oo 1¡ 1 //

OO
»

²²

�

(H k
n )

OO
»

²²
Cconf (R £ Rpos; H k

n ) oo 1¡ 1 // ^�

(H k
n )

The vertical homotopyequivalencesare easyby contracting a neighbourhood of the

basepoint in R+ ^ Rpos
+ . The map p described below can be extended to the non-

¯nite spaces without changingde¯nition, since it's de¯nition does not depend on

the dimensionof the domainsof con¯gurations or operators, respectively.

To easeworking with the spacesin the following, it is pleasant to havea picture

of the con¯gurations in mind. See¯gure 3.1 for a picture of the total spaceof

con¯gurations.
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E

(G,E)

(0,1)

G

Figure 3.1. A con¯guration in b� k
n . Con¯guration points are indicated as

round dots and the symmetry axis is indicated by a dashedline. Labels
at the points are not shown.

Lemma 68. The spaces ^�

(H k
n ) are contractible.

Proof. Usethe contracting homotopy on the underlying space:

R £ Rpos £ I ¡ ! R £ Rpos :

H t (¸; ¹ ) := (¸; (1 ¡ t)¹ + ( t
1¡ t )) :

This inducesa homotopy H on Cconf (R £ Rpos; H k
n ), which contracts con¯gura-

tions by moving the points along the given vertical °ow (see¯gure 3.2) to the

basepoint, without changing the labels. This is continuousby Corollary 54, since

the underlying homotopy of the spaceis.

2

Before de¯ning the map p, it is convenient to give namesto the generators

of the Cli®ord-algebrasacting on the labels. We will typically usecon¯gurations

with n + 1 generatorsof Cn+1 acting from the right, and k generatorsof C¡ k acting

from the left. Thus let us de¯ne the following
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E

(G,E)

G

Figure 3.2. The contracting homotopy H on b� k
n .

Notation 69. We ¯x throughoutthe proof the followinggenerators of a C¡ k ¡ Cn+1 -

structure on the Hilbert universeH k
n+1 :

e0; e1; : : : ; en with e2
i = ¡ 1 acting by multiplication from the right

f 1; : : : ; f k with f 2
i = +1 acting by multiplication from the left;

and we determinean additional generator f 0 to be

f 0 := ²e0

where ² is the grading involution on H. The generator f 0 is considered as acting

from the left, and squares to +1.

Prop osition 70. (and De¯nition) There is a map

b� k
n+1

p
²²

(G; E)
_

²²

E bF T k+1
n

eG := G + ln (E)f 0
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where the domain of eG is given by D( eG) := D \ ker(E)? for pairs (G; E) with

common domain D.

Proof. It is not immediately obvious that the operators formed this way should

be elements of the target space.The neccessarychecks are donebelow. Secondly,

onewould like to gain somemore insights on how con¯guration points and labels

aremappedby p. This meansin particular that we have to look at the eigenvalues

and eigenspacesof the operator G + ln (E)f 0 with respect to the spectral data of

G and E. All calculations given here hold on the domains of the operators in

question.

Assume eG := p(G; E) = G + ln (E)f 0 for some pair (G; E) 2 b� k
n+1 with

commondomain D. Then we see:

- eG is odd. This is easyto seesinceG and f 0 are odd operators and E is even.

- eG has the following eigenvalues: If § ¸ , ¹ are eigenvaluesof G, E, respectively,

then eG hasthe eigenvalues§
p

¸ 2 + (ln ¹ )2. SinceG and E commute by de¯nition

of b� k
n+1 , we have

G ln (E)f 0 + ln (E)f 0G = G ln (E)f 0 ¡ ln (E)Gf 0 = 0

and thus eG2 = G2 + (ln (E)f 0)2. Furthermore, since

(ln (E)f 0)2 = ln (E)f 0 ln (E)f 0 = ln (E)f 2
0 ln (E) = (ln (E))2

oneobtains that

eG2 = G2 + (ln (E))2:

This leadsto the eigenvaluesgiven above. Note that this meansthat all combi-
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nations (¸; ¹ ) with

r 2 = ¸ 2 + (ln ¹ )2

give the sameeigenvalues§ r of eG. Thus all con¯guration points (¸; ¹ ) which lie

on the curve described above are mapped to the symmetric pair of points § r in

the imagecon¯guration. This is illustrated in ¯gure 3.3. In particular, this also

implies that the spectrum of eG is discrete and ¯nite .

- eG2 has the following eigenspaces: We have

Esp( eG2; r 2) =
M

r 2= ¸ 2+(ln ¹ )2

Esp(G; ¸ ) \ Esp(E; ¹ ):

This is again due to the spectral theorem, which grants the decomposition in

simultaneouseigenspaces,sincethe operatorsG and E commute on their domain

D.

- eG hasdomain D( eG) := D \ ker(E)? . This is the domain of ln (E), which is not

de¯ned on the subspaceker(E) = Esp(E; 0). The operator f 0 is de¯ned every-

whereand G is de¯ned on D. Togetherwith the above discussionof eigenvalues,

this shows that eG is de¯ned on the above domain.

- eG has the correct Cli®ord-linearity : We show that eG commuteswith e1; : : : ; en

and not with e0. For the ei , i = 1; : : : ; n this is easy:

eGei = (G + ln (E)f 0)ei = (G + ln (E)²e0)ei = ei (G + ln (E)²e0) = ei
eG;

sincethe ei anticommute both with e0 and ² and commute by de¯nition with G

and E. Along the sameequationswe also seethat the trick doesnot work with

e0 sinceit commutes with itself and thereforeanti-commutes with ln (E)f 0. But
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it still commutes with G. We get

eGe0 = Ge0 + ln (E)²e0e0 = e0G ¡ e0 ln (E)f 0:

Therefore eG is Cn -linear but not Cn+1 -linear with respect to the given generators.

The secondproperty to verify is that the squareof eG is in fact C¡ (k+1) ¡ Cn -bilinear.

We check commutativit y of the squarewith f 0; f 1; : : : ; f k :

eG2f i = (G2 + (ln (E))2)f i = f i (G2 + (ln (E))2); i = 1; : : : ; k:

This is easyto seesinceG is in E bF T k
n+1 and E itself is C¡ k ¡ Cn+1 -bilinear. Thus

the squaresof both commute with the above generators(on D). For f 0 we get

eG2f 0 = (G2 + (ln (E))2)f 0 = G2²e0 + (ln (E))2²e0 = ²e0(G2 + (ln (E))2) = f 0
eG:

Thus the operators have the required Cli®ord-structure of E bF T k+1
n .

2

We have alsoshown the corollary

Corollary 71. In terms of con¯gurations, the map p looks like

Cconf (R £ Rpos)k
n+1

p
²²

c_

²²
Cconf (R)k+1

n p(c) : r 7! L r (p(c))

where L § r (p(c)) representsthe (§ r )-eigenspace of the generating odd operator on
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Ĝ

E

(G,E)

0

(0,1)

G

Figure 3.3. The map p on con¯guration spaces.The indicated curves
sketch the lines r 2 = ¸ 2 + (ln¹ )2. All points on such a curve are mapped

to § r , symmetric pairs of labels on a curve are added,split using the
involution given by f 0, and then distributed to + r and ¡ r accordingly.

the sum of labels

L r (p(c)) © L ¡ r (p(c)) =
M

¸ 2+(ln ¹ )2= r 2

c(¸; ¹ ):

2

3.2.2 Continuity and ¯b ersof the maps.

We have not yet checked the continuity of this map. This is slightly more

involved than in the caseof continuousmapsfrom X to Y asstudied in Corollary

54. We collect sumsof labels from the curves¸ 2 + (ln ¹ )2 = r 2, but we split those

direct sumsinto the symmetric parts (the + r and ¡ r labels) using the involution

f 0. Thus the map does not comesimply from a map on the underlying spaces.

To show continuity it is useful to know the preimagesof con¯gurations under p.
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Thereforethe proof of continuity will follow a short discussionof the preimages.

Assume eG = p(G; E) = G + ln (E)f 0 is an operator in the image of p, with

domain D( eG) µ D := D(G). Then we can recover certain parts of the the

data of G and E in the preimage by comparing eG to f 0. Recall that eG 2

E bF T k+1
n does not commute with f 0, only its square does. The graded commu-

tator of eG and f 0 (which is de¯ned on the domain of eG, since f 0 is bounded)

should thus split the eigenspacesof the square eG2 into eigenspaces,correspond-

ing to \how well" the parts commute with f 0. On D( eG), we can calculate:
1
2 [ eG; f 0] = 1

2(Gf 0 + ln (E)f 2
0 + f 0G + f 0 ln (E)f 0)

= 1
2(Gf 0 + ln (E) ¡ Gf 0 + ln (E)f 2

0 )

= 1
2(ln (E) + ln (E)) = ln (E)

sinceG anti-commuteswith

f 0 = ²e0 and E commutes with f 0 by de¯nition.

We cannot recover the full information about E, sincewe needto restrict our-

selvesto computing on D( eG) = D \ ker(E)? , wherethe operatorsarecomposable.

In particular, it is not possibleto determineker(E) this way. But we can recover

both operators on D( eG). To obtain G, we just needto subtract ln (E)f 0 from eG.

Thus for a general eG 2 E bF T k+1
n , we set

E( eG) := exp( 1
2[ eG; f 0]);

G( eG) := eG ¡ 1
2[ eG; f 0]f 0;

where

D(E( eG)) := D( eG) =: D(G( eG)):

Now letting (E( eG); G( eG)) be as above shows that the map p is surjective:

p(G( eG); E( eG)) = G( eG) + ln (E( eG))f 0

= eG ¡ 1
2[ eG; f 0]f 0 + 1

2 [ eG; f 0]f 0 = eG;
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and the domains¯t together as prescribed (the kernel of E( eG) = exp( 1
2[ eG; f 0]) is

trivial). Now for any operator T 2 E bF T (D( eG)? ) with D(T) ½ D( eG)? , we de¯ne

operators E( eG)T , G( eG)T with domains

D(E( eG)T ) := D(G( eG)T ) := D( eG) © D(T); such that

E( eG)T :=

8
><

>:

0D(T ) ; on D(T)

E( eG); on D( eG)
G( eG)T :=

8
><

>:

T ; on D(T)

G( eG); on D( eG)
:

Here 0D(T ) is the trivial operator on the domain D(T): it is clearly even and

inherits the correct Cli®ord-linearity from T (since the domain is a C¡ k ¡ Cn+1 -

linear subspace). In terms of con¯gurations this describes the inclusion of the

con¯guration of T at the line R £ f 0g of the total space.

Note that hereand in the following we suppressthe notion of Cli®ord-linearity

in expressionslike E bF T (D( eG)? ), since it is clear which Cli®ord-structure the

spacescarry.

Then we have

p¡ 1( eG) =
½

(G( eG)T ; E( eG)T ) T 2 E bF T (D( eG)? )

¾
:

From the above description of the preimageswe have the immediate

Corollary 72. The map p is surjective.

2

Now we can set about to show continuity of the map p.

Lemma 73. The map p is continuous.
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We have seenthat the eigenvaluesof the operators in the image, eG := G +

ln(E)f 0 depend continuously on the eigenvaluesof G and E. Furthermore, pre-

cisely the sum of all labels on a curve r 2 = ¸ 2 + (ln¹ )2 is mapped to the sum

of labels of eG at § r . Thus, the eigenspaces of eG2 depend continuously on the

eigenspacesof G and E in the sensethat

L r ( eG) := Esp( eG2; r 2) =
M

¸;¹

(Esp(G; ¸ ) © Esp(E; ¹ ))

for all pairs (¸; ¹ ) on the above curve. What is left to seeis that the root eG has

eigenspaces which depend continuously on G and E.

To do this, considerthe combination de¯ning open sets in the spacesof gen-

erators

b� k
n+1

//E bF T k+1
n ¼ Sbym(H k+1

n )odd
# f //Bdd(H k+1

n )

for f 2 C0(R). We needto show that for all (G; E) 2 b� k
n+1 , all ², and for each f

we can ¯nd an open neighbourhood U±(G; E) such that

8(G0; E 0) 2 U±(G; E) :k #f p(G0; E 0) ¡ #f p(G; E) k< ²:

This implies that the open set in E bF T k+1
n de¯ned by the pre-imageof an ²-ball in

Bdd(H k+1
n ) under #f , has an open preimageunder p in the total space;sincewe

can ¯nd small open neighbourhoods U±(G; E) of preimage-points (G; E), which

are themselvescontained in the preimageof the ²-ball.
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Pick ² and f . Let supp(f ) be the support of f in R and set

Sf :=
½

(¸; ¹ ) 2 R £ Rpos) §
p

¸ 2 + ln¹ 2 2 supp(f )

¾
:

Then we have only ¯nitely many con¯guration points of (G; E) on Sf . We denote

those eigenvalues by (¸ j ; ¹ i ) and the projection onto the labels by pr j (G) :=

¼E sp(G;¸ j ) , pr i (E) := ¼E sp(E ;¹ i ) . Now for each pair (¸ j ; ¹ i ) we build an open set in

R £ Rpos:

V±(j ; i ) :=
½

(x; y) 0 < j¸ j ¡ xj < ±; 0 < jln¹ i ¡ lnyj < ±

¾
:

Then we take L±(j ; i ) the ±-ball around Esp(E; ¹ i ) \ Esp(G; ¸ j ) in Gr (H), and

form the ¯rst part of our set,

U(V±(j ; i ); L±(j ; i )) :

Now for (G0; E 0) 2 U(V±(j ; i ); L±(j ; i )) one has ¯nitely many con¯guration

points in V±(j ; i ). For easeof notation, we suppressthe notions j ; i and ± in

the following calculation. We write (G0; E 0) on the set V := V±(j ; i ) by

G0jV :=
P

l ¸ lprl (G0); E 0jV :=
P

k ¹ kprk(E 0)

wherenow

k
X

l

prl (G0) ¡ pr(G) k< ±; j
X

l

¸ l ¡ ¸ j < ±:

k
X

k

prk(E 0) ¡ pr(E) k< ±; j
X

k

ln¹ k ¡ ln¹ j < ±:
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Then we can calculate

k f (G0jV + ln(E 0jV )f 0) ¡ f (GjV + ln(E jV )f 0) k=

= k
P

l f (¸ l )pr l (G0) ¡ f (¸ )pr(G) + (
P

k f (ln¹ k)prk(E 0) ¡ f (ln¹ )pr(E))f 0 k

·k
P

l f (¸ l )pr l (G0) ¡ f (¸ )pr(G) k + k
P

k f (ln¹ k)prk(E 0) ¡ f (ln¹ )pr(E) kk f 0 k

·k
P

l (f (¸ l ) ¡ f (¸ ))pr l (G0) k + k f (¸ )(pr(G) ¡
P

l prl (G0)) k +

k
P

k(f (ln¹ k) ¡ f (ln¹ ))prk(E 0) k + k f (ln¹ )(pr(E) ¡
P

k prk(E 0)) k

< l±f + f (¸ )±+ k±f + f (ln¹ )± < ²

for ± ¡ ! 0. Here±f < ±mf dependson the maximal slope mf of f on V, but since

f is continuous, we can make this quantit y as small as we want by decreasing±.

Now we only have to de¯ne the set

U±(G; E) :=
\

i;j

U(V±(j ; i ); L±(j ; i ))
\

U(W; f 0g)

for all (j ; i ) in question,where

W := Sf n
[

i;j

V1
2 ±(j ; i )

is the complementary part which guaranteesthat there are no eigenvaluesoutside

the small neighbourhoods around the (¸ j ; ¹ i ). Then all con¯guration points of

elements in this set have to lie in the single open squaresaround the points of

(G; E). With the corresponding calculation one seesthat the ±'s can be made

small enoughto obtain imagesin the ²-neighbourhood of p(G; E) given by the

compactly supported function f . This ¯nishes the proof.

2
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Now we can study the ¯b ers in more detail. We have

Corollary 74. Let eG 2 E bF T k+1
n . Then there is a homeomorphism

Á : E bF T (D( eG)? )
¼ //p¡ 1( eG) : T Â //(G( eG)T ; E( eG)T ):

Proof. We have

E bF T (D( eG)? ) =
½

T 2 E bF T k
n+1 D(T) ½ D( eG)?

¾
:

Clearly, the map Á is a bijection. This follows immediately from the struc-

ture of the preimageof eG as discussedabove. It remains to show that it is a

homeomorphism. This is clear as well: Let U(V; L) be an open set of on¯gu-

rations in the preimagep¡ 1( eG). This preimageconsistsof con¯gurations with

certain prescribed points (¸; ¹ ), where ¸ and ¹ are the eigenvalues of G( eG)

and E( eG), respectively. Let us denote the corresponding labels by L(¸; ¹ ) :=

Esp(G( eG); ¸ ) \ Esp(E( eG); ¹ ). These points are contained in the interior of

R £ Rpos. Now there are several casesfor U(V; L).

Firstly, let us assumethat U(V; L) is not empty. This implies that V and L

are such that if V contains any points of the con¯guration (G( eG); E( eG)), then

the sumsof labelsof it are contained in L. If this wasnot the case,no element of

p¡ 1( eG) would lie in U(V; L), sincethey all contain the points of (G( eG); E( eG)).

Now consider the caseU(V; L) with V \ R £ f 0g = ; . Then we claim that

Á¡ 1(U(V; L)) is already all of E bF T (D( eG)? ). SinceV doesnot contain any part

of the line R £ f 0g, wherethe con¯guration of someT 2 E bF T (D( eG)? ) would be

included, there is no condition on the image Á(T) to ful¯ll the criterion of lying

in U(V; L). All parts of Á(T) which lie in the interior of R £ Rpos agreewith

95



(G( eG); E( eG)) by de¯nition of the Á. Thus the preimageof U(V; L) contains all

T 2 E bF T (D( eG)? ). In fact, sincewe have assumedthat U(V; L) is not empty, this

implies here that all of p¡ 1( eG) is contained in U(V; L), sinceV can only contain

prescribed points.

Now assumeU(V; L) has V \ R £ f 0g 6= ; . If V contains prescribed points

(¸; ¹ ) of (G( eG); E( eG)), then the labelsL(¸; ¹ ), combined with the labelsof points

on the axis R £ f 0g must lie in L. We have thus:

Á(T) 2 U(V; L) ( ) L V \ R£f 0g(T)
M

(¸;¹ )2 V

L(¸; ¹ ) 2 L:

Here the ¯rst part is the sum of labelsof Á(T) which belongto points in the part

V \ R £ f 0g. Then we have

Á¡ 1(U(V; L)) = U(V \ R £ f 0g; L);

where

L :=

(
L L

M

(¸;¹ )2 V

L(¸; ¹ ) 2 L
)

is the set of labelswhich make up L after adding the ¯xed ones.This is open; one

just hasto check that the operator normsof the correspondingprojection operators

form an open set. SinceL was open, L is as well. Certainly, if V originally did

not contain any of the (¸; ¹ ), the sameholds: Á¡ 1(U(V; L)) = U(V \ R £ f 0g; L),

without the extra condition on the labels. Thus Á is continuous.

The other direction is simple: Let U(VR; L) be an open set in E bF T (D( eG)? ).

Then the image under Á is open: We can ¯nd a small neigbourhood around

VR £ f 0g in R£ f 0g which doesnot contain any of the (¯nitely many) points (¸; ¹ )

of (G( eG); E( eG)), for exampleVR £ [0; ²) := V for some². Then Á(U(VR; L)) =
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U(V; L), sincethere can not be points on the strip VR £ (0; ²) in p¡ 1( eG). Thus Á

is open.

2

By the last corollary, in particular the preimageof the basepoint con¯guration

in E bF T k+1
n is homeomorphicto E bF T k

n+1 . The inclusion of this ¯b er is inclusion

at the line line R £ f 0g:

E bF T k
n+1

//b� k
n+1 : T Â //(T; 0D(T )):

Here 0D(T ) is the trivial operator on the domain. It is clear that

p : (G; 0D(G)) 7! ¤

mapsto the basepoint in E bF T k+1
n , since

D(G) \ ker(0D(G))? = D(G) \ D(G)? = ; :

3.2.3 Weak homotopy type of the ¯b ers.

We would next like to study the homotopy type of the ¯b ers.

Prop osition 75. Let eG, eS 2 E bF T k+1
n , with D( eG) ½ D( eS). Then there is a weak

homotopyequivalence of the ¯bers

p¡ 1( eS) » p¡ 1( eG):

induced by the inclusion D( eS)? i¡ ! D( eG)? .
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Proof. To prove this we have to proceedin two stepswhich we will each treat in

the form of a lemma.

Lemma 76. Let H k
n againbe an in¯nite-dimensional Hilbert space with compatible

C¡ k ¡ Cn -module structure. For a compact space K and a continuous map c as

below, there is a ¯nite-dimensional subspace T (c)k
n ½ H k

n and a factorization of c

up to homotopy:

Cconf (R; T (c)k
n)

i
//Cconf (R; H k

n )

K

c» i±~c

OO

~c

jjUUUUUUUUUUUUUUUUUUUU

Proof. (of lemma) First we construct the ¯nite-dimensional spaceT (c). It will

carry (up to homotopy) the information of the imageof K in Cconf (R; H k
n ).

Considerto this purposethe map c on Grassmannians:

¹c : K ¡ ! Gr gr (H k
n ) : x 7! D(c(x)):

HereGr gr (H k
n ) denotesthe spaceof gradedC¡ k ¡ Cn -linear subspacesof H k

n . Since

the map assignsdomains, which are graded subspacesover the full algebra, we

cancount the dimensionsin the senseof gradedirreducible modules(seeappendix

A). However after pointing this out, we suppressthe notion of Cli®ord-linearity

on dimensionsand such for the rest of this proof. Recall further that in H k
n

orthogonal projections onto Cli®ord-linear subspacesare Cli®ord-linear.

Sincethe map c into con¯gurations is continuous,we seethat ¹c is upper semi-

continuous: The dimension of domains of a continuous path of con¯gurations

can jump, but only \downwards": The dimension jumps by l whenever an l-

dimensional pair of labels L = L + © L ¡ moves into or out of the basepoint.
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Thesejumps are upper semi-continuous: For if ct describesthe movement of such

a pair into the basepoint, t 2 [0; 1], (consider for example the path of one-pair

con¯gurations given by ct ( § 1
1¡ t ) := L § ), we see

dim(D(ct )) =

8
><

>:

l > 0; t 2 [0; 1)

0 ; t = 1

Now let y 2 im(¹c) be a point such that there is a neighbourhood Ny with

dim(y0) 6 dim(y), for all y0 2 Ny \ im (¹c). We call the set of such points C0
¹c . Let

now f U(y° )gy° 2 C0
¹c

be the maximal open cover of the imageim(¹c) of K , such that

the subspacesy 2 U(y° ) have

dim(¼y° (y)) = dim(y); 8y 2 U(y° );

i.e. such that the projectionsof subspacesy onto y° are C¡ k ¡ Cn -linear monomor-

phisms for all y 2 U(y° ). Then the preimagesof thesesetsunder ¹c are open in

K (this follows from the discussionof upper semi-continuity). Hencethey form

an open cover of K and by compactnessthere is a ¯nite subcover. Let us de-

note by x i 2 K the preimagesof yi which are contained in this ¯nite subcover:

¹c(x i ) = yi 2 U(yi ).

Then we de¯ne the ¯nite-dimensional subspacespanned by the subspacesyi :

T (c) := hyi ; i = 1; : : : ; mi :

Sonow for all u 2 im(¹c) the projections¼T (c)(u) aremonomorphicandCli®ord-

linear sinceall such u lie in oneopensetaroundsomeyi (this property is what was

meant by the spacecarrying the information of the imageof c). We call this space
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transversalto the imageof K underc. Then wecande¯ne a map of con¯gurations,

projecting the labels of con¯gurations in the imageonto this transversalspace:

~c := (¼T (c) ±c) : K
c //Cconf (R; H )

¼T ( c) //Cconf (R; T (c)) :

x Â //c(x) Â //~c(x) : r 7! ¼T (c)(c(x)(r )) :

The above givescon¯gurations with the correct Cli®ord-structure: T (c) is a C¡ k ¡

Cn -module, sinceall the domainsyi = D(c(x i )) are. Sincethe projections of the

domains of con¯gurations in the image onto this transversal spaceare Cli®ord-

linear, their imagesare still C¡ k ¡ Cn -modules. For the samereasonthe projection

mapsalsopreserve the label structure of the singlecon¯gurations.

Now we usethe combination of projection and inclusion

maps(K ; Cconf (R; H k
n ))

¼T ( ¢) //
maps(K ; Cconf (R; T (¢)k

n ))
i

oo

to show that c is homotopic to i ± ~c = i ± ¼T (c) . The basic idea is to \turn

the domainsof c onto T (c)". We denote the generatorsof image con¯gurations

c(x) 2 Cconf (R; H k
n ) by C(x), for x 2 K . Sincethe projections are Cli®ord-linear

and injective, we can write generatingoperators for the con¯gurations ~c(x) using

projections: ~C(x) := ¼T (c)C(x). Then wecanwrite a path of generatingoperators:

ht (c)(x) := (1 ¡ t)C(x) + t ~C(x):

Both summandsareCn -linear and thus their sumis aswell; onecancheck that the

squareis C¡ k ¡ Cn -linear asneccessary. The summandscommute and all domains

are isomorphic for all t, x 2 K . Thus this givesa continuous homotopy between
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c and ~c, for continuousmapsc.

2

We continue the proof of the proposition:

Lemma 77. There is a weak homotopyequivalence

Cconf (R; (H © V)k
n ) » Cconf (R; H k

n )

where H k
n is an in¯nite-dimensional graded real Hilbert space with compatible C¡ k ¡

Cn -structure and V is of the sametype but with dim(V) < 1 .

To prove this claim will su±ce to prove the proposition, since all operators

eG, eS in E bF T k
n have ¯nite-dimensional domain and thus their domainsdi®eronly

by ¯nite-dimensional subspaces,say D( eG) = D( eS) © V. Now recall again that in

terms of con¯gurations, the preimagesof such eG and eS are described as

p¡ 1( eG) = Cconf (R; D( eG)? );

p¡ 1( eS) = Cconf (R; D( eS)? ) = Cconf (R; (D( eG) © V)? ):

This shows that proving the lemma ¯nishes the proof of the proposition.

Proof. (of lemma)To prove the lemmais technically a bit involved,but intuitiv ely

clear: both spacesof con¯gurations have an in¯nite-dimensional range to choose

the labels from (namely D( eG)? and D( eS)? , respectively). The two label spaces

di®er only by a ¯nite-dimensional spaceV. So roughly, there will be \enough

room" to deform labels which hit the subspaceV into oneswhich lie outside V.

As in¯nite-dimensional Cli®ord-modulesthe two label spacesH k
n and (H ©V)k

n

are isomorphic. Choosingsuch an isomorphismgivesmapson con¯gurations (by
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composition)

Cconf (R; (H © V)k
n )

¯ //
Cconf (R; H k

n ):
i

oo

Here¯ is inducedby the isomorphismand i is the inclusion of con¯gurations with

domainsin H . We now want to show the weakhomotopy equivalenceby checking

that homotopy classesof mapsfrom a compactspaceinto the above con¯guration

spacesare isomorphic, i.e. that

[K ; Cconf (R; (H © V)k
n )] »= [K ; Cconf (R; H k

n )]:

Using spheresas compact spaces,this implies what we want. To show the equiv-

alenceof homotopy classesof mapsasabove, we will make useof the ¯rst supple-

mentary lemma 76. Considerthe diagram:

Cconf (R; (H © V)k
n )

¯ //
Cconf (R; H k

n )
i

oo

Cconf (R; T (c)k
n )

>>

K~c
oo

c

OO

i¯ c

OO

fi¯ c
//Cconf (R; T (i¯ c)k

n)

aa

Now the argument works the following way: Instead of showing that

c » i¯ c;

we show the equivalent statement for the factorizations,

~c » fi¯ c in Cconf (R; (H © V)k
n );
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where we slightly abuse the notation ~c to stand for the factorized map into

Cconf (R; (H © V)k
n ). By the preceedinglemmathis then implies the upper homo-

topy equivalence.

Firstly, taking a closerlook at the transversalspacesabove, onenoticesthat

T (i¯ c) = i¯ (T (c)):

This is clearby an easycheck of de¯nitions, sincethe combination i¯ is monomor-

phic on (H © V). Secondly, we can now consider both transversal spacesas

(Cli®ord-linear) embeddingsof in¯nite codimension:

T (c) ,! H © V 2 Emb(T (c); H © V)

is the inclusion as a subspace,while

T (i¯ c) : T (c) ! H © V : ¿ 7! i¯ (¿) 2 Emb(T (c); H © V)

is composedwith i¯ . This shows that the two spacesarehomotopic in Gr (H ©V),

since

Emb(T (c); H © V) » ¤

is contractible due to the in¯nite codimensionof T (c) in H © V. Then a path

hc : I ! Emb(T (c); H © V) : t 7! T (c) t

connectinghc(0) := T (c) with hc(1) := T (i¯ c) givesa homotopy

Hc : I ! maps(K ; Cconf (R; T (c))) : t 7! (x 7! ¼T (c) t ~c(x));
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starting with Hc(0) = ~c and ending with Hc(1) = fi¯ c. Thus ~c » fi¯ c and c » i¯ c

in Cconf (R; (H © V)k
n ) by the lemma above.

2

This ¯nishes the proof of the proposition as well.

2

3.3 Proof of quasi-¯bration properties

Having checked that the map p givesthe correct setting we now needto show

that it is in fact a quasi-¯bration. The quasi-¯bration property assuresthat the

map inducesa long exact sequencein homotopy, which is exactly what we need

in our caseto show the weakhomotopy equivalencewith the loop space,ordering

our spacesinto ­-sp ectra.

Theorem 6. Let k > 0. Then the map

E bF T k
n+1

//b� k
n+1

p
²²

E bF T k+1
n

is a quasi-¯bration.

Proof. The de¯nition of quasi-¯bration is as follows:

De¯nition 78. A surjective map p : X ¡ ! Y of pointed topological spaces is a

quasi-¯bration, if for every y 2 Y and x 2 p¡ 1(y), the natural map

¼i (X ; p¡ 1(y); x) ¡ ! ¼i (Y ; y)
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is an isomorphismfor every i .

Fortunately, since this de¯nition is rather inconvenient to use, there are the

guidelinesof the theoremof Dold and Thom [6], which provide an easyreceipe to

show that a map is in fact a quasi-¯bration. Here is the theorem:

Theorem 79. (Dold, Thom) Let p : X ! Y be surjective. Then p is a quasi-

¯br ation, if there is an increasing ¯ltr ation f Fi Yg of Y, such that the following

holds:

² For every open subsetU of B i := Fi ¡ Fi ¡ 1,

p¡ 1(U) ¡ ! U

is a quasi-¯bration.

² For every i , there exist neighbourhoods N i ½ Fi +1 of Fi and a contracting

homotopyh : N i £ I ! N i with h0 = idN i and h1(N i ) ½ Fi .

² This deformation h is covered by a homotopyH : p¡ 1(N i ) £ I ! p¡ 1(N i ),

H0 = idp¡ 1 (N i ) , suchthat for each point x 2 N i

H1jp¡ 1 (x) » p¡ 1(h1(x))

is a weak homotopyequivalence.

We de¯ne the ¯ltration on E bF T k+1
n = Cconf (R)k+1

n : Set

Fi :=
½

G 2 E bF T k+1
n dimCn + k +1 (D(G)) 6 i

¾
:
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This clearly gives a ¯ltration with Fi ½ Fi +1 , covering E bF T k+1
n . The idea

behind this proof is, that we can control the preimagesof single con¯gurations,

as long as no points move in or out of the basepoint. If this happens, there is

a \jump" in the ¯b ers: the dimensionof the domain of a path of con¯gurations

in the basejumps when labels move in or out of the basepoint, and so does the

subspacē b er con¯gurations live on (the complement of the domains).

The advantage of using the theorem of Dold-Thom is that we can treat these

jumps speci¯cally, and only \in one direction" (points move into the basepoint).

There is no needto show a lifting property for critical paths with jumps in the

¯b er, one only needsto show a weak homotopy equivalenceof the ¯b ers before

and after the move (pointwise). This is a local condition which comeswith the

only global requirement that there is a uniform way to cover homotopiesin the

basespace.

The ¯rst step is to make sure that p is a quasi-¯bration on the B i . We have

B i =
½

G 2 E bF T k+1
n dimCn + k +1 D(G) = i

¾
:

Usually this is doneby proving an even strongerstatement, for instancethat p is

already a ¯bration. We follow the trend and show:

Prop osition 80. The map p is a ¯ber bundle on the setsB i .

Proof. (of proposition) We needto seethat the map

p¡ 1(B i ) ¡ ! B i

haslocal trivializations. To start, we simply look at the domainsof con¯gurations
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in p¡ 1(B i ). Let

Dom?
i :=

½

( eG; v) 2 B i £ H k
n+1 v 2 D( eG)?

¾
;

and set

½i : Dom?
i ¡ ! B i

( eG; v) 7! eG:

Lemma 81. In the abovesetting ½i is an (in¯nite-dimensional) vector bundle for

all i .

Proof. (of lemma) Obviously ½i is a pullback of the complementary tautological

bundle over the GrassmannianGr i (H k
n+1 ) of Cli®ord-i -dimensionalsubspacesof

H k
n+1 :

f ¤(E ?
i ) //

²²

E ?
i

¼?

²²
B i f

//Gr i (H k
n+1 )

eG
Â //D( eG)

where

E ?
i :=

½

(l; v) 2 Gr i (H k
n+1 ) £ H v 2 l?

¾
:

The pullback f ¤(E ?
i ) is isomorphic to Dom?

i :

Dom?
i

»=¡ ! f ¤(E ?
i )

( eG; v) 7! ( eG; D( eG); v):
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This is direct sincewe have

f ¤(E ?
i ) := f ( eG; l; v) 2 B i £ E ?

i jf eG = ¼? (l ; v)g

= f ( eG; l; v) 2 B i £ E ?
i jl = D( eG) and v 2 l? g:

We have to show that E ?
i over Gr i (H n ) is a bundle, i.e. locally trivial, for all i ,

and all n. Clearly the tautological bundle itself,

E i := f (l ; v) 2 Gr i (H n ) £ H jv 2 lg

²²

(l ; v)
_

²²
Gr i (H n ) l

is a vector bundle (seeref.[7],1.15.). Now we would like to construct local trivial-

izations for the complementary bundle. We do this by using local framings (local

orthogonal sections)of E i (H n ) which we extend.

Let now l 2 Gr i (H n ) be a Cn -linear subspaceof dimensiond over R. Then H n

splits into two modules l and l? , whereH n = (l © l? ) is the closure. Let

f l1; : : : ; ld; l?
1 ; l?

2 ; : : :g

be a basisof H n which respects the module structure and splits into basesof l

and l? . We extend this to local orthogonal sections:Choosea neighbourhood Ul

of l and d orthogonal sectionss1; : : : ; sd of E i on Ul , such that

sj (l) := l j
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and such that for all ~l 2 Ul , the set

f s1(~l); : : : ; sd(~l); l?
1 ; l?

2 ; : : :g

is independent. Then wede¯ne sectionsof the complementary bundleE ?
i on Ul by

applying the Gram-Schmidt orthogonalization processto the above independent

setsfor each ~l 2 Ul . This processdeliversan orthogonal frame

f s1(~l); : : : ; sd(~l); s?
1 (~l); s?

2 (~l); : : :g

for each ~l 2 Ul and the new sectionss?
j (~l) are continuous in ~l ([7],1.3). Close

analysis of the Gram-Schmidt algorithm also proves that it commutes with the

Cli®ord action: orthogonalizingthe starting basisc(x)l i ; c(x)l?
j , wherec(x) stands

for Cli®ord-multiplication with x, resultsin c(x)si ; c(x)s?
j . Thuswehaveproduced

locally orthogonal, Cli®ord-linear framings of the complementary bundle. Map-

ping theselocal framesto the generatorsof the ¯b er givesthe local trivialisations:

We set

F :=
1M

j =1

M j

to be the in¯nite direct sum of the standard Cn -module M (seeagain sectionA);

with basisf m1; m2; : : :g. Then we have an isomorphismof the ¯b er

(E i )?
l : (l ; l?

i ) 7! mi ;

and we can produce local trivializations on Ul :

E ?
i jUl

¼ //Ul £ F : (~l; s?
j (~l)) Â //(~l; mj ):
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2

Lemma 82. If Dom?
i ¡ ! B i is locally trivial, then also is

p¡ 1(B i ) ¡ ! B i :

Proof. (of lemma) We want to construct local trivializations basedon the ones

for Dom?
i , or E ?

i (H k
n+1 ), respectively. Again we can usethe pullback

p¡ 1(B i ) //

p

''NNNNNNNNNNNNN
f ¤Cconf (E ?

i )

²²

//Cconf (E ?
i )

²²
B i

f //Gr i (H k
n+1 )

eG
Â //D( eG)

where

Cconf (E ?
i ) :=

½

(l; c) l 2 Gr i (H k
n+1 ); c 2 Cconf (R; (l? )k

n+1 )

¾

are the con¯gurations on the bundle E ?
i . The argument is that since the basic

Hilbertspaces(the ¯b ers of E ?
i ) for the con¯gurations form a bundle, thus are

locally isomorphic, the spacesof con¯gurations on them will as well be locally

isomorphic. The fact that p¡ 1(B i ) is indeed isomorphic to the pullback in the

above diagram is then easyto seeas it was in the lemma before; it is merely a

check of de¯nitions.

Recall the local framing of the bundle

E i © E ?
i =

½

(l; v; w) l 2 Gr i (H k
n+1 ); v 2 l; w ? l

¾
:
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Around a point l 2 Gr i (H ) (we suppressthe Cli®ord-notation) with a given start-

ing frame f (l) := (f l ; f ?
l ) of the subspacesl, l? , respectively, one obtains open

neighbourhoods U(l; f ) depending on l and the choice of frame, and continuous

sectionsof the Stiefel manifold of Cli®ord-linear framesVi (H ) © V ?
i (H ),

sf ( l ) : U(l ; f ) ¡ ! Vi (H ) © V ?
i (H ) : ~l 7! sf ( l )(~l) := (sf ( l ) ; s?

f (l )):

Theseare given by the orthogonal sectionssj (~l); s?
j (~l) constructedabove for each

~l 2 Ul . We usethis local sectionof framesto construct a local sectionof Cli®ord-

linear automorphismsof H :

£ : U(l; f ) ¡ ! Aut (H ) :

~l 7! £ ~l :
³

sf ( l )(~l); s?
f (l )(~l)

´
7! (f l ; f ?

l ):

In particular, £ l = idH . This is nothing elsebut writing out the local trivialization

mapsfrom above in more detail. We get local trivializations of the con¯gurations

Cconf (E ?
i ):

Cconf (E ?
i ) jU(l ;f )

//U(l; f ) £ Cconf (R; l? ) //U(l; f ) £ Cconf (R; F )

(~l; c) Â //(~l; £ ~l ±c) Â //(~l; µl ±£ ~l ±c):

The composition of con¯gurations with Cli®ord-linearautomorphismsof the basic

label spaceH k
n is continuous for all n, k and produceshomeomorphismsof con-

¯guration spacesby lemma 55.. Thus we obtain local homeomorphismswith the

product bundle as desired.

This ¯nishes the proof of the lemma as well as the preceedingproposition.
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Summarizing,we have shown that p is a ¯b er bundle on the B i .

2

So the ¯rst condition of Dold-Thom's list is ful¯lled. The next step is to ¯nd

neighbourhoods and deformations,such that we can cover them by deformations

which areweakhomotopy equivalenceson the ¯b ers. Contracting a neighbourhood

in Fi +1 into Fi meansthat we have to eliminate onesymmetric pair of points (by

moving it to the basepoint). For this discussionwe switch back to the operator

spacesE bF T k
n .

Prop osition 83. For everyi , onecan de¯ne neighbourhoodsN i ½ Fi +1 ½ E bF T k+1
n

of Fi and a contracting homotopyh : N i £ I ! N i with h0 = idN i and h1(N i ) ½ Fi .

For an operator eG 2 E bF T k
n we determinethe \dimension radii": De¯ne

r i ( eG) := max
½

jxj 2 R dimgr
Cn + k

³ L
y2 (¡ x;x ) Esp( eG; y)

´
6 i

¾
:

In terms of con¯gurations, this radius counts the graded Cli®ord-dimensionof

symmetric pairs of labels within someradius; r i (c) marks the radius of the label

which makesthis dimensionjump higher than i . The radius r i is set to be 1 , if

the con¯guration hasa domain of Cli®ord-dimensionlessor equal than i (in this

casethere is no ¯nite radius which makesthe dimensioncount jump higher than

i ). For a con¯guration or operator in Fi , for example, all radii r i + m are 1 for

m > 0. We denote the pair of labels at r i ( eG) by L r i ( eG) := Esp( eG2; r i ( eG)2) and

set L r i ( eG) := f 0g for r i ( eG) = 1 .
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De¯ne now neighbourhoods N i ½ Fi +1 of Fi by:

N i :=

8
><

>:

eG 2 Fi +1 r i ( eG) = 1 ; or

dimgr
Cn + k

(L r i ( eG)) = 1

9
>=

>;
:

Clearly this contains Fi , sincefor all elements in Fi the radius r i is 1 . It is

an open neighbourhood of Fi since the condition on the con¯gurations is open:

Assume eG in N i has ¯nite radius r i . Then we can ¯nd a small neighbourhood

around eG, contained in N i , by perturbing L r i ( eG) within somesmall open set in

the 1-dimensionalGrassmannian,and perturbing the eigenvalues § r i , within a

small open set around them in R. If otherwise, eG 2 N i is already contained in

Fi , i.e. its i -th radius is 1 , we can still ¯nd an open neighbourhood of it inside

N i . Either there is a neighbourhood all contained in Fi (i.e. eG is in the interior

of Fi ), or dim( eG) = i : Then sinceFi is contained in Fi +1 , the dimensionof labels

moving out of the basepoint in an open set cannot surpass1, thus we ¯nd a small

open neighbourhood wherethe maximal labels are exactly of dimension1.

For the contracting homotopy we move the pair at (§ )r i to the basepoint. A

suitable homotopy is given by the deformation retract

h : N i £ I ¡ ! N i : ( eG; t) 7! ( eG + (
t

1 ¡ t
)¼L r i ( eG)):

The domainsareDt = D(ht ( eG)) := D( eG) for t 2 [0; 1) and becomeD( eG)\ L r i ( eG)?

for t = 1, i.e. loosethe pair of labelsas it movesinto the basepoint. Again this is

continuousas map of con¯gurations by Corollary 54.

2
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Prop osition 84. This deformation h is covered by a homotopy

H : p¡ 1(N i ) £ I ! p¡ 1(N i ); H0 = idp¡ 1 (N i ) ;

suchthat for each point x 2 N i

H1jp¡ 1 (x) » p¡ 1(h1(x))

is a weak homotopyequivalence.

It is clear how to cover this deformation in the total spaceof our map p:

we move, in a completely similar fashion, the ring of radius r i of the preimage

con¯gurations out to in¯nit y. We set

H : p¡ 1(N i ) £ I ¡ ! p¡ 1(N i ) :

H t (G( eG)T ; E( eG)T ) := (G(ht
eG)T ; E(ht

eG)T ):

Recall here that the preimage of the operator eG is given by operators T in

E bF T (D( eG)? ), extending the pre-image operators G( eG), E( eG) with equal do-

mains D( eG), which are uniquely determined. The above line is stating that the

covering homotopy follows the homotopy on the basespaceby making the necces-

saryadjustments to the pre-imageoperatorson D t := D(ht ( eG)). At the sametime

we keepthe part T unaltered. This is possiblesincethe domain of the operators

Dt does not changeexcept at t = 1, where it becomessmaller, i.e. reducedby

L r i ( eG). Thus

T 2 E bF T (D( eG)? ) µ E bF T (D(ht
eG)? ) for all t 2 [0; 1]:
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Here and below we have again suppressedthe notion of the Cli®ord structure to

avoid confusionof indices.

The above is clearly (by de¯nition) a covering homotopy and for eG 2 N i the

map

H1(p¡ 1( eG)) ¡ ! p¡ 1(h1
eG)

is given by inclusion of the ¯b ers

E bF T (D( eG)? ) ,! E bF T (D(h1
eG)? ) =

= E bF T (D( eG)? © L r i ( eG)):

But this is a weakhomotopy equivalenceby Proposition 75. Hencewe proved the

last condition of Dold-Thom and thereforethe theorem.

2

3.4 Summary.

It is now easyto collect all piecesand put them together to obtain our main

statements. First we derive the ­-sp ectrum properties we needto build spectra,

using the quasi-¯bration.

Corollary 85. There is a weak homotopyequivalence (for k > 0):

E bF T k
n+1

»¡ ! ­( E bF T k+1
n );

induced by the map

b : E bF T k
n+1 ¡ ! ­( E bF T k+1

n ) : G 7! (° : t 7! p(G; E t (G)))
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where E t (G) := t
1¡ t ¼D(G) is the operator with eigenvalue t

1¡ t on D(G).

Proof. The mapsb ¯t into diagrams

E bF T k
n+1

b
²²

//b� k
n+1

H
²²

//E bF T k+1
n

­ E bF T k+1
n

//PE bF T k+1
n

//E bF T k+1
n

where H is given by mapping an element in the total space,(G; E) to the path

in the basespacegiven by applying p to the path from (G; E) to the basepoint

along the vertical °ow H described in Lemma 68:

H : (G; E) 7!
µ

t 7! p(H t (G; E)) = p(G; (1 ¡ t)E +
t

1 ¡ t
¼D(G))

¶
:

Since the inclusion of the ¯b er E bF T k
n+1 in our ¯bration is G 7! (G; 0D(G)), the

above is clearly a commutativ e diagram. It inducesthe long exact sequencesin

homotopy:

: : : //¼i (E bF T k
n+1 )

b¤

²²

//¼i ( b� k
n+1 )

»= H ¤

²²

//¼i (E bF T k+1
n ) //¼i ¡ 1(E bF T k

n+1 )

b¤

²²

//: : :

: : : //¼i (­ E bF T k+1
n ) //¼i (PE bF T k+1

n ) //¼i (E bF T k+1
n ) //¼i ¡ 1(­ E bF T k+1

n ) //: : :

Recall here that quasi-¯brations induce long exact sequencesin homotopy. The

induced mapsb¤ are isomorphismsby the ¯v e-lemmaand the fact that the total

spacesin both ¯brations are contractible.

2

Then weXS seethat we have connective coversas claimed in the beginning:
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Corollary 86. Let k > 0. Then

E bF T k
n » E bF T 0

n < k >

is the (k ¡ 1)-connected cover.

Proof. Recall from Proposition 64, that

¼0(EF T k
n ) = ¼0(E bF T k

n ) = 0; k > 1:

We see

¼0(­ i E bF T k
n ) »= ¼0(E bF T k¡ i

n+ i ) »=

8
><

>:

0 ; i 6 k ¡ 1

¼0(E bF T 0
n+ i ); i > k

and thus

¼i (E bF T k
n ) »=

8
><

>:

0 ; i 6 k ¡ 1

¼i (E bF T 0
n ); i > k

The de-looping ceasesto work at the k-th homotopy group, since E bF T 0
n+ k has

non-trivial homotopy groups:

¼0E bF T 0
n+ k

»= ¼0(­ 1 +( n+ k)K O) »= ¼k(­ 1 + nK O) »= ¼kE bF T 0
n :

by theorem37 and proposition 62.

2
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Taking into account the homotopy equivalencefrom the latter proposition,

E bF T k
n » EF T k

n

for all n and all k > 0, this completesthe proof of our main theorem5.

2

We have thus found a condition on the spacesof generatorsof ¯eld theories to

form connective covers. The requirement is that the even squareof the generator

shows higher Cli®ord-linearity. Certainly onewishesto translate this result back

to the actual ¯eld theory functors. The main observation here is that the square

of the generatorGE associated to a supersymmetric¯eld theory E appearsin the

valuesthe functor takeson the reduced part of the super moduli space of bordisms,

jSEB(spt; spt)j »= R> 0. Here we have

E(I t ) = e¡ tG 2
E ; I t 2 jSEB(spt; spt)j:

Consequently, we can formulate the condition in terms of ¯eld theory functors:

EF T k
n :=

8
><

>:

E 2 EF T n Ej jSM j takesvaluesin C¡ k ¡ Cn

-linear operators in jH Ssa(H k
n )j

9
>=

>;
;

whereSM standsfor the super moduli spaceof bordisms,in our caseSEB(spt; spt).

This condition can be formulated as well in the two-dimensionalconformal

case. However, here we do not know the super moduli spaceof bordisms well

enough. It might however serve as a ¯rst hypothesisfor future work.
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APPENDIX A

CLIFF ORD ALGEBRAS AND THEIR MODULES

Herewe give a few remarkson the generaltheory of Cli®ord algebras.A more

detailed discussionaswell assupporting proofs for facts from this short overview

may be found for examplein [20].

De¯nition 87. Let V be a k-vectorspace with quadratic form q. Then the Cli®ord

algebra of V with respect to q is a quotient of the tensor algebra

T(V) :=
1X

k=0

Tk(V) :=
1X

k=0

V ­ k :

The quotient is takenby the two-sided ideal I (q) generated by elementsv¢v+ q(v)¢1

for v 2 V. Thus the Cli®ord algebra is de¯ned as

Cl(V; q) := T(V)=I (q)

and we haverelations v ¢v = ¡ q(v; v) ¢1.

Note 88. The Cli®ord algebrasare graded algebras. We call an elementx 2 T k(V)

an element of \pur e degree" k. With respect to commutation relations in the

Cli®ord algebra, it is important whetherthe degree of suchan elementis evenor

odd. The degree therefore induces a natural Z=2-grading on the Cli®ord algebra
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into evenand odd part. The evenpart of a Cli®ord algebra is itself an algebra.

Cl(V; q) = Cl(V; q)0 © Cl(V; q)1:

There is a canonical inclusion of the vectorspace V in Cl(V; q), by including V as

T1(V).

The standardexamplesof Cli®ord algebrascomefrom taking real vectorspaces

Rn with the quadratic form k ¢k2 given by the standard metric. Theseand the

complexi¯ed versionof theseare the exampleswhich occur in most mathematical

and physical applications of Cli®ord algebras. They are sometimesreferedto as

the geometricalgebras.

De¯nition 89. The standard Cli®ord algebras are de¯ned by setting the form on

Rn+ k to be q(v) := v2
1 + : : :+ v2

n ¡ v2
n+1 ¡ : : : ¡ v2

n+ k . This yields the algebra denoted

by

Cn;k := Cl(Rn+ k ; q) = T(Rn )=I (q):

This is again an algebra on n + k generators, which we typically denoteby ei ,f j .

They haverelations:

e1; : : : ; en : e2
i = ¡ 1; ei ej = ¡ ej ei ; i 6= j ;

f 1; : : : ; f k : f 2
j = +1; f i f j = ¡ f j f i ; i 6= j :

ei f j = ¡ f j ei ; i; j :

Notation 90. Since wewill not usethe mixed forms Cn;k in this work, weshorten

the notations for the aboveand set:

Cn := Cn;0; C¡ n := C0;n :
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Thus Cn is an algebra on n generators, which we typically denoteby ei and which

square to ¡ 1, while the opposite C¡ n hasn generators f j which square to +1.

The complexi¯cation Cn;k ­ C is a Cli®ord algebra for all n; k. It is isomorphic

to the algebra

Cln := Cl(Cn ; qC);

where qC(z) =
P n

j +1 z2
j .

Before we start comparing thesealgebras,let us give a short remark on the

tensorproducts. Sincewe have gradedalgebras,we needto de¯ne a gradedtensor

product: Let A = A0 © A1, B = B 0 © B 1 be two Z=2-gradedalgebras.Then their

gradedtensor product A­̂ B hasasunderlying vector spacethe tensor product of

A and B, wherethe multiplication is de¯ned as

(a ­ b) ¢(a0­ b0) := (¡ 1)deg(b)deg(a0)(aa0) ­ (bb0)

for a and b of pure degree(even or odd). The resulting algebra A­̂ B is again

Z=2-gradedwith

(A­̂ B )0 = A00 + A11

(A­̂ B )1 = A01 + A01

For a nice discussionof this, see[20], chapters I.1, I.3. We have the following

isomorphisms

Theorem 7. There are isomorphismsfor all n > 0

Cn+8
»= Cn ­ C8

C¡ (n+8)
»= C¡ n ­ C¡ 8

Cln+2
»= Cln ­ Cl2;
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TABLE A.1

CLIFF ORD ALGEBRAS

n 1 2 3 4 5 6 7 8

Cn C H H © H H(2) C(4) R(8) R(8) © R(8) R(16)

C¡ n R © R R(2) C(2) H(2) H(2) © H(2) H(4) C(8) R(16)

Cln C © C C(2) C(2) © C(2) C(4) C(4) © C(4) C(8) C(8) © C(8) C(16)

where

C8 = C¡ 8 = R(16) and Cl2 = C(2):

A full classi¯cation is given by the table A.1.

The modules over Cli®ord algebrasshow a periodic behaviour, with period 8

and 2 in the complex case. For us an important part to note about them is the

structure of representations: The ungradedalgebrasaboveareeither simple, of the

shapek(n) for somē eld k, or of the shapek(n)©k(n). An irr educiblerepresentation

over such algebraswill look likekn , up to isomorphismand the isomorphismclasses

of such irreducible representations are extremely well controlled. We have the

theorem:

Theorem 8. Let k = R; C; or H. Then up to equivalence of representations,

the only irr educiblereal representationof the matrix algebra k(n) (as algebra over

R) is the natural representation ½ on kn . The algebra k(n) © k(n) has exactly

two equivalence classesof irr educible real representations, given by the natural

representationof each factor on k(n):

½1(x1; x2) := ½(x1); ½2(x1; x2) := ½(x2):

122



Hereequivalenceof two real representations ½i : A ¡ ! H omk(Wi ; Wi ), i = 1; 2,

of an algebra A meansthat there is a k-linear isomorphismF : W1 ! W2 such

that F ±½1(a) ±F ¡ 1 = ½2(a) for all a 2 A.

Now theserepresentations do not yet take the grading into account. We want

to determinethe freeabelian group (Grothendieck group) generatedby irreducible

graded Cn -modules, M (Cn ). We denote the Grothendieck group of ungraded Cn -

modulesby M 0(Cn ). We have relations betweenthe two:

Theorem 9. There are algebra isomorphismsfor all n

Cn¡ 1
»= C0

n :

Note that C0
n is not a graded algebra. The above isomorphismsare not graded

algebra isomorphisms. However,ungraded modulesover C0
n correspond to graded

modulesover Cn : The functor assigningto a graded Cn -module M = M 0 © M 1 its

evenpart, the C0
n -module M 0, induces isomorphisms:

M (Cn ) »= M 0(C0
n ):

Togetherthe two isomorphismsgiveM (Cn ) »= M 0(Cn¡ 1). In the following table

we seenot only the groupsof gradedand ungradedrepresentations but also the

dimensions(over R) of the standard irreducible representation of Cn , dn . Finally,

one column has as its entries the cokernelsof the inclusion of one group in the

other: consider the inclusion i : Cn ¡ ! Cn+1 which is induced by the inclusion

Rn ¡ ! Rn+1 . This inducesa group homomorphism

i ¤ : M (Cn+1 ) ¡ ! M (Cn )
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TABLE A.2

CLIFF ORD MODULES

n Cn dn M 0(Cn ) M (Cn ) An Cln dc
n M (Cn )c Ac

n

1 C 2 Z Z Z=2 C © C 1 Z 0

2 H 4 Z Z Z=2 C(2) 2 Z © Z Z

3 H © H 4 Z © Z Z 0 C(2) © C(2) 2 Z 0

4 H(2) 8 Z Z © Z Z C(4) 4 Z © Z Z

5 C(4) 8 Z Z 0 C(4) © C(4) 4 Z 0

6 R(8) 8 Z Z 0 C(8) 8 Z © Z Z

7 R(8) © R(8) 8 Z © Z Z 0 C(8) © C(8) 8 Z 0

8 R(16) 16 Z Z © Z Z C(16) 16 Z © Z Z

of representations. We set An := M (Cn )=i¤M (Cn+1 ).

Theorem 10. There are isomorphisms

M 0(Cn+8 ) »= M 0(Cn )

M (Cn+8 ) »= M (Cn ) M (Cn+2 )c »= M (Cn )c

An+8
»= An Ac

n+2
»= Ac

n

dn+8 = 16dn dc
n+2 = 2dc

n :

Here M (Cn )c describes the Grothendieck group of equivalence classesof complex

representations.See table A.2 for a completeclassi¯cation.

De¯nition 91. In the following weoften usethe \Cli®or d-dimension", dim Cn (V)

to describe the dimension of Cli®ord-linear subspaces of real Hilbert spaces, as
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modules over Cn . This dimension refers to the number of copies of irr educible

Cn -modulesin V, i.e.,

dndimCn (H ) := dimR(H ):

We intr oduce anotherdimension,the \gr aded Cli®ord-dimension", dim gr
Cn

(V), which

counts the number of copies of the standard graded irr educible Cn -module, for

graded subspaces V. If V is a graded Cn -linear subspace, we have

dimgr
Cn

(V) = k ) dimCn (V) = 2k:

Usually we will use the ungraded version; we indicate it especially if we mean to

count graded modules.

Remark 92. In general, we use right Cn -modulesas the standard in the follow-

ing. Note that Cli®ord-multiplication from the right with a generator ei of Cn

corresponds to multiplication from the left with ²ei =: f i . Thus a right Cn -module

structure is equivalent to a left C¡ n -module structure.

Remark 93. Cli®ord algebras also come with an adjoint transformation, which

lendsthemthe structure of C¤-algebras. A C¤-algebra is a sub-algebra of the algebra

of bounded operators on somein¯nite-dimensional Hilbert space H , which is closed

under the operator norm and the adjoint. The adjoint is sometimesrefered to as

the ¤-operation of the algebra. Equipping the Cli®ord algebras with C¤-algebra

structure is not complicated in the casesweconsider: In the caseof C¡ n we let the

¤-operation be trivial. In the caseof Cn it is induced byv 7! ¡ v for v 2 Rn . Clearly

thealgebrasare closed with respect to thecorresponding¤-operation. Multiplication

by elementsof the Cli®ord-algebra de¯nesbounded operators on someHilbert space

with Cli®ord-module structure. Their structure as matrix rings (see table A.1)
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showsthat they are closed under norm.

De¯nition 94. Let Hn be a Hilbert space with a ¯xed right Cn -module structure.

Then this module structure is compatible with the Hilbert space structure if the

action

Cn ¡ ! End(Hn )

is a C¤-homomorphism. In the following we will alwaysassumesuch a structure

on Hilbert spaces denoted with an index n.

Corollary 95. The compatibility of the C¤-structure of the Hilbert space and the

algebra implies that orthogonal projections along the inner product in H onto a

Cli®ord-linear subspace Vn are linear with respect to the Cli®ord structure.

Proof. We do the calculation for Cn . Here the condition assuresthat Cli®ord-

multiplication by vectors x in Hn is skew-adjoint, since the homomorphismre-

spects the ¤-operations. We write c(x) for Cli®ord-multiplication with x:

c(x)¤ = c(x¤) = c(¡ x) = ¡ c(x); for vectorsx 2 Cn :

Now wewant to seethat ¼V commuteswith all generatorsei of the Cli®ord-algebra,

i.e. that

¼V ±c(ei ) = c(ei ) ±¼V :

The above implies that < h1; c(x)h2 > = ¡ < c(x)h1; h2 > for all vectorsx in the

Cli®ord-algebraand all h1;2 2 Hn . Now if f vj g form an orthogonal basisof the

Cn -linear subspaceVn ½ Hn , we can write ¼V (h) as
P

j < h; vj > vj . Therefore
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oneobtains

¼V (c(ei )h) =
P

j < c(ei )h; vj > vj =
P

j ¡ < h; ¡ c(ei )vj > vj

=
P

j < h; c(ei )vj > c(ei )2vj = c(ei )
P

j < h; c(ei )vj > c(ei )vj

= c(ei )¼V (h):

The last holdsbecauseVn is a Cn -linear subspaceandbecauseCli®ord-multiplication

by a unit vector, c(u), is an isometry: Let v, w 2 Hn .Then by the above skew-

adjointness:

< c(u)v; c(u)w > = ¡ < c(u)2v; w > = < v; w >; 8u with k u k= 1:

Therefore multiplication of the basisvj by c(ei ) gives again an orthogonal basis

of V .

2
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