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CONNECTIVE 1-DIMENSIONAL EUCLIDEAN FIELD THEORIES

Abstract

by
Elke Markert

In this dissertation we construct an --sp ectrum from spacesof certain super-
symmetric 1-dimensionaleuclidean eld theoriesof degreen, which is a newmodel
for connective ko-theory. The spacesof this spectrum form connective covers of
the spacesof euclidean eld theoriesconstructed by S. Stolz and P. Teichner in
their expository paper \What is an elliptic object?"[27]. We provide a direct proof
of the loop spectrum properties and the connectivity using a quasi- bration with
cortractible total space.This is at the sametime a proof of Bott periodicity for
the eld theory model of K -theory and givesa description of the Bott elemen.
We give an interpretation of 1-dimensionaleuclidean eld theoriesas con gura-
tions and make use of the conveniert properties of con guration spacesto shaw
the quasi- bration properties. This connectsour model of connective ko-theory
to an older descriptiondue to G. Segal. Basedon our result in the 1-dimensional
case,we give a conjecturefor a connective versionof spacesf 2-dimensionalcon-
formal eld theories. The ideasdeweloped in this work might also help to prove
the spectrum properties for the original spacesof conformal eld theories of S.

Stolz and P. Teichner, which is still an open problem.
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CHAPTER 1

INTR ODUCTION.

This work is basedon an approat to de ne Euclidean and Conformal Field
Theory in a functorial and geometricalway, initiated by G. Segaland E. Wit-
ten [25], [3(], which was made more preciseby recert work of S. Stolz and P.
Teidchner [27]. The goalis to construct cohomologytheoriesfrom spacesof quan-
tum “eld theories (of either euclideanor conformal °avor in the 1-dimensional
or 2-dimensionalcase,respectively), which provide interesting invariants (as for
examplethe Witten gerus). The spacesconstructedin [27] form a spectrum for
K -theory in the 1-dimensionalcaseand are conjecturedto yield a spectrum for the
theory of topologicalmodular forms (TM F) in the 2-dimensionalcase. The latter
is alsoknown as\univ ersalelliptic theory" and is built by taking an inverselimit
over the spectra asseiated to all elliptic curves,i.e. curvesin 2 of gerus one. It
is a well-known fact that most sud curvesgive rise to formal group laws which
are Landweber-exactand thereforeallow oneto form cohomologytheories. Since
its discovery, tmf hasbeenstudied by many people,amongthem M. Hopkins, H.
Miller, M. Mahowald, P. Goerss,M. Ando, P. Landweber, D. Ravenel,N. Strick-
land and J. Lurie (seefor example[12], [13, [1], [19], [29]], [18]). Newertheless,
the focus has mostly beenon the homotopy theoretic side, trying to understand
tmf by calculating its homotopy and homology data. Howeer, the appearance

of modular forms in quartum physics, as partition functions of eld theories, re-



mains somewhatmysterious consideringthe homotopy theoretic de nition of the
spectrum. The hope is to understand the relation between modular forms and
guartum theory, by nding a way to build this spectrum in a geometric way.
SinceE. Witten and G. Segal,seeral groupsare working on di®eren approates
to this goal ([2], [15], [14], [27]). A solution to this problem would mark a major
breakthrough in topology as well asin mathematial physicsand help to connect
the two elds. In their work on this project, Stolz and Teichner achieve, among
other improvemers, a model of K -theory from spacesof 1-dimensionaleuclidean
“eld theories,which are built along the samelines as their 2-dimensionalconfor-
mal eld theories. This is helpful, since K -theory should be considereda \case
study" for tmf .

The idea we follow in this work is to study connective coversof the spacesof
“eld theories. We shov how to obtain a connective spectrum in the 1-dimensional
euclideancase,which yields connective ko-theory. The proof of the spectrum and
connectivity properties is done using a certain quasi- bration with cortractible
total space.This is at the sametime a new proof for Bott periodicity for the eld
theory model of K -theory. To construct the quasi- bration, we reformulate spaces
of euclidean eld theoriesin terms of their generatingoperators, or certain con-
“gurations (spectral datum) assaiated to theseoperators, respectively. We make
extensiwe useof con guration spacesn particular, for showving the quasi- brations
properties. The ideato model connectiwe K -theory in terms of con gurations is
not new in itself (see[24]), howewer we de ne a new version which is directly
compatiblewith “eld theories. In doing so,we adapt the languageto shaw certain
symmetry conditions (supersymmetry). The result is thus not proven using eld

theory functors, but rather generatorsor their con gurations. Howewer, it canbe



stated in terms of eld theory functors and can therefore be formulated for the
2-dimensionalcaseas well, if only asa hypothesisthere.

At this point we would like to include a short "hand-waving" introduction
to quantum “eld theories in mathematics. What are the eld theories men-
tioned above? Roughly, how do the authors in [27] dewelop their spacesof (eu-
clidean/conformal) eld theories?

The original idea ([25], [30]) wasto model quarntum eld theoriesby de ning
functors from a geometric category B, describingthe actual particles and their
time-dewelopmen, into the categoryof Hilbert spacesH il b, assigningto a parti-
cle its probabilistic position function. In B, movemen of the particle is modeled
as bordisms between patrticles (with in-going and out-coming boundary compo-
nerts), consideredas morphismsin the category Consequetly, the functors will
assignmorphismsin Hilb, i.e. operators on the Hilbert spacedescribing the
changeof the assaiated probability distributions for the particle's position. The
functors are subject to certain axioms re°ecting additional structure of the two
categories.The decisionwhich type of geometricalinformation onewants to carry
along on particles and bordisms determinesthe \°a vor" of the eld theory (e.qg.
euclidean,conformal, topological). Traditionally the \gluing" of bordismsneeded
for composition of morphismsin particular and the large amourt of information
and structure carried and respectedby thesefunctorsin generalhave led to major
dixculties in rigidifying the basicidea.

The theory setout in [27] additionally enbodiesthe phenomenorof supersym-
metry which assigns\super-partners" to particles ([5]). It alsoassaiatesdegrees
to eld theories, as neededfor the construction of a conomologytheory, through

the use of Cli®ord-structures. In the 1-dimensionaleuclideancasethis yields a



supersymmetric, Cli®ord linear version of \classical" quartization. The spacesof
functors with this particular °avor and properties then form a spectrum EF T .

The two structure elemens supersymmetry and Cli®ord-linearity are of fun-
damenal importance. We show that the connective versionof EF T is obtained
by requiring additional Cli®ord-structure on the reduced part of the super moduli
space of bordisms

The supersymmetry condition requiresto enrich B,, over (generalized)super-
manifolds. A supermanifold basically consistsof a manifold together with a sheaf
of Z=2-graded algebras, which replacesthe sheafof functions on the manifold.
In particular, everything in the world of supermanifoldsis graded. Roughly, one
can imagine supermanifolds as having setsof \even and odd local coordinates".
The manifold which carriesthis graded structure sheafis called the reduced, or
underlying manifold. In the non-supersymmetric world, objects in B,, would be
0-dimensional manifolds with spin structure; now these are replaced by (0j1)-
supermanifolds, where the odd, or \fermionic" line correspnds to the spinor
bundle. Similarly, morphismsin the category are now (1j1)-dimensional super
bordisms, i.e. supermanifoldswith enmbeddingsof boundary supermanifolds. In
fact, we needto enbed boundarieswith collars,to obtain smooth gluing. This is
againa category but not yet with the correctenrichmert. We make the hom-sets
of this category (setsof super bordismsbetweentwo supermanifolds)into (gener-
alized) supermanifoldsthemselhes,by de ning certain families of super bordisms,
parametrizedby \base" supermanifolds. In this, the versionpreserted herevaries
slightly from the oneof [27]. The new hom-objects carry again a super structure,
or Z=2-grading. This is crucial for the homotopy type of spacesf sud supersym-

metric eld theories. Studying now the \super moduli space"of super bordisms,



it turns out to be suxcient to look at (1j1)-dimensionalsuper-intervals |, and
their gluing behavior, wheret and pu are even and odd \super variables". The
underlying manifolds of thesesuper intervals are just regular intervals of positive
length. The euclideanmetric on the intervals is replacedby a metric structure
on the supermanifold, which restricts againto the metric on the underlying man-
ifold. Together, the super bordisms I, form the super moduli spaceRijé. This
supermanifold itself hasa reduced(\b osonic") part, R- o, which comesagainfrom
the underlying (spin) intervals I;. In the 2-dimensionalcasethe super moduli
spaceof bordismsbecomesvery large. But one can still identify the reduced part
of it asthe \traditional" bordisms.

Sofar, we have discussedlegree0 theories. One needsto introducethe degree
datum. In the traditional sense(non-super), this is done by assigningthe nth
tensorpower of certain Cli®ord algebrasto objectsin B,,, and similarly (nth powers
of) bimodulesover the Cli®ord algebrasascaiated to the boundaries,to morphisms
in B,. The Cli®ord algebrasare constructedfrom the vector spacesof sectionsof
the spinor bundle, while the bimodules are Fockspaces.This construction can be
adaptedto supermanifoldsand families of super bordisms. We have sketched the
procedure;however, parts of this are still work in progress.The main consequence
is that eld theoriesof degreen will take valuesin the (super spaceof) operators
which are linear with respect to the algebraG,.

Now the result for the euclideancaseis

Theorem 1. (informal) Letk > 0. We dene the sppeesEF T¥ by requestingthe
operators asseiated to \bosonic" sugerbordismsto be C i G,-bilinear (in geneal

only G,-linear). Then they form an - -spectrum with EFTX » EFT, < k>. In



particular,

eft,n = EFT], » - 1 "ko:

Here - 1i "ko is the n-th spacein the --sp ectrum asswiated to connective
ko-theory. This result underlines the important role of supersymmetry Note
that (by a result of Stolz and Teidhner) the spacesE F T,, without the Z=2-graded
structure introduced by supersymmetry are contractible! It is remarkable that
after embeddingthe traditional bordismsinto the enriched categoryand changing
to the \super-version" EF T , the structure on exactly this enbedded part still
relatesto connectivity.

The 2-dimensionalconformal eld theoriessuggestedby S. Stolz/P. Teichner
are built alongthe samelines asin the 1-dimensionalcase,however the situation
becomesonsiderablymore complicateddueto the fact that excisionin the theory
demandscutting surfacesand gluing alongopen parts of boundaries(arcs). This is
doneby creating 2-categoriegand 2-functorsbetweenthem), wherethe objectsare
(0j1)-dimensional,1-morphismsare (1j1)- and 2-morphismsare (2j1)-dimensional
supermanifolds. The functors then assaiate von Neumann algebras,bimodules
over them (and their Connes-fusionproducts) and operators, respectively. It is
still an open conjecture whether the spacesformed by these 2-functors form an
--sp ectrum and are in fact equivalert to TM F. We hope to be ableto generalize
someideasof the proof in the euclideancase,in particular the quasi- bration and
here the de nition of a cortractible total space,to the more involved conformal
case.

The structure of this paper will be asfollows. We will rst give someprelim-
inaries, de nitions of eld theoriesand someof the required technicalities. This

makes up Chapter 2. It contains a short overview of super manifolds (as far as



we will usethem). The de nitions for euclidean eld theoriesare to someextend
tailored to the 1-dimensionalcase,which savessometime; they comprisehowever
an updated versionof the supersymmetric enrichmert, usingfamilies of bordisms
(generalizedsuper manifolds). We cortinue with the description of euclidean eld
theoriesin terms of their generatorsor con gurations, respectively, and give the
explicit de nitions of con guration spacesand their topology. Finally the chap-
ter concludeswith the main result of Stolz and Teichner, connecting spacesof
euclidean eld theoriesto K O-theory. We sketch the connectionsto Cli®ord-
modules, Fredholm operators and operator algebra K -theory, in terms of our
generator, and con guration spaces,respectively. Chapter 3 cortains the main
part of this thesis. We set the de nitions for the connective covers of the spaces
EF T,, and the quasi- brations usedto prove the spectrum properties. We then

prove our result in seweral steps.



CHAPTER 2

PRELIMINARIES.

In this chapter we give a more precisede nition of the spacesof euclidean
“eld theoriesof degreen, EF T, in the senseof [27]. In particular, we focuson
their topology and their interpretation as spacesof certain con gurations on the

compacti ed real line R, .

2.1 Supersymmetric Euclidean Field Theories

The version of euclidean eld theorieswe introducein this chapter might ap-
pear slightly changed(as opposedto the publishedversionin [27]), in particular
concerningthe introduction of supersymmetry It represems a quite rudimentary
solution with respectto someof the problemsof gluing and de ning moduli spaces
of bordismsin the categories.To be more precise,we avoid the problemsposedby
including \thin" bordisms. We useone-sidedcollars as boundary information for
the gluing process,which shortensthe de nitions in our case,but excludesthin
bordisms. Howewer, this aspect becomesmore critical in the 2-dimenisonalcase.
Streamlining the de nitions there and adapting them to the geometricsituation
given by (conformal) eld theory is in fact still work in progress.Other than nd-
ing the most adequatesolution for the gluing problems,one also hopesto further
smooth de nitions by including for examplethe degreedata in the supersymmetry

structure.



The variation presened hereis unpublishedwork of S. Stolz, P. Teichner and
H. Hohnhold, who kindly supplieduswith his material on the super moduli space
of super bordisms. We will state an unpublishedresult of his without proof and
askthe readerto direct questionsto him (or practice their patienceuntil his work
appearsin written form).

Let us give the de nition in seeral steps. Sincewe want to start steep,with
supersymmetric eld theories, we needto introduce categoriesof supermanifolds
and a notion of superbordism; we also needto clarify the enrichmernt and the
supersymmetric interpretation of the category of Hilbert spaces.Only then is it
possibleto de ne the (enriched) functors (i.e. the eld theories) betweenthese
categories.

The discussionof supersymmetry is kept very short. One can nd detailed

exposition of the topic for examplein [4], [5], and [29.

2.1.1 Supermanifolds.
De nition 2. A supermanifold M of dimension(mjn) is a pair (jMj ; Oy ), con-
sisting of

- an m-dimensional smamth manifold jMj , the sacalled underlying manifold, or

redued manifold, and

- a shaf of Z=2-graded commutative algebas on jM;j , the \structur e shaf" O, ,

suchthat for open setsU % jM;j ,



We refer to glotal sections of the structure shaaf of M as elementsin

C-(M):=i* (Ou):

A morphism between two supermanifoldsM = (jMj ;Om ), N = (jJNj;On)
is a pair (f;f1) suchthat
fojMj i! N

is a smath map between the underlying manifolds and

fl:0n j! foOum

is @ morphism of shaves.
We de ne the category of sugermanifoldsSM to be the category with superman-

ifolds as objects and morphsimsbetween them as alove, denotel by SM(M ;N).

Note that the global sectionsof the structure sheaf, or the \functions” on a
supermanifold, now form a Z=2-gradedalgebra,not anymore a ring aswe are used
to in the categoryof manifolds.

A standard example which we make frequent use of are the \super spaces”
R™M" In particular RY! will be interesting with regard to “eld theories. These

super spacescarry the structure sheaf

Oijn = Cl (Rm)'AQRn:

Onecanequipthem with \coordinatesover somesuper manifold S", usingYoneda's

lemma (seefor example[21]):

10



Lemma 3. (Yoneala) Let C be a category. Then the functor

F:Cj! Fun(C®;Sets)

into the category of functors from C into setsgiven by \evaluation':

X 2 Obj(C) 7! (Fx : Y 7! C(Y: X))

is the inclusion of a full sulzategory.

Ead supermanifold therefore correspnds (as represeting object) to a repre-

sertable functor from SM°P into Sets,

M Al M :S7ISM(S;M):

We usethe samenotation for the functor and the actual supermanifold; this makes
sensadueto Yoneda. Evaluating the functor M on a supermanifold S givesa set:
the elemerts of this set

M (S) .= SM(S;M)

are calledthe S-points of M . Consistertly, the functor is often called \functor of
S-points”. Note that we seethe points of the underlying manifold jMj by letting
S := RYC:

M (R%°) := SM(RYM ) = M :

Over a general\base" supermanifold S we seemore than that: the functor of

S-points givesus local S-coordinates on a supermanifold. In the special caseof a

11



super spaceR™" we have:

ijn(s)

. pmMjn
%M (S;R™M) ¥,

The isomorphism can easily be understood from direct calculation of the mor-
phismson the sheaflevel.
This givesa good way to calculate on super manifolds (which locally look like

R™MM), especially of courseon the R™" themsehes. We can usethe even and odd

distinction that they are graded). This is justi ed aslong asall constructionsin
terms of the S-coordinates are functorial in S (i.e. correspnd to true construc-
tions in the category of super manifolds itself, by Yoneda). One hasto keepin
mind though that the \coordinates" are really functions on a basesupermanifold
S. We frequertly usethis medanismto describe morphisms, metric structures

on RM" group or semi-groupstructures and similar.

Example 4. Someeasy examplesof morphismsgiven over S-points are:

RUYS) j! RINS): (W 7! (O;W)
RA2(S) i ! RYA(S) : (ty;tz; hus k) 7! (ta+ to+ Palb; ks o)
RZ2(S) i ! RAYS) : (t1;to; k) 7! (to;te) h + k)

and similar. Another typical morphism we will useis given by xing an S-point

(t% 19 2 RYY(S), and writing the \tr anslation morphism"

Tiopo : RU(S) i1 RYNS) 1 (1) 7! (t+ t0+ wlp+ 1O

12



Sincethe functorial way of describingsupermanifoldsand constructionsinvolv-
ing them is quite conveniert, while the represemabilit y of the constructedfunctors
might be rather hard to show, we go a step further and introducethe notion of a
genealized supermanifold: This is a functor from supermanifoldsinto sets,which

is not neccessarilyrepresemable in the category of supermanifolds.

De nition 5. The category of geneanlized supermanifolds, GSM hasthe objects

8

_ B 2 functorsM : SM ! Sets: E_
OPIESM)= S 71 M)

Its morphism setsare given by

8 9
g natural transformations™ : E

GSM(M ;N) := 3 Fun(SM®:;Sets) j! Fun(SM®; Sets) : ;
. M ! N ;

Compmsition is givenin the obviousway as composition of natural transformations.
A morphism™ 2 GSM(M ;N) in the category of generalizedsupermanifolds
can be evaluatel over a supermanifold S. We obtain maps
(S):M(S)i! N(9):
Of coursethis larger categorycortains the categoryof supermanifolds,by Yoneda's
lemma:
Corollary 6. The category SM is a full sulzategory in the category GSM.

Example 7. LetV := VO© V?! be a Z=2-gradel vector space. Then we can form

13



the functor
i 1 ¢ev [ 0N A1 ¢ i INAL dd¢
V:iST7I VI (S) = VAT (S)Y © VNG (S)°U

This de nes a genealized supermanifold assaiated to V.

Example 8. In fact, the category of supermanifolds SM can be enrichal over the

category of geneanlized sugermanifolds GSM:

De nition 9. Let C be a monoidal category (with terminal object €). A C-category
D consistsof a set of objects Obj(D), for each pair of objects A; B 2 Obj(D) a
hom-object

D(A;B) 2 Obj(C);

and for eachtriple A; B;C 2 Obj(D) an arrow (composition)
D(B;C)E D(A;B)i! D(A;C) 2 Mor(C

satisfying the usual assaiativity axioms. This structure D can be madeinto a
category by applying a suitable (\for getful”) functor, returning hom-setsfor the

hom-objects: one can usethe functor
U:Cj! Sets:D(A;B) 7! C(e;D(A; B)):

Then UD is a category, and we say that UD has been enriched over C.

For de nitions and further material seefor example[21], [17]. For later refer-
enceit is good to add the de nition of \enriched functors", i.e. functors between

two C-categories:

14



De nition 10. A Cfunctor E: D, j! D, of two C-categories, consistsof a map
on objects,

E:Obj(D1) i! Obj(D2)

and for all pairs A; B 2 Obj(D1), a morphismin C

E(A;B) :D1(A;B) i! D2(E(A);E(B))

which respects composition.

Badk in our example,we seethat onecanreplacehom-setsSM(M ;N ) in SM
by functors

SM(M;N):Sj! SM(M £ S;N)

describinggeneralizedsupermanifolds (as families of morphismsparametrized by
S). We also have a forgetful functor, assigningto sucd a hom-object its value on

RY0, thus producing a hom-set:

SM(M ;N )(R%%) = SM(M ;N):

This construction enrichesthe category SM over generalizedsupermanifolds.
Our next step will be to de ne the \super bordism" category usedin the
de nition of the eld theory functors. This will again be a GSM-category with
a similar enrichmert as we saw in the example above. The key obsenation is
that one can use families of morphisms, parametrized over some supermanifold
S. In the casebelowv, morphismswill be super bordisms, and the generalized
supermanifoldsin the enriched categorywill thus be constructedfrom families of

super bordismsover basesupermanifoldsS.

15



For the de nition of\superbordisms", werestrict oursehesto the caseof (1j1)-
dimensional super bordisms between (0j1)-supermanifolds. This is exactly what
we needto de ne the categorySEB; howewer, it is not much morethan that. The
de nition is truly modeled on superbordismsof R%1, which we generally view as
embeddedin RY! by the standard embedding described below. In this, soto say,
°at situation, gluing is particularly easy A more generalde nition would involve
de ning boundary manifolds with (two-sided)collars, and bordismswith embed-
dings of theseboundary collars. This would allow socalled thin super bordisms,
wherethe boundary supermanifoldsare embeddedonto the samesubmanifold of
the bordism supermanifold. In particular with respect to 2-dimensionalconfor-
mal eld theories,thin bordisms makes sensegeometrically sinceone would like
to think of surfacedike pinched annuli and similar, as (2-)morphismsin the cate-
gory. Unfortunately, with respect to the functors, this would causetrouble, since
the imageof a thin bordism under the functors can produce unboundedoperators
and causedi®eretiabilit y problemson the maps of hom-objects (super moduli

spacesof morphisms) given by the enriched functors.

De nition  11. An (mjn)-dimensional supermanifold with boundary is a super-
manifold Y := (jYj; Oy) whee the underlying manifold jYj is an m-dimensional
manifold with boundary @Y j, togetherwith an emiedding@ | Y ofan(mj 1jn)-
dimensionalboundary supermanifold @', suchthat j@j= @Yj! jYjistheem-
bedding of the boundary on the underlying part. The emledding of supermanifolds
@ ! Y is part of the datum (the map could behavenon-trivial ly on the odd part).

Example 12. The standad local model at the boundary for sucha sugermanifold
is a \super half-smee”, RTY". The reduced manifold of this is R™, = [0;1 ) £

RMi 1 and the shef simply consistsof C' (RT,)"*aR". This standaid suger half-

16



space comesequipped with the standaid emhedding of the boundary supermanifold

R™Mi 1" whichis given over S-points by

Restricting this super half space to the (underlying) interval [0;2) for some2 > 0
givesa \boundary patch" [0;2)%1. We usethis and the opposite one, (j 2; 0]4%, as

one-sidel collars of suger bordismsin the de nitions below.

Remark 13. (Supergeometry) One can de ne vector bundes of rank mjn over
supermanifolds in a completely analagous fashion as for \or dinary” manifolds,
whee the ber is now an R™". The tangentbunde TM of a sugermanifold M

is de ned as the locally free C* (M )-module of derivations of the structure shef
Ow ; the module of derivationson R™" (with coordinatest;, 1) is geneated by the
even -2

@’
[4], sections 3.2, 3.3.

and odd @@,. For an explicit de nition of theseobjects see for example

The cotangentbunde on M is the dual - §, of the tangentbunde TM . This
is again a locally free madule over functions Ct (M ). From this one obtains the
di®emential graded algeba of di®eential formson M , - §, .

In the caseof R%, the n-forms in -}, are geneated by (di)", as a module
over Ct (R91) = R[u]; thus all n-forms can be written as (a + bp(dW", for a,
b2 R. Onehasd[(a+ bp(dy"] = b(dyW"**. Note that for this reason, there is no
top-dimensionalform in - 2.

The 1-forms on RY? can be written asf dt+ gdy, for f, g2 C' (RY1). An even

1-form will havean evenfunction f and an odd function g as coexcients. Again,

see [4] for de nitions and calculations.
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De nition  14. A metric structure on an (1j1)-dimensional sugermanifold Y is
an evenl-form ! , suchthat! jjy; andd! jjy; are nowhee vanishing. We addition-
ally require that the Berezin-integral of ! over (0j1)-dimensional sub-manifoldsis

positive. Typical metric structureson RY%(S) are

o= dt+ pdy T = dt+ pd

whee ! is de ned to be the standad metric structure. We call T~ the \r eversd"
metric structure (with respct to ! ). For a generl metric structure! y on'Y we
obtain the revers@ metric structure Iy by changingthe sign of the evencoexcient
f 2 Ct (Y) (recall that the 1-forms are a locally free madule on one evenand one

odd geneator).

Note that a metric structure restricts to a metric on the underlying manifold;
the standard metric structure on RY? restricts to the standard metric on R (this
can be easily seenby letting u= 0).

The positivity requiremen in the de nition says that the pullback i®! of !

under inclusionsof (0j1)-dimensionalsub-manifolds

i ROl Y

hasa positive coexcient b> 0in the term bpdu (seeremark above). Thereforethe
changeof sign of the even coexcient doesnot a®ectthe positivity of the Berezin

integral. We refer to [27], [4] for technical details.

Remark 15. We de ne sugerbordisms with sets of in-coming, and out-going
boundary parts, respctively. The idea is to imagine each component as a \su-

perpoint”: this would be RY%? togetherwith an \orientation”, designatingthe type

18



of collar or boundary information (left- or right-side collar; this correspnds to
picking an orientation of the normal bunde of the boundary). We ask that one
type comeswith emteddings of a small suger interval [0;2)4! with the standad
metric structure (for some? > 0), while the other comeswith emleddings of the
\opposite" suger interval (j 2; 0]41, againwith the standad metric structure. This
gives\one-sided collars” of the bordism sugermanifold, which is the boundary da-
tum usel for gluing, which is done by merging one-side collars into (j 2;2)41.
The aloveis the picture one hasin mind whentalking alout objects and mor-
phisms. However,in the precise de nition, we do not need to talk atout the su-
perpoints themselvegas (0j1)-dimensional supermanifolds). The datum we keep
track of on the object levelis reducd to the setsof boundary components of ei-
ther type, i.e. nite setswith \orientation". On the morphism level we havethe

emleddings of the correspnding pieces as part of the datum.

De nition 16. LetZ := (Z*;Z1) 2 Sets£ Sets be pairs of nite sets. We refer
to the rst componentof a pair Z as(Z)* := pri(Z) and the second compnent as
(Z)i := pry(Z). We dene the involution (¢ on such objects, given by switching
sides:

) =@); @) =@):

There is a sum operation (union) given by

2,9 Z,:= (21" qZ;" ;24" q 27 ):

Then a superbordism from Z; = (Z,";Z,') to Z, = (Z5";Z,") is a (1j1)-
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dimensional supgermanifold Y with metric structure and boundary emleddings

(Z1q Zo)* £ 0292 Iy o 37,4 Z,) £ (; %0

whee [0;2)Y%, (i 2; 0[Y* come equipped with the standad metric structure ! of

RY1 and whee the emleddings preservemetric structure.

Example 17. A standad exampleof suger bordisms like alove is the suger in-
terval of lengtha, a 2 R. This is the sub-sugrmanifold [0; a]{* := [0;a] £ RY?
of RYY with the standaid metric structure. It can be interpreted as superbordism
from the superpoint,

spt:= (fR%g;;)

to itself, with the natural boundary emteddings of

(sptq spi)* £ [O; 2)11'1 = fR0j1g£ [O; 2)1j1 = [o; 2)11'1;
(sptq sph)i £ (i 3 0P8 = fRAGE [0;2)U1 = (j 2 OJUL:

A priori this is certainly a very uninteresting example. But onee we changeto
families of super bordisms parametrized over base supermanifolds, this type of
examplebecomesricher. Note in this respect, that we can interpret the numker a
as a function on the supermanifold R%°. We will see that in a fancy formulation,

this exampleis a family of super intervals parametrized over the single point R9°,

Let us now de ne the bordism categoriesneededfor eld theories.

2.1.2 The Categories.

We beginwith the plain (not enriched) version:
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De nition  18. The category SEB consists of

s Ya
Obj(SEB) :=  pairs of nite setsZ := (Z*;Zi)

Morphismsin the category consist of sugerbordisms:

8 9

2 (1j1)-dimensional sugerbordismsY : Z; !  Z, with 2
SEB(Zl,Zz) = > S .
metric structure and boundary emteddingsas alove

Compmsition in the category is given by gluing suger bordisms. To do that one
identi es the emleddings of out-going boundary of one superbordism with the in-
going one of the other. In the diagram we have assumd for simplicity that all

Zi = (Z";;), i = 1;2,3. Then we have
SEB(Z,;Z3) £ SEB(Z1;Z,) i! SEB(Z1;Zs):YatY:1i! Y
whee Y is the connected sum
Y =Y1qz,- Y2

and wheee the boundary emleddingsare as pictured below:

z,* £ [0;2) 1R % Vo8 ¥Za) £ (; %0

'

(Zo)' £ (i 30 [0;2)HtE Z,°
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wheee we can identify in the lower line

Z," £ (j 2,08t q [0;2) Ut E Z,*

(glue)

Z," £ (i 32)W

Note 19. This is a symmetric monoidal category under the sum, or union, of
objects. All objects Z here are really just to be considered as multiple copies of
spt and spt, with the position indicating the emieddingsin [0;2)3 and (j 2; 042,
respectively.

The morphismsin this category do not contain an identity. Such an object
would be given by a suger bordism in SEB(spt; spt), suchthat composition with
this bordism is trivial. Since composition is by gluing, this is only possibleif it
wasa thin bordism, i.e. a (0j1)-dimensional suger manifold. With our de nition

we haveneither identity nor isomorphisms.

We enrich this category over generalizedsupermanifolds,the sameway aswe
have sketched beforefor SM, using families of bordisms. It is a crucial point to
have the super structure on the moduli spaceof super bordisms;in fact, this is
exactly the requiremert which insuresthat we do not obtain homotopically trivial

spacesof functors EF T , in the end ([27]).

De nition  20. A family Y over S of super bordisms (representingan isomor-

phism class)in SEB(Z1;Z,)(S), is de ned by:

2 abunde Y ! S of supermanifolds with (1j1)-dimensional ber | and local
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trivializations:

2 avertical ('ber-wise) metric structureon Y, i.e. an evenl-form de ned on
vertical vector elds on Y, satisfying the requirementsin de nition 14, and

a metric structure on | , suchthe' y are isometries

2 boundary emhleddings (preservingmetric structures) as shown:

(Z19 Z,)" £ SEO; 2)1j1L/Y o 7%z 0}1|j|1£ S£ (Z1q Zy)
|

7 L ||||I"'IJ/J

SU

whetee the Yaare projection on S.

In short, Y(S) is a ber bundle of (metric) super bordismsover S. Maps of

such objects are de ned in exact analogeto bundle maps. Compositions can be

de ned by b erwisegluing ([11]).

De nition 21. (SEB, enriched) We de ne the GSM-category SEB. The objects

are the same as alove. For any two objects Z;, Z,, we de ne the genearlized

supermanifold of suger bordisms SEB(Z4;Z,) as the functor

SEB(Z4;Z;): SM ! ets:

INW/ ©

S 7!

% isomorphismclassesof families of
E super bordismsZ,! Z, with

WW

metric structure, parametrized by S -
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as descriled alove. Comgposition is given by berwise gluing of families of super

bordisms.

Note 22. The concept of using families of super bordismsto enrich the morphism
sets works reliably also in more generlly de ned super bordism categories (in
particular in the (2j1)-dimensional CF T-case). Families occur naturally in the
“eld theory picture, for instance as families of spin manifolds over a parameter
smce, carrying Dirac operators on the bers and thus providing the genearlized
A-genus. Therefore this enrichment makesa substantialamount of sensefrom
the topological point of view, evenwithout yet considering the conseuenes for
our functors. The genenlized form of supersymmetry we use here incorporates

the family structuresin an elegant way.

Notation 23. The genenlized morphism sugermanifolds de ned alove can in-
clude families with "bers | := | °Pen q | closed \whee the parts | ©°¢d are closel
compnents. Concerning the (super) maduli problem of morphismsin the cate-
gory SEB, such families with close&l compnent bers are somewhatredundant
information in SEB(Z1;Z,), since these bordisms already appear in SEB(;;;).
We therefore like to consider the \non-closed compnent" of the genenlized su-
permanifold SEB(Z,; Z,), which contains only families of suger bordismswhele the
“bers do not haveclosal components. Conseuently, one shouldcall this smaler
geneanlized sugermanifold SEB(Z4;Z,)°P" (or elsedistinguishit from the super-
manifold of all morphismsin the category). However,in all of the following we are
concerned with maduli questionsand would like to excludefamilies of suger bor-
dismswith closal componentsfrom the discussionalltogether. We therefore prefer
to abusenotation and let SEB(Z,;Z,) denotethe families of suger bordisms with

no clos@ comppnentsin the bers. We frequentlyrefer to this asthe (genealized)
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\moduli supermanifold of bordisms".

Let ustakealook at the exampleof super intervalsin the extended,generalized

version. We seethat we now obtain families of super intervals.

De nition  24. We de ne the standad family of suger bordisms|,. This was

“rst written out in detail by H. Hohnhold.

Let (t; ) be a point in RYS(S) = SM(S;RYY), given by a morphism
tw:si! RY:
Then we can write this over somebaseB as

(G H:SB)i! RIGB):s7 (1(s); K9));

whee s standsfor an elementof SM(B;S), and t(s), i(s) 2 SM(B; Rijé) are
considerd as the two B-coordinates of a B-point of RY:. Recall here that in case

of \super spaces" R™" one can interpret B-points as (m; n)-tuples of functions on

B.

Now we de ne a family | ,, 2 SEB(spt; spt):

| (t; 1) % SE£RY}

|

S
with boundary emheddings
SE [0 2)111'@Lu (t: 1) °$% 2 OPLE S
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given on B-points by

Ty = (S557) 70 (s51+ t(s) + W(s)" ;" + W(s));
T :(S:1;7) 70 (s;1;7):

On the underlying manifolds we obtain

Y EZ1
JTEWi= (5x)|82jSj;x2R:06 x6 t(5)

This meansthat we see intervals of lengtht(s) 2 R as bers of the underlying map

jrwii! IS

However,the super intervals carry substantialy more structure, since the odd coor-
dinatesare change by the odd function . In fact, alsothe evensuper coordinates
vary degending on the odd coordinates.

We have a berwise metric structure on this family, given by the standad
structure! on RY;. Onehasto cheek that the boundary emieddingsT ;) preserve
this metric structure. This is an easy calculation (done for examplein [27]). In
fact one can see that the \tr anslation automorphisms" T, are exactly the auto-
morphismsof R which preservethe metric structure givenby ! , and they form

a super semi-goup (for de nitions see [4]). The semi-goup structure is given by

T(tl;lll) iT(tzillz) = T(t1+t2+ Ha b+ o) -

This prescrilesthe composition of families | ,, under berwise gluing.

A priori thesenew hom-objects in SEB are generalizedsupermanifolds. One

26



hasto ched the represetability of the functors to seewhether they are in fact
supermanifoldsthemsehes. It turns out that the above families play the key role.
The proof of the following result is work of H. Hohnhold [11], which is yet to be

published.

Theorem 1. (H. Hohnhold) The functors SEB(Z,;Z;) are representablein the
category of supermanifolds for all pairs of objects Z,, Z, in the category SEB.
Compmositions can be de ned and correspnd to berwise gluing of bordismsin the
families of bordisms given by the functor.

In particular, in the caseZ; := Z, := spt, one obtainsthe representingmaoduli

supermanifold of bordisms RY?:

SEB(spt; spt) 2 RY}

with metric structure given by the standad form ! on RY%. The isomorphismis

givenon S-points by
RYS(S) i! SEB(spt;spt)(S) : (1) 7! I g
and composition by
RIG(S)E RIG(S) il RIG(S):  (taib)i(taikk) 7! (ta+ to+ pabloj by + p):

This equips SEB(spt; spt) with a super semi-gioup structure.

This result coincideswith the one of S. Stolz, and P. Teidchner in [27], corre-

sponding to the earlier setupin their paper.
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Let us now take a closerlook at the target categoryof the "eld theory functors,
the category of Hilbert spacesand operators. Sincewe have just equipped SEB
with the enriched structure, we would like to have a correspnding structure on
the target category Then wewill be ableto de ne enrichedfunctors (seede nition
10) betweenthe two enriched categories,preservingthe additional structure on
the hom-objects.

In order to introduce a super structure on Hil b, we needto talk about graded
Hilb ert spaces.Consider rstly the categoryof gradedHilb ert spaceswvith Hilb ert-
Sdmidt type morphisms,HS. It hasasobjects

8 9

_ 2 graded,real, separableHilb ert spacesH 2
Obj(HS) = S ;

with grading involution 2 ;

The morphismsare Hilb ert-Schmidt operators betweentheseHilbert spaces.An
operator A is dehed to be Hilbert-Schmidt, if it satis estr (A°A)z < 1 . The

morphisms

%) £
HS(H1;H2) := A :H;! Hy; Hilbert-Scmidt operator

form a graded vector space,with grading involution A 7! 2,A2,, induced by the
involutions on the Hilbert spaces. l.e., we have grading-preserving(even) and

grading-rewersing (odd) operators, and

HS(H1;Hy) = HS(H1: H)® © HS(Hy; Hy)0%:
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where
HS(Hl, Hz)ev =fA 2 HS(Hl, Hz)j22A21 = Ag

HS(Hl, Hz)Odd =fA2 HS(Hl, Hz)jzzAzl =i Ag

This is a symmetric monoidal categoryunder tensor product of Hilbert spaces.

Note 25. The usualde nition of the category of Hilbert spacesis slightly larger,
containing bounded operators as morphisms. Neverthelessthe eld theory functors
land in the category HS with Hilbert-Schmidt operators. This is so becauseof one
of the axioms on the functors, the adjunction transformation.

This is a transformation on both categories (descrited more explicitly below),
whichis usal to re-interpret suger bordismsfrom in-going to out-coming boundary
as super bordisms from the empty set to the total boundary, or vice versa. Since
we exclude the possibility of thin super bordismsin this discussion(see also Note
19), the adjunction transformation on the bordism side becomesa bijection (every
\thick" bordism can be reinterpreted as alove). In this senseit is consistentto
work with the category of Hilbert spacesand Hilbert-Schmidtoperators on the target
side of the functors, since the Hilbert-Schmidt operators are precisely the image
of the correspnding adjunction transformation. It also matchesthe fact that we
haveno identity in SEB (see 19): the identity on an in nite-dimensional Hilbert

space is not a Hilbert-Schmidt operator.

Note 26. In this work we do not consider complex 1-dimensional eld theories,
since the aim is to strenghtenthe connection of eld theories and K -theory, which
is more interesting in the real case. To de ne complex eld theories, one would

simply use C as hase eld; in particular one would have complexHilbert spaces.

To enrich the categoryH S over generalizedsupermanifolds,we usethe functor

of S-points from example7:
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De nition 27. We de ne the category HS, enriched over GSM: For Hy, H, 2

HS, set
HS(H]_, Hz) : SM il Sets :

i ¢
s 71 'HS(HuH)E1(S) !

Recall that this decomposesinto purely evenand odd parts:

"HS(Hy HY) T ! (5)¢ev =
. ¢ . ¢
= "HS(Hy; H)® 2 1 (S)® © 'HS(Hy; Hp)oHie 1 (S)%

Compmsition is given by composition of operators.

This matchesthe enrichment on the sourcecategory SEB. Let us now give a
summary of the additional structure on both sourceand target categories,which

the functors will have to respect.

Remark 28. (Structure on categories) The enriched categories SEB and HS

carry the following structure elements
2 Symmetric monoid:

{ On SEB: w.r.t. to the disjoint union q.

{ On HS: w.r.t.the tensor product =*.
Note here that we haveno identity in our categories (see note 19).
2 |nvolution (¢:

{ On SEB: This is identity on objects. On hom-objects it is given by
\r eversingthe metric structure™: Recall that we can changean even,
nowhee vanishing 1-form on a (1j1)-dimensional sugermanifold Y by

changingthe sign of the evencoexcient (! := fdt+ gdy, f 2 C* (Y)®,
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g 2 C(Y)°¥ pecomest := j fdt+ gdy). This is again a metric
structure. Consideringa family Y j! S of super bordismsover S, we
applythis changeof metric structureto Y. Accordingly, the emieddings
of the boundary collars, which by de nition of a morphism in SEB
carry the standard metric structure, haveto be change by an isometry.
This moveis illustrated in the diagrams below; we haveagain assume
here that all objects contain only one type of elementsZ; := (Z;*;;),

i = 1;2;3, for simplicity. Solet
Y 2 SEB(Z4;2Z5)

be (the isomorphismclassrepresentel by) a family

A

Z,* £[0,2)4 g Sy T, £ (j 20ME S

Then we let

Y 2 SEB(Z1;Z,)
be (the isomorphismclassrepresente by) the family

@y £ G50 e S5V AZy e e s

2 2

Z." £[02)41E S S Z, £(iz0ME S
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where we usethe isomorphism

[0:25%S) i1 (201 (S): (W7 (it y);

changingthe form from ! to . The upper line in the diagram shows
the operation we did to the family; one could interpret this as a super
bordism from Z; to Z,, howeverwith reverse metric structure on the
collars. The isomorphismsmakeit againinto a morphismin the cat-

egory. Note that ovemll we have not changel the roles of in-coming
and out-going boundary components. On the underlying manifolds, the
changeof metric structure correspndsto a changeof orientation. In

this sensewe havesimply \°ipp ed the orientation” on the wholebordism

(as indicated in gure 2.1).

{ On HS: The involution is trivial for real Hilbert spaces;in the complex
case one switchesa morphismA : HS ! HS to A : Hy ! Hy, using

the opposite complexstructure (see note 26).
2 Anti-involution (¢°:

{ On SEB: This is againidentity on objects. On morphisms,we reverse
the metric structure on Y, while the boundary parts are now embeddel
by reversingtheir metric structure but without changingthe typesfrom
[0;2)U to (j 2;0[Y1. This can be interpreted as exchangingin-going
and out-coming side, determining a super bordism Y® : Z, j! Z; with

boundary emledding of Z, q Z,. Let again

Y 2 SEB(Z1;Z,)
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be (the isomorphism classrepresente by) the family as before. Then
we let

Y®2 SEB(Zz, Zl)

be (the isomorphismclassrepresente by) the family

L A - oy
z £ EST N, £ (150 £

Z, £(jz0MES S Z," £[0;)HE S

where the isomorphismsare as alove.

{ OnHS: Here (¢° is identity on the Hilbert spaces, and on the operators

it is given by taking the adjoint.
2 Adjunction transformation:

{ On SEB: We havenatural transformations
SEB(;;Z1q Z3) ! SEB(Z1;Z,)

given by changingthe emteddingsinto the bordism supgermanifolds cor-

respndingly and thus reinterpreting them.

{ On HS: This correspndsto the adjunction transformation on opera-
tors

HS(R;H1 Ho) i T HS(H1;Ho):
This is an isomorphismon Hilbert-Schmidt operators (see Note 25).

All of the above is completely analogousto [27], de nition 2.1.1.
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Figure 2.1. The involutions on reducedmanifolds. Metric structure and
reversedmetric structure are indicated as orientations. We usethe
shortenednotation Z; := (Z;)* = (Z;)', for simplicity.

2.1.3 The Functors.

Finally, hereis our de nition of 1-dimensionaleuclidean eld theories. Again,
this is a slightly simpli ed versioncomparedto the onegivenin [27], sincewe X
the functors on objects from the start. This makeslife easierregardingthe sets,or
spacesof such eld theories. It is reasonable sincethe sourcecategory cortains
only copiesof two elemerts spt and spt, related by an involution. Each functor
can thus only pick one\basic" Hilbert space,namely the one assaiated to spt,

sinceit hasto respect the structure on the categories.

De nition 29. LetH 2 HS be a gradel sef@arableHilbert space. A 1-dimensional
sugersymmetric euclidean eld theory on H (of degree 0) is a continuous symmet-

ric monoidal GSM-functor between enriched categories

E:SEB ! HS; with E(spt):=H;
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which respects the structures givenin remark 28. We denoteby
EFT(H)
the set of such 1-dimensional supersymmetric euclidean eld theory functors on

H.
The enriched-functor property implies that the functor givesmapsof general-
ized supermanifolds (natural transformations)

SEB(Z1;Z,) i! HS(E(Z1);E(Z,);

which are compatible with composition (of bordismsor operators, respectively).
Evaluating a map of hom-objects as above on S := R%° shows in particular

that the functor assigns

Z 2 Obj(SEB) ! E(Z) - (tensorpower of) H
Y 2 SEB(Z1;Z5) ! E(Y):E(Zy)i! E(Z,) - Hilbert-Schmidt operator.

What is the essetial data of sud a functor? One can show that all the nec-
cessaryinformation is cortained in the behaviour of the functor on the moduli

supermanifold of bordisms SEB(spt; spt).

Theorem 30. (Stolz, Teichner) Let H 2 HS. Then there is a bijection of eld

theories and super semi-goup homomorphisms

EF T(H) o——"—/ssgRY}; HS®(H))

whet the latter standsfor (the genenlized sugermanifold of) self-adjoint Hilbert-
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Schmidt operators on H.

Proof. (Sketch) This has beenshovn by S. Stolz and P. Teichner in [27], and
worked out for our slightly di®eren versionof eld theory functors by H. Hohnhold

[11]. Givena functor E, oneobtains a two-parameterfamily (over S-coordinates)

EA (6 ) 7 E(ly))

By the adjoint property it follows that the operators are self-adjoirt. The family
E(l ) obtainedthis way descrikesa super semi-groupunder gluing; thereforeone
obtains a super semi-grouphomomorphism. The other direction involves more
work. The authors show that the functors are completely determined by their
valueson SEB(spt; spt). This usesthe fact that they have to satisfy a rich set of
axioms. Thm. 1 givesthe represetation of this super moduli spaceSEB(spt; spt)
by Rijé, and its super semi-groupstructure. Oneshavsthat ead super semi-group

homomorphismas above determinesa eld theory.

2.1.4 Euclidean eld theoriesof degreen.

Now the remaining piece of work is to introduce the degreeof a eld theory
functor. This is done using Cli®ord structure. Before explaining how this struc-
ture is built into eld theories,let us rst give a very short overview over some
facts concerningCli®ord algebrasand Cli®ord structures on Hilb ert spaces.More

details and de nitions can be found in Appendix A.
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2.1.4.1 Somefacts on Cli®ord algebras.

The Cli®ord algebraswe use here are the standard algebrason R". We use
the notation

G =dR"q; C,=dR"q); n>0;

whereq(x) := x3+x3+ :::+x2 andg (x) := j g(x), x 2 R". The algebrasG, have
n generators(vectorsin R"), which we typically denote by e and which square
to j 1, while the opposite G , hasn generatorsf; which squareto +1. Di®erert
generatorsanti-commute. For a precisede nition, seethe appendix. The algebras

are gradel, into elemens of even and odd length. We denotethis splitting by

G =Qog:

The ewven part C© forms an algebraitself, while the odd one doesnot. More than

that, we have isomorphisms(of ungradedalgebras)

Cnilgcﬁ

for all n.

There are graded and ungraded modules over Cli®ord-algebras. They are
related: Ungraded modules over 0 corresnd to graded modules over G,. The
functor assigningto a graded G,-module M := M°© M1 its even part, the G-

module M °, inducesisomorphisms:

M(G) 2 M(Q) 2 MGy 1):

Here M (G,) and M °(G,) denote the free abelian groups (Grothendiedk groups)
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generatedby irreducible graded, or ungraded modules, respectively. For us an
important part to note about them is the structure of represemations. All (un-
graded) algebrasare of the shape k(n) or k(n) © k(n), for some eld k Therefore,
ungradedirr educible representationswill look like K", up to isomorphism. There

are very few isomorphismclassesf sud represetations:

Theorem 2. Let k = R;C; or H. Then up to equivalene of representations,
the only irr educiblereal representationof the matrix algeba k(n) (as algebea over
R) is the natural representation%2on K'. The algeba k(n) © k(n) has exactly
two equivalene classesof irr educible real representations, given by the natural

representationof each factor on k(n):

Ya(X1;X2) = Y8X1);  Ya(X1;Xo) := Y%Xy):

Hereequivalenceof two real represetations %2 : A j ! Hom(W;; W;), i = 1,2,
of an algebra A meansthat there is a k-linear isomorphismF : W; | W, sud
that F +%4(a) +Fil = %(a) forall a2 A.

Together with the shift between graded and ungraded represetations, this
givesa classi cation of M (G,) and M °(G,) (seetable in Appendix A). Moreover,
given the structure of Cli®ord represemations as vectorspacex”, one can make
senseof Hilbert spaceswith Cli®ord-madule structure, Cli®ord-linear subspaces
(sub-madules), Cli®ord-linear operators (commuting with the Cli®ord-action),
and dimensionsof Cli®ord-linearsubspacess (gradedor ungraded) Cli®ord mod-
ules.

For the latter, denoteby d, the dimensions(over R) of the standard ungraded

irreducible represetation of G, (the d,'s arelisted in table A.2). Then we de ne:
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De nition 31. Let V be a G,-linear vector space. The (ungraded) \Cli®or d-
dimensiorf, dim¢, (V) refersto the numker of copies of irr educible (ungraded)
G,-modulesin V, i.e.,

d,dimg, (V) = dimg(V):

The \grada Cli®ord-dimension, dim?:;(V) counts the numkler of copies of the
standad gradel irr educible G,-module, for graded modulesV. If V is a gradel, we
have

dim¥(V)=k ) dimg (V)= 2:

Remark 32. In geneanl, we useright G,-modulesas the standad in the follow-
ing. Note that Cli®ord-multiplication from the right with a geneator e of G,
corresnds to multiplication from the left with 2e;. This is an elementwhich
squaesto +1 and can be interpreted as a geneator of the opposite algeba C |

Henee a right G,-module structure is equivalentto a left C ,-modulesstructure.

Remark 33. Cli®ord algebas also come with an adjoint transformation, which
lendsthemthe structure of C'-algebas. A C'-algeba is a sub-algela of the algeba
of boundel operators on somein nite-dimensional Hilbert space H, whichis closel
under the operator norm and the adjoint. The adjoint is sometimesrefered to as
the o-operation of the algeba.

Since we will use Hilbert spaces and boundeal operators on them, but want
to introducee Cli®ord-structure both on the Hilbert space and the operators, it is
usefulto makethe two characteristic structurescompatible. Equippingthe Cli®ord
algebas with C*-algeba structure is not complicated in the caseswe need: In the
caseof G , welet the a-operation be trivial. In the caseof G, it is induced by v 7!

i vfor v2 R". Clearly the algebas are closal with respct to the correspnding
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g-operation.

De nition  34. Let H,, be a Hilbert space with a xed right G,-module structure.
Then this module structure is compatible with the Hilbert space structure if the
action

G i! End(Hy)
is a C’-homomorphism. In the following we will alwaysassumesucha structure
on Hilbert spaces denotal with an index n.

Lemma 35. The compmtibility of the C-structure of the Hilbert space and the
algebrm implies that orthogonal projections along the inner product in H onto a

Cli®ord-linear subspce V, are linear with resgect to the Cli®ord structure.

Proof. SeeAppendix A.
2

Note 36. The notation of a Hilbert space with Cli®ord structure H, can be slightly
confusing since it does not distinguish between di®erent module structureson H.
In fact there can be many di®eent suchstructures. However,we want to consider
in nite-dimensional Hilbert spaces. In thesecases,the space of Cli®ord structures
is contractible, which means that we can X one action and think of all others as

homotopyvariations of that one.

2.1.4.2 Degreen structure.

One can now construct functors

Deg, : USEB j! dif f
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wherewe write USEB for the underlying categoryof objects and (1j1)-dimensional
super bordisms, while Clif f standsfor the category of Cli®ord-algebrasand bi-

modulesover them. In our casefor instance,

Degi(spt) := G "= G; Deg(sp)) := Gy

Note herethat although it might seemsoin our euclideancase,the construction
of the degreefunctors on the bordism categoriesis not quite trivial. There are
geometricintuitions behind it: the bimodules assaiated to super bordisms are
constructed as certain \F ock-spaces"”,or \generalized Pfatan lines" (see[27]).
One then producesthe categoriesSEB,,, whose hom-objects SEB,(Z;; Z>)
have an action of the two Cli®ord-algebrasDeg,(Z;) and Deg,(Z,) assaiated to
sourceand target. A family in SEB,(Z1;Z,)(S) over S now comesequipped with
a sectionA, of a Cli®ord-bimodule bundle Deg, j! S of Deg,(Z,) i Dea,(Z1)-

modules:

whereDeg, is locally isomorphicto Deg,(l ), the bimodule assaiated to the ber
ofY! S.

In the examplesimportant for us, the families |, 2 SEB(spt;spt), we have
the trivial bundle

Deg, .= SE£ G;

with b er the standard irreducible module with actions of the Cli®ord-algebras
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Deg (spt) = G,, Deg,(spt) = G » by multiplication from the right, or left respec-
tively.

Now we have an action of the Cli®ord-algebrasDeg,(Z,), Deg,(Z1) on these
degreen families of bordismsin

8
% isomorphismclassesf families (Y; A,)

IMAY/ ©

SEBn(Z1;Z5)(S) := asabove, whereY 2 SEB(Z1;Z5,);

:

= WW

and A, 2 i( S;Deg,)

givenby multiplying the sectionA, with constart elemerts in the Cli®ord-algebras
from either side.

We ask of the functors, that they preservethis action:

E(Y;c(x2) £An £(X1)) = c(X2) £E(Y;An) £c(X1);

where ¢(x;) standsfor multiplication with an elemen x; in Deg,(Z;). Certainly
this posessome conditions on the category HS the functors land in, we need
to be able to make senseout of Cli®ord-nultiplication there. We descrike the
consequencefor eld theory functors below.

First howewer, we would like to point out that a completereformulation of the
degreedatum is preserly work in progress(S. Stolz). It is not yet clear, in which
way the degreedatum ts together with the new structure of generalizedsuper
manifolds. One suspects someredundancy: the bimodulesDeg,(Y) assaiated to
super bordismsare algebraic Fock spacesgconstructedin the earlier versionfrom
spin structureson the bordism manifolds. The spin structures, however, have been
incorporated in the super structure. They correspnd exactly to the geometric

part of the de nition of super bordism, namelythe metric structure. It seemsrery
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likely that there should be a similarly elegan way to expressthe Fockspaceele-
merts assaiated to bordism manifoldsin terms of the super structure. Howe\er,
this is still somewhatunknown territory .

For sake of brevity and to avoid double-tracking, we will skip the discussion
of this aspect and jump to the result for degreen theories. The details of the
construction of Deg, can be found in [27], sections2.2, 2.3. The main e®ect
we see,happensin fact on the category of Hilbert spaces. As indicated above,
it hasto be equipped with someCli®ord-structure. We requestthat the Hilbert
space< (Z) assaiatedto objects Z are (right) modulesover the Cli®ord-algebras
Deg,(Z). We canthen askthat the functors presene the Cli®ord action as stated
before.

This is re®ected in the correspnding structure theorem (which should be un-

derstood asde nition of eld theoriesof degreen for the time being).

Theorem 37. (Stolz, Teichner) Let EF T (H,) be the set of 1-dimensional su-
persymmetric euclidean eld theory functors on some xed Hilbert space H,, with

compatible right G,-maodule structure. Then there is a bijection

EFT(H,) & Jssg(RUL; HS(H,.));

whee HS*3(H,) is the space of G,-(right)line ar operators on H,, with respct to
the given Cli®ord structure (and interpreted as genearlized supger semi group as

before).

Proof. (Sketch) The argumert is roughly like this: The bijection is now, as op-
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posedto beforein the non-Cli®ordlinear case,given by

E Agl((t; W 7V E(l ¢y -n))

wherewe write the super semigroup homomorphismover S-coordinatesand where
- , iIsaspeci ¢ sectionin Deg, over S, the socalled\v acuum®” section. Recallthat
we equipped the families | ,, with the trivial degreebundle Deg, = S £ G,; the
vaccumsectionreturns the unit in G,. Sincethe functors are linear with respect
to Cli®ord-multiplication, they are determined by these families with vacuum

sections. See[27] for detalls.
2

Certainly there is now room to de ne a sort of universal version, simply by

letting the xed spaceof the theory be large enough

De nition 38. Let H,, denotean in nite dimensionalHilbert universewith xed
commatible G,-right module structure. This meansthat H,, contains all irr educible

graded G,-maodulesin nitely many times. Then for all n we de ne
EFT,:=EFT(H,):

These are so far only sets of functors. The next step is to study suitable
topologies, making the setsEF T, into sppces The problem is that one knows
how to write down the super semigroup homomorphisms(or \super semi-groups
of operators assaiated to super bordisms") only in terms of S-points. Thus one
doesnot really ass@iate operators to intervals, as on the underlying manifolds,

but rather S-points of operator super spacedo S-points of the super moduli space
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of super intervals. Fortunately however, one can condensethe information of an
euclidean eld theory functor even further. This way we can even avoid the super
semi-groups;in fact, we are left with studying only one operator geneating a

super semigroup homomorphism.

2.1.5 Generating Operators.

In this section we shav that we can replace super semi-groupsof operators
E(l,) asseiated to eld theory functors E by generatingelemeits in a certain
operator space.Exact de nitions of this type of operatorswill follow below. First,
let us sketch the connection between these operators and the functors. This is
again work of S. Stolz and P. Teichner, which has also beenworked out in detail
in our setting by H. Hohnhold [11].

Let for now EF T°(H,) denote somespaceof \op erators generating eld the-
ories", whoseproperties we will derive below. Then there is a map giving super
semi-grouphomomorphisms:

EF T (H,) @ /ssg(RY%; HS®(H,,)) & EF T°(H,)

Eo Ll (w7 E> - n)

3
(t ) 7! € tG %+ HG) Q—’%

We have the (informal)

Theorem 39. (Stolz, Teichner; Hohnhold) The right hand side map in the alove

diagramis a bijection for a suitablyde ned space of operators. In particular, every
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homomorphismof suger semi-goupsas atloveis of the shae
RYS(S) it HS(H.)(S) : (t; ) 7! €li ©©5 40

for someoperator G on H,,.

Thereareseeralwaysto provethe last statemert. Maybethe mostelegarn one
would be to make the transition from super Lie groupsto their super Lie algebras
and derive anin nitesimal generatorof the super semigroup. This is the approadh
of H. Hohnhold[11]. The basicideaherecomesrom the obsenation that applying
the “eld (& + u2) to a super semigroup of the shape e ‘(1 + pG) = e 1©** 4G
for someG, producesa multiple:

e, o

)€ C°(1+ UG)) = G(e ©*(1+ KG)):

@ "a

Letting t, p becomesmall, we obtain the in nitesimal generatorG. This can be
generalizedio obtain the generatorsfor any of the super semi-groupsin question.
Another way is to translate from super semi-grouphomomorphismsasaboveto C’-
algebrahomomorphismsand usethe spectral theoremto construct the generator.
This is donein [27]. A short sketch can be found in section2.3.1.

The statemert implies in particular, that to ead euclidean eld theory E 2
EF T (H,) we can assiate an operator Gg on H,. We call Gg the generatorof
the eld theory.

Let us derive someelemettary facts about Ge. The operators e '°¢ needto
be ewven, self-adjoirt, Cli®ord-linear and Hilbert-Schmidt. In particular, this also
meanscompact. This implies that Gg is odd, symmetric and Cli®ord-linear; and

that it hasan eigenspacelecompsition with real eigervalueswhich are discrete
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but can accurulate at 1 . This in turn implies that the generator Gg of a su-
per semi-grouphomomorphismof this given shape is really untoundel and canin
generalonly be de ned on a densesubsetD (Gg) %2 H,,, namelythe algebraicsum
of its eigenspacesilt is often unpleasan to work with unboundedoperators. For-
tunately in this case,we have nice spectral properties. This makesthe generators
quite manageable.One of the draw-bads that remain, howewer, is that we have
to keeptrack of the domainsat all times.

Sinceall the following will contain this type of operators, we include a short
summary of somecertral factsand issues.For expositionsof someof the problems

concerningunbounded operators in mathematical physics, seefor example[16],
[26], [8], [9].

Remark 40. (Unboundel operators)

2 A bounda linear operator A on someHilbert sppace H satis es

k AA k6 kkAk; forall A2 H; andsomek 2 R>¢:

An unloundal operator is one \which dces not do so for any k". More
precisely, we are looking at an operator de ned on a (dense)linear subspce
D(A) ¥2 H. The domain is part of the datum of an untoundel operator
A; in particular composition of two such operators does not make senseif

domain and rangedo not match accordingly.

2 |n geneasl, operators onin nite-dimensional Hilbert space do not haveeigenspce
decompositionsasoneis usal to in the nite-dimensional case. Self-adjointness
however,assues this nice property. A boundel, self-adjoint operator is de-

“ned on the Hilbert space sum of its orthogonal eigenspaes. An unboundel
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self-adjoint operator is de ned on the algebaic direct sum of its eigenspces,
but not neccessarily on the Hilbert space closure of it (in nite sumsof vec-
tors whoseHilbert norm conveges). The algebaic direct sum is densein
the Hilbert space sum (implying that an untoundel self-adjoint operator is
always denselyde ned in H). In the following discussionthe direct sum
appears frequently, and we mean the algebaic direct sum unlessotherwise

stated.

2 |t is not straight-forward to de ne self-adjoint untboundel operators. The

usual description of self-adjointnessregarding the salar product

< A AA >=< AA;A>;  for all A;/A2 D(A)

does not take enoughcare of domains. In the world of unbounded operators,
an operator A is called symmetric, if it hasan adjoint A® which agrees with
A on D(A). A is called self-adjoint, if additionally the domains of operator
and adjoint agree. In generl, A® will be an extensionof A, A Y2 A”: the
domain D(A®) is de ned asthe setof all A 2 H suchthat A7!< AA;A > is

boundel for all A2 D(A). Then one can de ne the adjoint operator A® by

< AA;A>=< A;A"A>; for all A2 D(A);A 2 D(A®):

2 There are ways to extend symmetric unboundel operators to truely self-
adjoint ones, by means of extendingthem to larger domains. In fact one
neccessarily hasto extendthe operator to a densesubsetof H in order to be
ableto makethe result self-adjoint. This processis not easy and has causel

many problemsfor operators usal in physi@al appliations.

48



Newertheless,most of these problems are of formal nature in our case,since
the operators we work with are nice enoughand represem a great simpli cation
from studying functors or super semi-grouphomomorphisms.We therefore work

with spacesof sud generators.

De nition 41. Let H,, be a Hilbert space with compatible G,-module structure as
before. We set

Sym(Hy) =

8 9
E linear operators | D(A) 4 Hy; A is G-linear, E
E A:D(A)! D(A) | hascompact resolvent, :

= WW

and Ajgay is self-adjoint

We de ne a nite version of this:

1 Ya
Spm(H,) == A 2 Sym(H,) ’ spectrum ¥(A) is a nite set
Finally, set
Yo Ya
EFT°(Hn) == G2 Sym(H,)°« ‘ e ¢ is Hilbert-Schmidt

EFT,:= EFT (H,):

This meansthat A 2 Sym(H,) is denselyde ned in a closed subspaceof
Hn, D(A) := (D(A)?)?. In particular, operators A 2 Sym(H,) have discrete,
real eigervalues (which can accunulate at 1 ) and their domainssplit into pair-
wise orthogonal, nite-dimensional eigenspacesgspectral theorem for self-adjoirt
operators).

Then we seethe relation between eld theoriesand their generatingoperators

(as sets):
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Lemma 42. We havefor all n:
EFT, A" EFTY:

Furthermore,

Spm(H )% % EF T2 % Sym(H ,)°%:
The correspnding statementshold on any suitableH,, 2 HS.

Proof. Clearly the classEF T ° of operators which generate eld theory functors,
are exactly those G 2 Sym(H,), suc that e '©° is Hilbert-Schmidt (for t >
0 2 R). We have chosenthe classesSym(H,) sud that all other properties
requiredfor forming the super semi-groupsof operators, are ful lled by de nition.
Certainly all operators G 2 Spm(H,) ful'll the Hilbert-Schmidt criterion, since

they have only nitely many eigervalues.
2

The next sectionsenesto get a good grip on the topology of spaces of sud
functors or operators, respectively. To obtain a moreintuitiv e visual picture of the
generatorspaceswe will further expressthe information of a generatingoperator
asacon guration of points on the real line, with labelswhich are subspace®f (the
domain of the generatorin) H. This represets the spectral data of the operator.
One obtains a con guration spacemodel for euclidean eld theories, which is
conveniert dueto its combinatoric - geometricnature. Subsequetlty we will then
often give equivalent statemens using both operator spacesand con guration

spaces.
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2.2 Topology of Spacesof Euclidean Field Theories.

The authors of the original paper [27] suggesta topology on the sets of eu-
clidean eld theories,namelythe strong operator topology on the families of com-
pact Hilbert-Schmidt operators ei '¢*, which represen “eld theories. It is more
conveniert though to equip the actual spacesof generatorsG with a topology;
the strong topology is certainly not suitable for this, sincethe operators are now

unbounded.

2.2.1 Topology on Generators.

We equip the operator spacesSym(H,) with a topology and a notion of con-

vergence:

De nition 43. De ne a topology on the space of operators Sym(H,): Let Co(R)
denotethe continuous functions on R with compact supprt, i.e. functions which

vanish outside a compact subsetof R. Then we havea map on Sym(H,):
# :Sym(H,) i! Bdd(H,) :G7!f(G);

wheme 8

£(G) = 2 ¢ (G) functional calculus on D(G)
e 0 ;on D(G)?

We can extendf (G) this way since the function f 2 Cy(R) is trivial outside a
compact set.

Thenwede ne the topology of compactly supprted norm conveigen@ on Sym(H )
to be the coarsesttopology under which all suchmaps#;, f 2 Cyo(R), are contin-

uous.
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For operatorsA;; A 2 we cannow sa that they corvergeon compactsupports,

Ail cA () k#(A)I #A)K 0

for xed f 2 Co(R).

This de nes a topology and notion of corvergenceon the generatorsof eu-
clidean"eld theories,EF T°(H,), asa subspaceof Sym(H,)°%.

The functional calculuswith compactly supported functionsin this topologyis
designedto handle operators with eigervalueswhich accunulate at 1 . Basically,
two operatorsare close,if they are closein norm on compact parts of their spectra.
It can be corveniert to apply functional calculus with speci ¢ functions to the
operators, aswe will seelater on. This givesroom for somecalculationsin norm.

On the other hand, the above topology can be somewhatimpractical and
is little intuitiv e. One can more easily just considerthe spectra themsehes as
the data of operators, and write them down in terms of con gurations. This is

illustrated and made compatible to the above de nitions in the following section.

2.2.2 Con gurations and their Topology.

In this part we setthe de nitions and explainin moredetail the correspndence
between EF T2 and con guration spaces. The following de nitions are clearly

madewith the spectral datum of generatingoperatorsin mind.
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2.2.2.1 Grassmannians.

De nition  44. Let H, be again a Hilbert space equipped with compatible G,-
module structure. Then de ne

1 Ya
Gre(Hn) = G i linear subspaesV %H, | dimg (V) =k ;

Gr(H,) := « Gr(Hn):

Note that the dimensionis counted in the senseof irr educible (ungraded) modules

over G,.

One hasdi®eren choicesfor topologieson the Grassmannian.What we need
to keepin mind is the compatibility of the resulting con guration spacegwhich
will topologically look like someproduct with the Grassmannian)with the spaces
of operators.

A good ideais to interpret the Grassmannianasa spaceof projection operators,
and equip it with the operator norm. This meansthat two subspacesare close,
I® the projections operators onto them are closein the usual operator norm (note
that projection operators are bounded). Sincethe spectral datum of an operator
is really what the con gurations will incorporate, this is a natural topology to
chooseon the Grassmannian. The Cli®ord-linearity is simply expressedby the
fact that we look at the subspaceof Cli®ord-linear projection operators (recall the

discussionof compatible Cli®ord-structure on H).

Thus we set
8 9
> . . >
. orthogonal projections |V Y2H,, G,-linear,
pr:Gr(H,) it Pr(H,) = S J prol " S
Yo :H,! H, “nite-dimensional
Vo il pr(V) =%
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and equip Gr(H,) with the topology of Pr(H,), given by the norm:

HV;,W) =kpr(V)i pr(W)k; forV;W 2 Gr(Hp):

Remark 45. One could alsousethe topology induced by the gapbetween subspces

HU; V) = supfdist(u; V)jjuj = 12 Ug

for two subspcesU, V in Gry(H,) (seeref. [23]). This givesa metric to the k-th
Grassmannian. There is a similar concept on spaces of operators on H,, which
usesthe gap between graphsof operators. The convegene of operators Aj j ! A
in this senseis called \generalized conveilgen@". It is equivalentto convelgen@
in norm on spaces of boundal operators. This seemslike a second option which

might work on our spaces. See ref. [16], Thm. IV-2.23.

Now we are ready to de ne con gurations.

2.2.2.2 Con gurations.

De nition  46. Let X be a topological space with an involution ®. Let H, be a
Z=2-graded vector space with grading involution 2 and with compatible Cli®ord-
structure. Then a symmetric (or graded) con guration c on X with lakelsin H,
is a map

c: X ij! Gr(Hy,)
whee
2 pts(c) ;= fx 2 Xjc(x) 8 f0Og2 Gr(H,)g is a discrete set.
2 ¢(x)? cfy); x8éy:
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2 ¢(®(x)) = 2(c(x)) for all x 2 X (Z=2-invariance).

We call the non-trivial subspcesc(x) of the vector space H,, asseiated to a point
X, thellabel" at x. Since we are studying symmetric con gurations, we use the

term\symmetric pair (of lakels) at x" to descrile the sum ¢(x) © ¢(®(x)). The
M

direct sumof all lakelsis called the domain of the con guration: D(c) := c(x):
2X
We write "
%) Ya
Conf(X;H,) =  symmetriccon gurationsc: X ! Gr(H,)

for the set of (Cli®ord-linear, symmetric) con gurations on X .

We can imagine con gurations as distributions of discrete points on X, sym-
metric with respectto the involution ®, wherethe labelsattachedto the points are
subspace®f H,,. Sincewe usethe Cli®ord-linear Grassmannian,the singlelabels
are G,-linear subspacesSymmetric sumsof labels are alsogradedsubspacesvith

respect to the grading involution 2; they thereforeform graded G,-modules.

Note 47. The spacesof symmetric con gurations are of course subspes of con-
“gurations without symmetry condition, Conf °(X ;H,). The symmetric con gu-
rations form the "xed point setunder the involution givenon Conf (X ;H,) by ®
and 2:

ConfoX;Hn)! Conf%X:H,) :c7!2+c+®

To give correct credit for the rst useof this notation of con gurations (in the
non symmetric case),we have to mertion D. McDu® and G. Segalat this point
[22, [24.

We note here again, that all direct sumsmertioned with regardto con gura-

tions always refer to the algebraicdirect sum of subspacesevenif H,, is really a
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Hilbert spaceasin our applications (one shouldthink of the labelsas eigenspaces

of generatingoperators).

2.2.2.3 Topology on Con gurations.

The topology on sud spacesis the obvious: we want to be able to move
points with their labels around (symmetrically), and we also want to be able
to manipulate the labels (keepingthem orthogonal, graded etc.), even without
pushing their carrier points about in X. There are two specialties to keepin

mind:

2 We want the labels to add in algebraic direct sum, wheneer two points

meet.

2 Wewant to be ableto move points cortinuouslyto the basemint of the one-
point-compacti cation X. of X, wherethey disappear together with their
label; thus the dimensionof the domain of a con guration can jump under

sudh a move.

The suitable topology for this purposeis basedon the product topology of X and

the Grassmannian.

De nition 48. (Topology of Con gurations) Let X, ®, 2 and H,, as before. Then
we de ne a sublasis for a topology on Conf (X ; H,)as follows: Start from basic

underlying sets
V%K %X; Vopen and K compact

L %2 Gr(Hy); open:
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Then de ne setsof con gurations for all suchpairs V, L:

M
U(V;L) :=fc2 Conf (X;H,)j c(x) 2 Lg:
x2V

Thesesetsare a sublasis for our topology. We determinethe basemint con gura-

tion ¢; to be the\trivial* (or \empty") con guration with no points.

Note 49. The condition on the lakelsin an open setV implies that lakels of two
points of a con guration haveto be addel in direct sum as the points meet. Since
we can only make statementsalout points of con guration which are contained in
some compact subsetof X, one can always have points moving in or out of the

basepint of X. .

Note 50. This topology is independent of the symmetry conditions. We can de-
“ne it completelyanalayouslyon Conf (X ;H,). Then the subspce of symmetric

con gurations inherits the topology, with the sameresult as alove.

Remark 51. (Spectral measures) The con guration spacesand their topology are
de ned in a very geometric manner (which is mainly a matter of personaltaste).
For a more analytically-minded reader it might be more natural to consider the
spectral measure of genenting operators: This is an operator-valued measure as-
saiated to symmetric operators on H, which assignsthe projection operators onto
the eigenspioes to eigenvalueson the real axis. Thus for each operator with real

eigenvaluesve obtain a (density) function

Ri! Pr(H):

In our particular case, this function is discrete, since the eigenvaluesof all oper-
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ators are isolated. In the generl casethis need not be so. However,evenin the
genenl case, one can regain the operator by integrating the identity against this
spectral measure. Again, in our casethis is an integral againsta discrete measure
and therefore just a sum; namely the spectral decomposition of the operator.

The open sets U(V;L) descrited alove then correspnd to integrals over V
against the spectral measure of the operators. In particular this re°ects the fact
that the lakel set L counts only the sumsof lalkels over V. The sublasis element
then contains operators which haveclosespectral measure on a piece V of the real
axis.

Thus instead of with con gurations and \discrete" topologies as alove, one
could as wel work with spectral measures and topologies given by integrals over
open setsin R (or C, integrating along closel curves). Con gurations are more
geneal in the sensethat we allow any topological space X (which might not make
senseas a space in which operators take eigenvalues). So far, spectral measures
are more geneal in the sensethat they allow \c ontinuous con gurations" of eigen-
values. Naturally however,we see from this examplehow one should extendthe

notion of con guration to continuous con gurations.
De nition 52. We want to specify for later usethe subspce of nite con gura-

tions: 1 3,

Conf (X;H,) == ¢2 Conf(X;H,) | dim(D(c) < 1

Furthermore, we de ne abbeviatal notations for con gurations with lakelsin our

speci ed Hilbert universeH,, with compatible G,-structure:

Conf (X), := Conf(X;H,); Conf(X),:= Conf (X;H,):
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Now we can move points with their labels around \naturally”. In particular,

maps obtained from proper mapson the topological spaceX are cortinuous:

Lemma 53. Let

Xty

be a proper, Z=2-invariant map of pointed topological spaces with involutions.

Then the induced map of symmetric con gurations

"o Conf(X;H,) i! ﬁ:onf(Y;Hn): q

7[ 1 . L
c 7 a(Q) 1Y TN o i1y SX)
iS continuous.

Proof. Firstly, it is clearthat the above de nesa map of con gurations. In particu-
lar, the imageof a con guration is againa con guration, with pairwise orthogonal
labels, discrete setsof points etc.

Secondly it is cortinuous: Let U(W;L) % Conf(Y;H,) be an open set of

con gurations, with
W ¥%Kw ¥2Y; W open, Ky compact.
Then, since' is proper, the preimages

W) vt T K W) Y2 X
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have the correspnding properties. Then

c2' LY UMW;L)) () "a(c)2UWL)

L

() yw =(O(Y) 2L
L L

() 2w x2r iy ©X) 2L
L

() x2' 1 1(W) c(x) 2L

() c2U(C i {wW);L) openin X:

In particular, having a proper homotopyon the spaceX inducesa cortinuous

homotopy on the spaceof con gurations:

Corollary 54. Let
h:XE£1!D X

be a proper, symmetric homotopyon X (invariant with respect to symmetryinvo-

lution on X ). Then the induced homotopyon con gurations
H:Conf(X;H,)E I ! Conf(X;H,):(ct) 7! h(t).(c)

is continuous.

We have a cortinuous action of the Cli®ord-linearisomorphismsof the label

spaceH, aswell:
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Lemma 55. Let H,, H, asbefore. The map

A:Conf(X;H,)E Isoc, (Hn;H,) §!  Conf(X;H,):
(c;) 70 xc:X! G(Hy! G (Hy)

is continuous with ber I soc, (Hn; Hy,). In particular, composition with a xed
isomorphism is an isomorphismof con guration spaces.

Proof. There is not much to shav here;clearly we have that

1

feg£ I'sog, (Hn; Hn) i
(c;) 7' (ilxe)

e

for every c2 Conf (X ; H,), since

Ai X(c)

f(b;)j £b=cg
f(b;)jb=""*(0)g:

This makesA cortinuous, sinceopen setsof con gurations U have preimageU £
| soc, (Hn; Hy). We also have that for a xed isomorphism™ the composition A-

is an isomorphism: Let U(V; E) 2 Conf (X ; H,). Then clearly

ALY U(V; B)) = U(V; ALY (B)):

Therefore composition with — is cortinuous as map of con guration spaces.lt is
invertible, since is and the inverseis cortinuous. Clearly both comnute with

the Cli®ord multiplication on the spacesH,,, H,, since does.
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2.2.3 Field Theories,Generators,and Con gurations.

We comparethe two models of spacesof euclidean eld theories as spacesof
generatingoperatorsand con guration spacesrespectively. In particular, we need
to seethat the two topologiesagree. Then we give the preciserelations between

thesespacesand the spacesof euclidean eld theories.

Lemma 56. Let H,, be as alove; de ne the symmetryinvolution on R by

ittt

Then there is a set bijection

Sym(H,)*A! Conf(R;H,):

Proof. The bijection can be seenas follows. For any operator G 2 Sym(H,), its
set of eigervalues, ¥(G), is a discrete setin R, by de nition. The eigenspaces
Esp(G;,) of G at , are nite-dimensional, G,-linear subspacef H,. We set
ce(,) := Esp(G;,). In particular, cg(x) = fOg for all x 2 ¥{G). This givesa
con guration cg with domain D(cg) = D(G) and ¥(G) =: pts(cg). The map is
clearly injective (two operators di®erif and only if their spectral data di®ers). It
is alsosurjective sincefor eat con guration ¢ 2 Conf (R;H,,), onecan construct
a \generating operator" G. by de ning G, with domainD(G,) := D(c) and G; :=
8 2pis(). Y4 ), Where %y is the projection onto the label of c at ,. This is
clearly an odd operator, sincewe started with a grading preservingcon guration
and therefore?(c(, )) = c(j ,) for the grading involution 2 on H,. The spectral
properties and Cli®ord-linearity required are full Tled trivially (by de nition of

the con gurations).
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The samerelation is explainedin terms of a spectral theorem for projection-

valued measuresn [26], VIII.3.
2

Con gurations on R and their generatorscarry the very sameinformation. The
con guration is symmetric about 0, i® the generatoris odd.

In fact, we even have:

Lemma 57. The bijection
Sym(H,)° Al Conf(R;H,)

as given alove, is a homemorphism.

Proof. We start with the continuity of \( ": Considerthe conbination

Conf (R; Hy,) —2—/Sym(Hp)o% ~—/Bdd(H,)

for f 2 Co(R). We needto show that for all c2 Conf (R;H,), all 2> 0, and for

eadh f we can nd an open neighbourhood U.(c) sud that
802 U.(c) k# A(b) i # A(Q) k< 2:

The rst stepis to restrict attention to the support of f . Sinceit is compact,the
operator A(c) will have only "nitely mary eigervalueson supp(f ). We call those

eigervalues®; and the labelsc(®j). Now we build the open set

\ o\
U9 = UL U(W.fog)
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where
V! := 1.(°;) £ R; openzj ball around °;;

Lji = 1+(c(°j)) ¥2Gr(Hy); open+j ball around c(°;);
S
W, = supp(f)n ™ 1 1.(c(°)):

We can write
. X
# A = f(°)pri(c)
j

wherepr; (c) := %-;). Now alsofor b2 U.(c) onehas

" X X
# A(b) = f(y)pryi(o);

i i

where
X x |
K prii() i prj(c) k< £ | RN

< £

NI =

Considerone sud open set Vij, to easethe calculation. We suppresy . Then

K" Cop(D) i ()pr(d) ke
:kpif(_i)pri(b)i Pif(°)pri(b)+ Pif(°)pri(b)i f(°)pr(c) k
k" (FCi FCe)pri(b + f(°)(P pri(D) i pr(o) k
ik +jfC)iE §! O

for+j! 0. Herex < #m; dependson the maximal slope ms of f on Vij, but
sincef is cortinuous, we can make it assmall aswe want by letting £! 0. We

seefrom this that also

X X
k# A i # A0 k k  fCppra® i fCpri(k <2

j i

for+j! 0O smallenough.
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In the other direction, the calculation is similar. We show that A is open. Let

U(V;L) be an opensetin Conf (R;H,), and let C 2 A(U(V;L)) with

X
Civ:= apri(C):
We have of courseP pri(C) 2 L, sinceC 2 U(V;L). Then we want to nd
an open set around C cortained in A(U(V;L)). We construct this set as the
intersection of two open sets, for two functionsf, g 2 Cy(R).

For V 2R and C, we can nd an open neighbourhood Nc of the boundary
@/, sudh that C hasno eigervaluesin N¢. This is possiblebecauseC hasdiscrete
eigervalues.

We pick f with supp(f) 2V [ Nc, sudhthat fjy, = 1,1, f , Oewerywhere.
Now pick a g with supp(g) %2 N¢, sudh that Qjsypptynv = land1, g, O
everywhere.

Now we haveg(C) = 0, by de nition. We pick two neighbourhoodsin Bdd(H ,):
Let Ng(C) be a +-ball around the trivial operator 0 = g(C), +<< 1. Let N¢(C)
be a 2-ball around f (C). This de nestwo open setsin Sym(H,) around C: One
consistsof all D with k g(C) i g(D) k< + The other consistsof all E with
kf(C)i f(E) k< 2. Wecall them Uy(C), Us (C), respectively. We set

U(C) := Uy(C)\ U (C):

Now note that operatorsin Uy(C) cannot have eigervaluesin supp(f )nV. This is

becausewe have

kg(C)i 9(D) k=k0j g(D) k=kg(D) k< £< 1
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but g(D) would have eigervalue 1 for eigervaluesof D lying in supp(f )nV. Thus
we get
X X
kf(C)j f(D) k=k pri(C) i prij(D) k< 2
i j
wherethe i and | list the eigervaluesof the operatorsin supp(f), that is, in V,
since neither of them have eigervaluesin supp(f )nvV for D 2 U. ThusD 2 U
implies that P ; pri(D), i.e. the sum of labels of the con guration Ai }(D) on V,
Ly (D), is within an 2-neighbourhood of the sums of labels of C on V, Ly (C)
which liesin L. SincelL is open, it will contain some2-neighbourhood of L (C).
Thuswe have D 2 A(U(V; L)) for all D 2 U(C).Thereforewe have found an open
neighbourhood of ead C 2 A(U(V; L)) cortained in A(U(V; L)), henceA(U(V;L))

itself is open.

2

Remark 58. Again we havethe correspnding relations for non-symmetric con-

“gurations and (not neccessarily odd) geneators:
Sym(H,) % Conf °(R; H,):

The proof works alongthe samelines. We havenot treated the more geneal case,

since the symmetryis crucial for our purposes.

Summarizing, we have
Spm ()R —JEF T (H ) - EF TO(H, ) A Isym (i, )0

Ll/“ Ll/4

Conf (R;H,) Conf(R;H,):
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Wetopologizethe spaceEF T (H,,) assubspaceof Sym(H,). Now the good newsis
that for all of our applications, we candealwith the nite spaceqon the left-hand

side) only. We have:

Lemma 59. There is a homotopyequivalene
Conf (R;H,) » Conf (R;H,):

Proof. We cortract a symmetric open neighbourhood N of the basemint in the
one-pint-compacti cation R, of R by a symmetric (Z=2-invariant) homotopy
h:Rs £1 ! Rs. This inducesa cortinuous homotopy h, on Conf (R;H,) by
the sameargumerts as in Corollary 54. Clearly, h is a homotopy equivalence
between R, =N and R.. In particular, its composition with the quotient map
R. ! R.=N is homotopic to the idertity. This inducesthe samestatemern on
con gurations spacesthusit follows that h is a homotopy equivalence.But since
the only accunulation points of the con gurations (or in the spectra of generating
operators, respectively) were at the basemint, we have now cortracted the space

of con gurations Conf (R;H,)) to the spaceof nite con gurations Conf (R;H,).
2

Finally we can now talk about spacesof euclidean eld theoriesin terms of
con guration spaces,or spacesof generatorsof eld theories (at least up to ho-
motopy). We de ne the notions
De nition 60. We set

5 Y
EPT(H,) = G2EFT°H,) |dmD@G)<1 ;
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ERT, = ERT(H,):

Then by the above, we have
ERT (H,) ¥ Spm(H,)° 12 Conf (R;H,,)

and

EBT(H,)» EFT(H,)

by the samehomotopy asin the preceedinglemma. The cortraction of a neigh-
bourhood of the basemint in R, doesnot a®ectthe property of the generatorsG to
have e & Hilbert-Schmidt, which characterizesEF T (H ) in Sym(H,)°%. These
arethe spacesve work with in the following chapter. To endthis section,we would
like to point out the di®erencebetweensupersymmetricand non-supersymmetric
euclidean eld theoriesin the con guration picture. As proven by Stolz and Te-
ichner in [27], the supersymmetry condition and the Z=2-grading of all spaces,
maps etc., implies exactly that the generatorof a supersymmetric EF T is odd.
The S-point two-parameterfamily e '©°*#C assaiated to super intervals in the
super moduli spaceof bordismsis generatedby an odd operator G. The situation
in the non-supersymmetric caseis fundamertally di®eren sincethe moduli space
of non-super bordisms consistsjust of the reducad part of Rijé, which is R, ¢ and
consistsof intervals I, t > 0. One obtains a one-parameterfamily of operators
asseiated to theseintervals, e ¥, wherethe operators A now lie in the reduced
part of the super spaceof operators, i.e. the ewen self-adjoirt, Cli®ord-linear
Hilb ert-Schmidt operators. Now A can be the squareof an odd operator G, but
does not needto be. Thus the con gurations of spectral data of sudh A will in

generalnot showany symmetry condition. Howewer, it can be showvn that the
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spectrum of A needsto be boundedon the left, i.e. it canonly have nitely many
negative eigervalues (if it was a squareit could only have positive eigervalues).
The left-hand boundednes®f the spectra of the operatorsimplies that the space
is contractible the homotopy is simply given by \stripping all points o®to the
right”. Sincewe have a smallesteigervalue , i, for ead sud operator, we can
simply cortract [, min;1 ). This inducesa cortinuous homotopy of the spaceof
con gurations. The cortractibilit y is provenin [27].

Opposedto this, in the supersymmetric casethe condition that the generator
be odd leadsto con gurations symmetric about the origin. It is not possibleto do
a similar cortraction move while respecting symmetry. In fact, even the attempt
to connect a single con guration symmetrically to the basemint-con guration
can fail if the con guration has a label at 0. We seethus that the spacesof

supersymmetric eld theories have a more interesting homotopy type than the

non-supersymmetric ones.

2.3 EuclideanField Theoriesand K -theory.

In this sectionwe quickly explain the relations betweeneuclidean eld theories
as descriked above and K -theory. We warnt to illuminate the main result of [27]

concerningeuclidean eld theories:

Theorem 3. There is a homotopyequivalene:

EFT, Al -1*"KO

whete the space on the right is the (j n)-th space in the - -spectrum asseiated to

K O-theory. Thus the spaces EF T, are representingspaces for K O-cohomolay.
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A similar resultholdsin the complexcase.

K O-cohomologyhasse\eral di®erem known descriptions,for exampleas Fred-
holm operators or C*-homomorphisms. We sketch the connectionsbetween the
di®eren models. This part is due to work of S. Stolz and P. Teichner [27], N.

Higsonand E. Guertner [10].

2.3.1 C’-algebrahomomorphisms.

The relation of euclidean eld theoriesto the operator algebrapicture of K O-
theory asgivenin [1Q is taken directly from the paper [27]. The authors of the
former use C'-algebra homomorphismsto form represeting spaces,very much
like [27] usessuper semi group homomorphisms. The ©-operation provides the
kind of inherert Z=2-grading which is, in terms of eld theories, given by the
super structure. Recall that a C-algebrais basically a Banad algebrawith a
a-operation, which is compatible with the norm. Another way to think about it is
asa sub-algebraof the algebraof boundedoperators on somein nite-dimensional
Hilb ertspace, with the operator norm and the adjoint as ©-operation (seealso
appendix A).

An easyexampleof a C’-algebrais the algebraof cortinuous functions on R
which vanishat in nit y, Co(R). This is an algebraunder pointwise multiplication
and can be understood as C’-algebrawith trivial =-operation.

The theorem describing represeting spacesfor KO in terms of C’-algebra

homomorphismsis the following

Theorem 4. (Higson, Guentner) Let H,, be an in nite-dimensional Hilbert uni-
verse with Cli®ord- structure as before. Then the space C(Co(R); K(H )%™ of

grading-preservingC’-algeba homomorphismss homotopyequivalentto K O(j n),
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the (j n)-th space in (the - -spectrum equivalentto) the spectrum K O. In other
words,

C(Co(R); K(Hp))?2 » -1 *"K O:

Here K(H,) stands for G,-linear compact operators on H,. In particular,
Hilbert-Schmidt operators are compact. In fact, grading-preservinghomomor-

phismsA as above correspmnd bijectively to super semi-grouphomomorphisms
A2 ssg(RULK®(H,)) » EF Ty

The isomorphismis given by sending

(A:Co(R)! K(Hn) i! (Ax :RI! K3(H,);

where

TIRJG(S) ! Co(R)(S) 1 () 71 @ X

Is an isomorphismof super semigroups. That is, we interpret Co(R) as a super
semigroup, using the grading into even and odd functions to determinefermionic
and bosonicparts and proceedingas beforewith operator algebras. The details of
this construction and the proof of the isomorphismcan be found in [27], Proposi-
tion 3.2.6.

The basicrelation betweenthe con guration (or generator) spaceEF T2 and

the C*-homomorphismsis the following
EFTS Al C(Co(R); K(Hp))??

G j! (f 71 f(G));
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wheref (G) is functional calculuswith the operator G on D(G).

The other direction of the mapping is slightly more involved; consideringa
C°-homomorphismA, one hasto apply the spectral theoremto derive a decom-
position of H,, into simultaneouseigenspacesf the family of operators given by
the imageof A. We can apply the spectral theorem, sincethe operators A(f ) are
pairwise commuting and compact. The commnuting property comesfrom the fact
that A is an algebrahomomorphismand Cy(R) is a commutativ e algebra. The
splitting of H, into these simultaneouseigenspacegivesthe labels of a con gu-
ration. Its points are given by the evaluation points of the eigervalue function of

a simultaneouseigenspaceé/ Y2 H,:
8V: e:Cy(R)i! R: 71 &x(f)

whereA(f )jy = , a(f)idy, i.e. , a(f) is the eigervalue of the operator A(f ) on the
eigenspace/. Note herethat the operators A(f ) are self-adjoirt, sinceA hasto
respect the s-operation, which is trivial on the sourceand taking adjoints on the
target algebra.

As mertioned thesehomomorphismsare given by evaluation at a point x 2 R:
8V 9%y 2R 8f 2Cy(R): ,i(f)="1(xv):

We now choose

8

2 V ; x = xy for someeigenspace/
Cx . X 7! S
fOg;, else

as the con guration assiated to the homomorphismA. The generator of this
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con guration is the operator Gz with eigervaluesxy, on the eigenspace® and
L
with domainD(Gj) :=  V, the algebraicdirect sum of eigenspacesObviously,

mapping this bad to a functional calculushomomorphismGyx : f 7! f (Gx) gives
Ga:f 70 f(Gg) = 8vf(xv)¥% = 8v,a(f)% = A(f):

Thus we have a bijection EF T2 Al C(Co(R); K(Hn))?™. It can be shawvn that
this is a homeomorphism.This reliesagain on the basicfact that both spacesare

indeed operator, or con guration spaces.

2.3.2 Cli®ord-madules.

A well-known model of K O-homologyis as (quotient) spacesof isomorphism

classeof Cli®ord-madules,to be more precise,we have
KOn(pt) 2 M (G)=iaM (Gs1)

wherei is the inclusion of G,-modulesinto G,+; -modules,i.e. moduleswhich ex-
tend to the next higherlevel of Cli®ord-structureand the M (G,) the Groethendie&
groupsof isomorphismclassesof modules as before.

The connectionbetweenthis model and euclidean eld theoriesliesin the index
of the generatingoperators of eat euclidean eld theory. As we sav before, the
information of a 1-dimensionaleuclidean eld theory of degreej n is contained
in a (Dirac-like operator) on the Hilbert-universeH, ,. The kernel of this odd
operator (or, respectively, the index of the operator restricted to the even part of

the Cli®ord-madule H; ) is a G ,-right module, or equivalertly, a G,-left module.

73



One obtains a map

YoEF T . ni! KOu(pt):[E]7! [ker(Ge)]:

whereGg is the generatingoperator of the eld theory functor E. Thus euclidean
“eld theories cortain someindex information: For instance for those examples
of eld theoriescoming from Dirac operators D on closedspin manifolds, where
the kernel above is just the index of the positive-diral Dirac operator D* on the

positive part of the spinor bundle.

2.3.3 Fredholm operators.

The connectionbetweenEF T, (or EF T2, respectively) and the spacesof G,-
linear, odd, self-adjoirt, bounded Fredholm operators, which form represeting
spacesfor K O-cohomology is plain: A generator G of a eld theory becomes
Fredholmif we take somecareof its spectrum. One needsto apply functional cal-
culus on the domain with a Cayley-transform type function to obtain an operator
A(G) with eigervalues(on the unit sphereor) in [j 1;1]. This operator is bounded
and can be extendedto all of H. Its even part giveswhat we want: The operator

A(G); = A(G)jye is Fredholm with index

ind(A(G).) = sdim(ker(G)):

We remark hereagain, that the goalis not to provide someK -theory model, but

rather the opposite: To provide the eld theory model in this particular case.
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CHAPTER 3

CONNECTIVE 1-DIMENSIONAL EUCLIDEAN FIELD THEORIES.

In this chapter we build a connective version of the spectrum of operator
spacesyespectively con guration spacesfEF T 9. We have seenin the preceeding
chapter how thesespacesare equivalent to the spacesof 1-dimensionaleuclidean
“eld theoriesasgivenin [27] and how they represen periodic K O-theory. Now we
introducea new condition on the con gurations (or their generators respectively).
We then show that the subspacesreatedby requiring the extra condition form
an --sp ectrum themselhesand are connectiwe covers of the original spacesEF T 2.
In fact, they form a spectrum for the connective cohomologytheory eft assaiated

to EF T . We thus alsoderive a new model for connective ko-theory.

3.1 De nitions and Theorems.

Let us now give the main de nitions. Recallthat a left C -structure on the

Hilbert spacecan equivalertly be interpreted asa right G-structure.

De nition 61. LetHr‘j 2 HS be a Hilbert space with compatible C «j G,-bimadule

structure. Then for k > 0, we de ne spaces

Vs %
EFT(HY):= G2EFT(H,)|G?isC«i G-linear
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We de ne the nite version

Yo Y
EPT(HY) = G2EFT(HY |dm(D@G) <1 ;
and for the Hilbert universeHX we set
EF Ty = EFT(H):
We de ne the correspnding operator, and con guration spaces:

%) Y
g G2 Sym(H,) | G?is G i G-linear ;

Sym(Hy)

2 - - )
con gurations 8x2X: ¢x)© X
Conf (X :HY) g (X) © c(®(x))

7 c2 Conf(X;H,) |isaCki G-bimadule 7

Again the symiols Conf (X ;HX) and Spm(HX) stand for the "nite-domain ver-

sions as hefore.

Then we have again the relations

EPT(HY) % EFT(HY) % Sym(H¥ 1, Conf(R;HX);
ERT(HY) % Spm(HK)°% 14 Conf (R;HK);

with the usual (symmetry) involution on R as before,and we have the analogous

Prop osition 62. For Hilbert spacesH < as alove and for all n and k > 0, there

is a homotopyequivalene

Conf (R;HX) » Conf (R;HX):
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This implies also

EFT(HX) » EBT(HKY):

Proof. This is completelyanalogousto the lemmain the preceedingchapter. One
contracts a neighbourhood of the basemint cortinuously This move does not
change the labels of con gurations, and does therefore not a®ectthe Cli®ord-

linearity properties.
2

These are con gurations where the symmetric sums of labels carry \more"
Cli®ord-structure. Note in particular, that then also the xp oint-labels of the
symmetry involution (c(0), in our case)have this richer structure. The O-label
plays an important role as the Cli®ord-madule assaiated to a eld theory, de-
termining a map into the K O-homologyof a point asdescriked in Chapter 2. If
k > 1, the Cli®ord-structure on this label will extendto the next higherone. Thus
the con gurations in the spacegle ned above correspndto the trivial equivalence
classof modulesin K O-homology

The next remark shows that the spacesEF T¥ for positive k are indeed con-
nected. In fact, the general principle behind the construction is to gain higher
connectivity properties of the operator spacesiin exdange" for higher Cli®ord-

structure on the operators (con gurations, respectively).

Remark 63. Let G 2 EFT(Hf) whee k > 1, and regard the st additional
genentor f; of the algeba G ¢ acting by left multiplication. This geneator f;

squaes to +1 and commuteswith G2 as wel as with all n genentors g, i =

The odd operator f, acts on the kernel of G, ker(G) = ker(G?), with eigenvalues
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(§ 1). Then we can use the projection onto the kernel of G, Y%er(c), t0 de ne a
homotopy

1 t
H(G) := (F)G + (m)l/ker(G)fl; t2 [0; 1]

Here the domain D(H(G)) := D(G) staysthe samefor all t 6 1. Ast increases,
H(G) movestowardsthe untoundel operator with trivial domain, whichrepresents
the basepint in EF T (HK).

Let us chek this in detail. The projection operator is even and commutes
with all Cli®ord actions in question, since it projects onto the kernel of G which
isaGki G-bimadule. The combination with f; makesthe operator odd and
satis es all required Cli®ord linearity conditions as shownatove. Furthermore,
the commutator of the two summandsis trivial: [G; %er(c)f1] = 0. This is because

both combinations of the two operators are trivial:

8
2 :
G(fyv); fiv2 ker(G)
(Gl/’ker(G)fl)V = S
T G(0) ; fiv2ker(G)?
=0
and by a similar calculation
8
2 ]/ f .
ker(c)f1(0) 5 v 2 ker(G)
Gher@f1GV = _
Vaere)(f1GV); Vv 2 ker(G)?
=0

wheee the last equation holds becausev 2 ker(G)? implies Gv 2 ker(G)? =

ker(G?)? and since G2 commuteswith f 4, alsof,Gv 2 ker(G)?. This calculation
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thus determinesthe eigenvaluesof H{(G) to be

8
_ 2 (z7) ; onker(G)

s U S
" (gh).;  onker(G)’

wheee the , are the eigenvaluesof G. Sofor t = 0, we haveHy(G) = G. At the
levelof congurations, this meansthat H; connects a con guration in Conf (R; Hf)
to the (empty) basemint con guration by splitting the O-lakel along the involution
given by f; and pushingthe two parts given by the (8 1)-Eigens@ces of f; sym-
metrically out to the basemint of R., along with all other lakels. This moveis
continuous by Corollary 54.

In other words, we have establishedthe

Prop osition 64. For HX as above we have

Vo(EFT(H)Y) =0, k> 1:

The above providesa rst pieceof evidencefor the following main theorem (where
we restrict attention to the spacesEF TX of “eld theorieson the Hilbert universe

de ned in the preceedingChapter).

Theorem 5. Letk > 0. Then the sppees EF TX are (ki 1)-connected covers of

the spaces EF T in the spectrum EF T,

EFTY » EFTO<k>:
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Corollary 65. Setting
eft. ,:= EFTY,

one obtains an - -spectrum and a weak homotopyequivalene
eft, » - * *"ko:

Here the latter againis the (j n)-th space in the - -spectrum assaiated to (con-

nective) ko-cohomola@y.

3.2 The quasi- bration setup

This proof wasinspired by a paper of Mark Behrens,[3].
We will shav that for k > 0 and all n, there are quasi- brations with contractible

total space:

EIb-rnk+1 b E+1

»

EBRT K+

We will start this section by de ning the total spacesand shaw their con-
tractibilit y. The de nition of the map p follows and we will take a look at the
preimages( b ers) of p. In the next sectionwe will then show the quasi- bration
properties using a theorem of Dold-Thom [6] and nally put the piecestogether

to give the statemeris of the theorem.
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3.2.1 De nitions.

De nition 66. Let k > 0. SetRP° := [0;1 ). We de ne classesof operators

correspnding to our de nitions of ERTX:

V2 Ya
Spm*(Hy) = A2 Sym(HX) | %A) 2[0;1)
Then set
8 9
H =
A(H k) — 2 (G’E) in D(E) = D(G) = D; G andE — .
n/ :

7 EBT(HX) £ Spm* (H)® | commuteon their domain 7
As topological space, this is again a con guration space:
“HYy At conf (RE RPSHK):;
whete the symmetry involution on R £ RP% is given by °ipping the sign of R:
®:RERP®I RERP®: (t9)7!(jts):

The last part of this de nition is a statemert to be chedked: We verify that the
con gurations on R£ RP°s with the given symmetry involution in fact correspnd
to the pairs of commuting operatorsin bﬁ:

Starting from a con guration ¢ 2 Conf (R £ RP°; HX), we form two operators

G, E, by \pro jecting” onto the two componerts: First, let

D(E) := D(c¢) =: D(G):
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Then set
X X M
E:= 1 Yy Qe EspE;l)= o)

1 2R 2R

To form G we proceedthe sameway and get:

X X _ M
G= Yoz ie. Esp(G;,) = ;1)
12[0;1) 12[0;1)
It is clearthat G and E commnute on their domain (sincethey comnute on eadh
simultaneouseigenspace).Their spectra are discreteand nite, sincethe original

con guration ¢ had nitely many points. We further seethat the operators have

the correct Cli®ord-structure and degree:

- The eigenspacesf E in particular consistof symmetric pairsc(,; 1) ©c(j ,; *).
Each pair of labelsis a C | G,-linear subspaceby de nition of c 2 Conf (R £
RPoS; HK), Thus the direct sum of symmetric pairs is alsosud a bimodule. They
are alsogradal subspacesfor the samereason(symmetric pairs). ThusE is even

and G ¢ i G-linear.

- For G oneobtains that

M M
2(Esp(G;,)) = ?(c(,; 1)) = c(i ;)= Esp(G;i,)

12[0;1) 12[0;1)
and therefore G is odd. We also seethat the sum

Esp(G;,) ©Esp(G;i ,)

isaG i G-linear subspacdor ead |, sinceit is a symmetric sumin the con g-

uration c. The single eigenspacesre only G,-right linear. The symmetric sums
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of two eigenspacesbove are the eigenspace®f G2, thus we have the correct
Cli®ord-linearity properties for G.

Vice versa, one generatesa con guration on R £ RP% from the data of the
operators (G; E). Sincethe two commnute on their commondomain D, one can
oncemore apply the spectral theoremto obtain a simultaneouseigenspacelecom-

position (of D). We then let
C:RERP®;I Gr(H):(,;t) 7! Esp(E;*)\ Esp(G;,):

This con guration hasthe correct properties, by similar considerationsas above.

Note 67. There exists a non- nite version (HX) of the spaces A(H,'ﬁ): The
operators G will be elementsin EF T (HY); i.e. eigenvaluesan accumulateat the
basepint in R.. The spectrum 3¥E) of E will as wel be allowed to have points

accumulating at in nity. Then

Conf (R £ RPoS; HK) 02—/ (kLK)

Conf (RE RPoS;HK) @2 /7 (k)
The vertical homotopyequivalenesare easy by contracting a neighlmurhaood of the
basewint in R, A RY°. The map p descriled below can be extende to the non-

“nite spaces without changingde nition, since it's de nition does not depend on

the dimension of the domains of con gurations or operators, resgctively.

To easeworking with the spacesn the following, it is pleasarn to have a picture
of the con gurations in mind. See gure 3.1 for a picture of the total spaceof

con gurations.
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Figure 3.1. A con guration in bﬁ. Con guration points are indicated as
round dots and the symmetry axis is indicated by a dashedline. Labels
at the points are not shown.

Lemma 68. The smces A(Hr'f) are contractible.

Proof. Usethe cortracting homotopy on the underlying space:

RERPSE] j!I RE RPS:

Ho(ib) = (G (L0 D + (39):

This inducesa homotopy H on Conf (R £ RPS;HKX), which cortracts con gura-
tions by moving the points along the given vertical °ow (see gure 3.2) to the
basemint, without changingthe labels. This is continuousby Corollary 54, since

the underlying homotopy of the spaceis.
2
Before de ning the map p, it is corveniert to give namesto the generators
of the Cli®ord-algebrasacting on the labels. We will typically usecon gurations

with n+ 1 generatorsof G,.; acting from the right, and k generatorsof C  acting

from the left. Thuslet us de ne the following
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Figure 3.2. The cortracting homotopy H on bﬁ.

Notation 69. We x throughoutthe proof the followinggeneatorsof a G ki G-

structure on the Hilbert universe HK,, :

€;€1; 116, with e =i 1 acting by multiplication from the right

fi;:00f  with f2=+1 acting by multiplication from the left;

and we determine an additional geneator f, to be
fo = 2gg

whee 2 is the grading involution on H. The geneator f, is consideed as acting

from the left, and squaesto +1.

Prop osition 70. (and De nition) There is a map

b (G;E)

n+1

] 1;

ET k1 € := G+ In(E)fg
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whele the domain of & is givenby D(€) := D\ ker(E)? for pairs (G;E) with

common domain D.

Proof. It is not immediately obvious that the operators formed this way should
be elemerts of the target space.The neccessargheds are donebelov. Secondly
onewould like to gain somemore insights on how con guration points and labels
aremapped by p. This meansin particular that we have to look at the eigervalues
and eigenspacesf the operator G + In (E)f o with respect to the spectral data of
G and E. All calculations given here hold on the domains of the operators in
question.

Assume € = p(G;E) = G + In(E)f, for somepair (G;E) 2 bﬁﬂ with

commondomain D. Then we see:
- € is odd. This is easyto seesinceG and f 5 are odd operatorsand E is even.

- € hasthe following eigenvalues|f § ,, ! are eigervaluesof G, E, respectively,
then € hasthe eigervalues§ P .2+ (In1)2, SinceG and E commnute by de nition

of bk we have
GIn(E)fo+ IN(E)foG = GIn(E)fgi In(E)Gfo= 0
and thus €2 = G? + (In (E)f)2. Furthermore, since
(In (E)fo)2 = In(E)foln (E)fo = In(E)f2In(E) = (In (E))?

one obtains that

&%= G*+ (In (E))*%

This leadsto the eigervaluesgiven above. Note that this meansthat all conbi-
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nations (,; *) with

r2= 2+ (Int)?

give the sameeigervalues8r of &. Thus all con guration points (,; *) which lie
on the curve described above are mapped to the symmetric pair of points §r in
the image con guration. This is illustrated in gure 3.3. In particular, this also

implies that the spectrum of & is discrete and Tnite .

- G2 hasthe following eigenspaes We have

M
Esp(€?;r?) = Esp(G;.)\ Esp(E;?):

r2= 2+(n 1)2
This is again due to the spectral theorem, which grants the decomposition in
simultaneouseigenspacessincethe operators G and E comnute on their domain

D.

- € hasdomain D(®) := D\ ker(E)?. This is the domain of In (E), which is not
de ned on the subspaceker(E) = Esp(E;0). The operator f is de ned every-
whereand G is de ned on D. Togetherwith the above discussionof eigervalues,

this shavs that & is de ned on the above domain.

Ge = (G+ In(E)fo)e = (G+ In(E)%p)e = &(G + In(E)%e) = &6;

sincethe ¢ anticommute both with ey and 2 and commnute by de nition with G
and E. Along the sameequationswe also seethat the trick doesnot work with

€ sinceit comnutes with itself and therefore anti-commutes with In (E)fo. But
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it still comnmuteswith G. We get

Gep = Gep+ In(E)2%e0en = &G i &ln (E)fo:

Therefore & is G,-linear but not G,.; -linear with respect to the given generators.

The secondproperty to verify is that the squareof G isin fact G (1) i G -bilinear.

&%f; = (G*+ (n(E)))fi = fi(G*+ (n(E))?); i=1::5k

This is easyto seesinceG is in Elf’Tnk+1 and E itselfis C i Gy+1-bilinear. Thus

the squaresof both commnute with the above generators(on D). For f, we get

€25 = (G2 + (In (E))2)fo = G0+ (In (E))%e0 = 2e0(G2 + (In (E))?) = fo6:

Thus the operators have the required Cli®ord-structure of EIank+l .

We have also shavn the corollary

Corollary 71. In terms of con gurations, the map p looks like

Conf (RE RPS)K,, c
b L
Conf (R)5™ p(c) :r 7! L (p(c))

whee Lg, (p(c)) representsthe (8 r)-eigenspce of the geneating odd operator on
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Figure 3.3. The map p on con guration spaces.The indicated curves
sketch the linesr? = 2+ (Int)2. All points on suc a curve are mapped
to 8§ r, symmetric pairs of labels on a curve are added, split using the
involution given by fo, and then distributed to +r and j r accordingly

the sum of lakels

M
L:(p(c) ©L; (p(c)) = c(,; )

C24(In 1)2=r2

3.2.2 Continuity and b ersof the maps.

We have not yet cheded the cortinuity of this map. This is slightly more
involved than in the caseof cortinuousmapsfrom X to Y asstudiedin Corollary
54. We collect sumsof labelsfrom the curves, 2+ (In1)? = r2, but we split those
direct sumsinto the symmetric parts (the +r and j r labels) usingthe involution
fo. Thus the map doesnot comesimply from a map on the underlying spaces.

To shaw cortinuity it is usefulto know the preimagesof con gurations under p.
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Thereforethe proof of cortinuity will follow a short discussionof the preimages.

Assume® = p(G;E) = G+ In(E)f, is an operator in the image of p, with
domain D(€) u D := D(G). Then we can recover certain parts of the the
data of G and E in the preimage by comparing €& to f,. Recall that €& 2
Elf’Tnk+l does not commnute with fq, only its squae does. The graded commu-
tator of & and fo (which is de ned on the domain of G, sincef, is bounded)
should thus split the eigenspace®f the square&? into eigenspacesgorrespnd-

ing to \how well" the parts commute with f,. On D(®G), we can calculate:
2[6:fo] = 2(Gfo+ IN(E)fE+ foG+ foln(E)fo)

= 1(Gfo+In(E)i Gfo+ In(E)fQ) sinceG anti-commuteswith

%(In (E)+ In(E)) = In(E)
fo = 2ep and E comnutes with f by de nition.

We cannotrecover the full information about E, sincewe needto restrict our-
sehesto computingon D(&) = D\ ker(E)?, wherethe operatorsare composable.
In particular, it is not possibleto determineker(E) this way. But we can recover
both operatorson D(&). To obtain G, we just needto subtract In (E)f, from &.

Thus for a general® 2 EPT X1 we set

E(6)
G(6)

exp(3[6; fo));
€ 3[6;folfo;

where

D(E(®)) := D(€) =: D(G(E)):

Now letting (E(&); G(€)) be as above shows that the map p is surjective:

p(G(6); E(G)) G(6) + In(E(E))fo
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and the domains't together as prescribed (the kernelof E(6) = exp(3[6€;fq]) is
trivial). Now for any operator T 2 EBT (D(€)?) with D(T) % D(€)?, we de ne

operators E(6)1, G(6)r with domains

D(E(®)7) := D(G(€)7) := D(6) © D(T); sud that

8 8
2 . 2 .
0 ; D(T T X D(T
E(@)T = > on ( ) G(@)T = on ( ) .

> >

E(6); onD(®) G(€): onD(€)

Here Op Ty is the trivial operator on the domain D(T): it is clearly even and
inherits the correct Cli®ord-linearity from T (sincethe domainisa C ki G-
linear subspace). In terms of con gurations this descrites the inclusion of the
con guration of T at the line R £ f0g of the total space.

Note that hereand in the following we suppresshe notion of Cli®ord-linearity
in expressionslike EIbT(D(@)?), since it is clear which Cli®ord-structure the
spacescarry.

Then we have

1/2 3/4
P& = (G(€)r;E(€)r) | T 2 ERT(D(€)?)

From the above description of the preimageswe have the immediate

Corollary 72. The map p is surjective.

Now we can set about to shav cortinuity of the map p.

Lemma 73. The map p is continuous.
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We have seenthat the eigenvaluesof the operators in the image, € .= G +
In(E)f o depend cortinuously on the eigervaluesof G and E. Furthermore, pre-
cisely the sum of all labels on a curve r2 = |2+ (In!)? is mapped to the sum
of labels of & at §r. Thus, the eigenspces of €2 depend cortinuously on the

eigenspacesf G and E in the sensethat

M
L:(6) := Esp(€%r%) =  (Esp(G;,) ©Esp(E;?))
for all pairs (,; *) on the above curve. What is left to seeis that the root €& has
eigenspces which degend continuouslyon G and E.
To do this, considerthe conmbination de ning open setsin the spacesof gen-

erators

#
bk —JEBT 1 1, Spm(H K)o —/Bdd(H k")

for f 2 Co(R). We needto show that for all (G;E) 2 b"+1, all 2, and for ead f

n

we can nd an open neighbourhood U.(G; E) sudh that
8(GSEY) 2 UG;E) k# p(GSEY) i #p(GE) k< 2

This implies that the open setin EFan"*l de ned by the pre-imageof an 2-ball in
Bdd(HX*1) under #;, has an open preimageunder p in the total space;sincewe
can nd small open neighbourhoods U.(G; E) of preimage-mints (G; E), which

are themselhescontained in the preimageof the 2-ball.
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Pick 2 and f . Let supp(f ) be the support of f in R and set

Y D Ya
St = (,1)2RERPS) | § 2+ In122 suppf)

Then we have only nitely many con guration points of (G; E) on Sf. We denote
those eigervalues by (, ;i) and the projection onto the labels by pr;(G) :=
Yesp(G:, ;)» Pr(E) := Yespe;r ). Now for ead pair (, ;%) we build an opensetin

R £ RP°:

¥ £7)

Vi(350) == (xy) [0<j,ji XJ<x 0<jlnt;j Inyj< %

Then we take L.(j;i) the +ball around Esp(E;*;)\ Esp(G;, ) in Gr(H), and

form the rst part of our set,
U(V:(j;1)5Le(j51)):
Now for (G2 E9 2 U(V.(j;i);L+(j;i)) one has nitely many con guration

points in V.(j;i). For easeof notation, we suppressthe notions j;i and % in

the following calculation. We write (G%E9 onthe setV := V.(j;i) by

GYy = i L pn(GY; EfYy = i « Lkpri(E9

where now
X .x -
k  pr(GYi pr(G) k< j i .j<%
| |
X X
k  pr(E9 i pr(E)k< & j  Intyj Intj< %
k k
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Then we can calculate

KT (G + IN(EG)Fo) i f(Giv + In(Ejy)fo) k=
kT ECOPR(GY | T(IPHG) + ( (F (Nt )pre(EY i f(Int)pr(E)fok
k P JCDPRGY i f(,)pr(G) k+ k P SNt )pr(E9 i f(Int)pr(E) kk fo k
K T FC)PRGY K+ KEC)(PrG) i pri(GY) k+
KT (ANt AN )pr(EY k+ K (nt)(Pr(E) i+ pre(EY) k

<l +f()x+ ks +f(Int)x <2

fortj! 0. Herex < tm; dependsonthe maximal slope m; of f onV, but since
f is cortinuous, we can make this quartity as small as we want by decreasingt.

Now we only have to de ne the set

\ \
U(GIE) == U(Ve(j;i);L:(51))  U(W;f0g)

i

for all (j;i) in question,where

W = Sf n[ Viu(i:)
i
is the complememary part which guararteesthat there are no eigervaluesoutside
the small neighbourhoods around the (, j;*i). Then all con guration points of
elemerts in this set have to lie in the single open squaresaround the points of
(G;E). With the correspnding calculation one seesthat the +'s can be made
small enoughto obtain imagesin the 2-neighbourhood of p(G; E) given by the

compactly supported function f. This nishes the proof.
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Now we can study the b ersin more detail. We have

Corollary 74. Let € 2 EFank+1. Then there is a homemorphism

A:EBT(D(€)) —“p (@) : TA—(G(€)r:E(®)r):

Proof. We have

1/ Y
EPT(D(€)’)= T2 EDTX, | D(T) %D(6)’

Clearly, the map A is a bijection. This follows immediately from the struc-
ture of the preimageof & as discussedabove. It remainsto show that it is a
homeomorphism. This is clear as well: Let U(V;L) be an open set of on gu-
rations in the preimagep' }(6). This preimage consistsof con gurations with
certain prescribed points (,; 1), where, and ! are the eigervalues of G(6)
and E(6), respectively. Let us denote the correspnding labels by L(,; 1) :=
Esp(G(€);,)\ Esp(E(G);1). These points are cortained in the interior of
R £ RP%. Now there are se\eral casedor U(V;L).

Firstly, let us assumethat U(V;L) is not empty. This implies that V and L
are such that if V cortains any points of the con guration (G(€); E(€)), then
the sumsof labelsof it are cortained in L. If this wasnot the case,no elemert of
pi (&) would lie in U(V;L), sincethey all cortain the points of (G(&); E(®)).

Now considerthe caseU(V;L) with V\ RE£ fOg = ;. Then we claim that
A 1(U(V;L)) is already all of EIbT(D(G)? ). SinceV doesnot cortain any part
of the line R £ f0g, wherethe con guration of someT 2 EBT (D(€)?) would be
included, there is no condition on the image A(T) to fulll the criterion of lying

in U(V;L). All parts of A(T) which lie in the interior of R £ RP° agreewith
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(G(®); E(®)) by de nition of the A Thus the preimageof U(V;L) cortains all
T2 EFbT(D(G)? ). In fact, sincewe have assumedhat U(V;L) is not empty, this
implies herethat all of pi (&) is cortained in U(V;L), sinceV can only cortain
prescribed points.

Now assumeU(V;L) hasV\ RE fOg 6 ;. If V conains prescribed points
(,; 1) of (G(G); E(G)), thenthe labelsL(,; 1), conbined with the labelsof points

on the axisR £ f0g must lie in L. We have thus:

M
AT)2U(v;L) () L v\ ret og(T) L(,;t)2L:
(.t )2v

Herethe rst part is the sum of labels of A(T) which belongto points in the part

V\ RE f0g. Then we have
A Y(U(V;L)) = U(V\ RE fOg;L);

where ( )
M
L= L|L L(,;*)2L
(it )2v

is the setof labelswhich make up L after adding the xed ones. This is open; one
just hasto ched that the operator normsof the correspnding projection operators
form an open set. SincelL wasopen, L is aswell. Certainly, if V originally did
not cortain any of the (,; *), the sameholds: Al 1(U(V;L)) = U(V\ R£ f0g; L),
without the extra condition on the labels. Thus A is cortinuous.

The other direction is simple: Let U(Vg;L) be an open setin EDT (D(€)?).
Then the image under A is open: We can nd a small neigbourhood around

VR E f0Ogin RE f0g which doesnot cortain any of the ( nitely many) points (,; 1)
of (G(6); E(®)), for exampleVi £ [0;2) := V for some2. Then A(U(Vg;L)) =
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U(V; L), sincethere can not be points on the strip Vg £ (0;2) in pi 1(6). Thus A

IS open.
2

By the last corollary, in particular the preimageof the basemint con guration
in EPTX*1 is homeomorphicto ERTX, . The inclusion of this b er is inclusion

at the line line R £ f0g:

EPTK, — bk T A /(T;0pr):

n+1

Here Op (1) is the trivial operator on the domain. It is clearthat
P:(G;0p) 7! &
mapsto the baseint in EPT X1 since
D(G)\ ker(Op()’ = D(G)\ D(G)’ = ;:

3.2.3 Weak homotopy type of the bers.
We would next like to study the homotopy type of the b ers.

Prop osition 75. Let €, § 2 EBTX*! with D(6) % D($). Then there is a weak

homotopyequivalene of the bers
p (S » p' H(G):

induced by the inclusion D(8)? i | D(€)”.
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Proof. To prove this we have to proceedin two stepswhich we will ead treat in

the form of a lemma.

Lemma 76. Let Hk againbe an innite-dimensional Hilbert space with compatible
G ki G-module structure. For a compact space K and a continuous map ¢ as

below, there is a "nite-dimensional subspce T (c)k %2 HX and a factorization of ¢

K

up to homotopy:

B:HY)

co»ite

Proof. (of lemma) First we construct the nite-dimensional spaceT (c). It will
carry (up to homotopy) the information of the imageof K in Conf (R;HK).

Considerto this purposethe map c on Grassmannians:

1K j! Gr9(HX) :x 7! D(c(x)):

Here Gr9" (H¥) denotesthe spaceof gradedC ¢ G, -linear subspacesfHX. Since
the map assignsdomains, which are graded subspacesver the full algebra, we
cancourt the dimensionsin the senseof gradedirreducible modules(seeappendix
A). Howewer after pointing this out, we suppressthe notion of Cli®ord-linearity
on dimensionsand sud for the rest of this proof. Recall further that in HX
orthogonal projections onto Cli®ord-linear subspacesre Cli®ord-linear.
Sincethe map c into con gurations is cortinuous, we seethat & is upper semi-
cortinuous: The dimension of domains of a cortinuous path of con gurations
can jump, but only \downwards": The dimension jumps by | wheneer an |-

dimensional pair of labelsL = L, © L; movesinto or out of the basemint.
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Thesejumps are upper semi-cotinuous: For if ¢, descritesthe movemert of such
a pair into the basemint, t 2 [0; 1], (considerfor examplethe path of one-pair
con gurations given by q(%) = Lg), wesee

8
20>0 t2[01)

dim(D(a)) =
-0 ; t=1

Now let y 2 im(&) be a point sudh that there is a neighbourhood N, with

dim(y9 6 dim(y), for all y°2 N, \ im(&). We call the set of such points C{. Let

now fU(y-)g,..co be the maximal open cover of the imageim (€) of K, sud that

the subspacey 2 U(y-) have

dim(%4. (y)) = dim(y); 8y 2 U(y-);

I.e. sudh that the projections of subspacey onto y- areC i G,-linear monomor-
phismsfor all y 2 U(y-). Then the preimagesof these setsunder & are open in
K (this follows from the discussionof upper semi-coninuity). Hencethey form
an open cover of K and by compactnessthere is a nite subcover. Let us de-
note by x; 2 K the preimagesof y; which are cortained in this nite subcover:
&(xi) = yi 2 U(yi).

Then we de ne the nite-dimensional subspacespanned by the subspacey;:

Sonow for all u 2 im (&) the projections¥s () (u) aremonomorphicand Cli®ord-
linear sinceall sudh u lie in oneopen setaround somey; (this property is what was

meart by the spacecarrying the information of the imageof ¢). We call this space
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transversalko the imageof K underc. Then we cande ne a map of con gurations,

projecting the labels of con gurations in the imageonto this transversal space:

&= (Vrgt0): K —IConf(RiH) —“ JiConf(R;T () :
x A Ie(x) A l&(x) 11 7! Y () (c(X)(r)):

The above givescon gurations with the correct Cli®ord-structure: T (c) isa G i
G,-module, sinceall the domainsy; = D(c(x;)) are. Sincethe projections of the
domains of con gurations in the image onto this transversal spaceare Cli®ord-
linear, their imagesarestill G «j G,-modules. For the samereasonthe projection
maps also presene the label structure of the single con gurations.

Now we usethe combination of projection and inclusion

Y (o

maps(K; Conf (R;HK)) o maps(K; Conf (R; T (9y))

to show that c is homotopicto i + & = i +% (. The basicidea is to \turn

the domainsof c onto T (c)". We denotethe generatorsof image con gurations
c(x) 2 Conf (R;HX) by C(x), for x 2 K. Sincethe projections are Cli®ord-linear
and injective, we can write generatingoperators for the con gurations &x) using

projections: C(x) := ¥ (¢ C(x). Thenwecanwrite a path of generatingoperators:
h(c)(x) == (1i t)C(x) + tC(x):

Both summandsare G,-linear and thus their sumis aswell; onecanched that the
squareis G i G -linear asneccessaryThe summandscommute and all domains

are isomorphicfor all t, x 2 K. Thus this givesa cortinuous homotopy between
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c and €, for cortinuous mapsc.

We cortinue the proof of the proposition:

Lemma 77. There is a weak homotopyequivalene
Conf (R; (H © V)X) » Conf (R;H)X)

whele Hf is an in"nite-dimensional graded real Hilbert space with compatible C |

G, -structure and V is of the sametype but with dim(V) < 1 .

To prove this claim will suxce to prove the proposition, since all operators
€, Sin EPTX have Tite-dimensional domain and thus their domainsdi®eronly
by "nite-dimensional subspacessay D(€) = D(S) © V. Now recall againthat in

terms of con gurations, the preimagesof suc & and § are descriked as

R (S) Conf (R;D(€)7);

p' 1(S)

Conf (R;D(8)?) = Conf (R;(D(€) © V)?):
This shaws that proving the lemma nishes the proof of the proposition.

Proof. (of lemma)To prove the lemmais technically a bit involved, but intuitiv ely
clear: both spacesof con gurations have an in nite-dimensional rangeto choose
the labels from (namely D(®)? and D(S)?, respectively). The two label spaces
di®er only by a nite-dimensional spaceV. So roughly, there will be \enough
room" to deform labels which hit the subspaceV into oneswhich lie outside V.
As innite-dimensional Cli®ord-madulesthe two label spacesH ¥ and (H © V)

are isomorphic. Choosing suc an isomorphismgives mapson con gurations (by
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composition)

-1
Conf (R;(HO©V)K) g _ Conf (R;HX):
|

Here isinducedby the isomorphismandi is the inclusion of con gurations with
domainsin H. We now want to shav the weakhomotopy equivalenceby cheding
that homotopy classe®f mapsfrom a compactspaceinto the above con guration

spacesare isomorphic,i.e. that
[K;Conf (R;(H © V)] 2 [K; Conf (R;H)I:

Using spheresas compact spacesthis implies what we want. To show the equiv-
alenceof homotopy classef mapsasabove, we will make useof the rst supple-

mertary lemma76. Considerthe diagram:

Conf (R; HK)

Conf (Ry{H,0 V)¥)

c ic
Conf (R;Txk(c)ﬁ) o K i IConf {R;T(i‘c)ﬁ)
Now the argumert works the following way: Instead of shaving that
c» i ¢
we shawv the equivalent statemen for the factorizations,

e» if ¢ in Conf(R;(H © V)¥);
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where we slightly abuse the notation € to stand for the factorized map into
Conf (R; (H ©V)K). By the preceedingemmathis then implies the upper homo-
topy equivalence.

Firstly, taking a closerlook at the transversal spacesabove, one noticesthat

TG =i (T(0):

This is clearby an easyched of de nitions, sincethe combination i is monomor-
phic on (H © V). Secondly we can now consider both transversal spacesas

(Cli®ord-linear) emteddings of in nite codimension

T@©) HOV 2EmKT(;HOV)

is the inclusion as a subspacewhile

T ¢:T()! HOV:¢7'i (¢) 2 EmDT(c);HOV)

is composedwith i . This shovsthat the two spacesare homotopicin Gr(H ©V),
since

Emb(T(c);HOV) » &

is cortractible due to the in nite codimensionof T (c) in H © V. Then a path

he:l ! EmbT(c);H©V):t7 T(o),

connectingh(0) := T (c) with h(1) := T (i c) givesa homotopy

He: 1! maps(K;Conf (R;T(c))) :t 7! (X 7! Y (), &(X));
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starting with H.(0) = e and endingwith H(1) = if c. Thuse» if candc» i c
in Conf (R; (H © V)X) by the lemmaabove.

This nishes the proof of the proposition aswell.

3.3 Proof of quasi- bration properties

Having cheded that the map p givesthe correct setting we now needto show
that it is in fact a quasi- bration. The quasi- bration property assuresthat the
map inducesa long exact sequencan homotopy, which is exactly what we need
in our caseto show the weak homotopy equivalencewith the loop space,ordering

our spacesnto --sp ectra.

Theorem 6. Letk > 0. Then the map

EI:ank+1 b ﬁ+1

»

EBT k1
is a quasi- bration.

Proof. The de nition of quasi- bration is asfollows:

De nition 78. A surjective mapp: X j! Y of pointed topological spacesis a

quasi- bration, if for everyy 2 Y and x 2 p' }(y), the natural map

YaX;p Hy)sX) it V(YY)
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Is an isomorphismfor everyi.

Fortunately, sincethis de nition is rather incorvenient to use,there are the
guidelinesof the theorem of Dold and Thom [6], which provide an easyreceipe to

shav that a map is in fact a quasi- bration. Hereis the theorem:

Theorem 79. (Dold, Thom) Letp: X ! Y be surjective. Then p is a quasi-
“bration, if there is an increasing ltr ation fF;Yg of Y, suchthat the following

holds:

2 For everyopen subsetU of B; := F; | Fi; 1,
pPiu)i! U

is a quasi- bration.

2 For everyi, there exist neighlmurhoods N; %2 Fi,; of F; and a contracting

homotopyh : N; £ 1 I N; with hg = idy, and h;(N;) %2 F;.
2 This deformation h is coverd by a homotopyH : pi Y(N)) £ I I p }(N;),
Ho = idp 1Ny, suchthat for each point x 2 N;

Hljpi 1(x) »? pi 1(hl(X))

is a weak homotopyequivalene.

We dene the Ttration on EBT X = Conf (R)k*!: Set

Y Y
Fi = G2EBTX | dimg,,, (D(G)) 6 i
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This clearly gives a Tltration with F; % F;,;, covering EFan"+1. The idea
behind this proof is, that we can cortrol the preimagesof single con gurations,
as long as no points move in or out of the basemwint. If this happens, there is
a \jump" in the b ers: the dimensionof the domain of a path of con gurations
in the basejumps when labels move in or out of the basemint, and so doesthe
subspaceb er con gurations live on (the complemen of the domains).

The advantage of using the theorem of Dold-Thom is that we can treat these
jumps speci cally, and only \in onedirection" (points move into the basemint).
There is no needto show a lifting property for critical paths with jumps in the
b er, one only needsto shov a weak homotopy equivalenceof the b ers before
and after the move (pointwise). This is a local condition which comeswith the
only global requiremen that there is a uniform way to cover homotopiesin the
basespace.

The rst stepis to make surethat p is a quasi- bration on the B;. We have

2 Ya
Bi= G2E®PTX! |dimg,,., D(G) =i

Usually this is doneby proving an even stronger statemert, for instancethat p is

already a bration. We follow the trend and show:

Prop osition 80. The map p is a ber bunde on the setsB;.

Proof. (of proposition) We needto seethat the map
p *(Bi)i! B

haslocal trivializations. To start, we simply look at the domainsof con gurations
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in p 1(B;). Let

2 Y
Do’ = (€;v)2 B, £ HX,, [v2D(€)" ;
and set
Yo: Dom? ! B
(Gv) 71 G

Lemma 81. In the alovesetting ¥ is an (in nite-dimensional) vector bunde for

all i.

Proof. (of lemma) Obviously % is a pullback of the complememary tautological

bundle over the GrassmannianGr;(H¥,,) of Cli®ord4-dimensional subspacesf

Hio
fo(E7) =
L :
B ———/Gri(HK,,)
A

S 'D(6)

where 1 3,
E’ == (hv)2Gr(HK)EH [v21?

The pullback f °(E?”) is isomorphicto Dom?:

Dom? i1 f%(E?)
(G;v) 7! (G;D(6);v):
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This is direct sincewe have

()

f(6l;v)2B £ E’jf€&=%(l;v)g

f(6;l;v) 2 Bi £ E/jl=D(6) andv 2 |7 g:

We have to show that E? over Gri(H,) is a bundle, i.e. locally trivial, for all i,

and all n. Clearly the tautological bundle itself,

Ei=1f(;v)2 Gri(Hy) £ Hjv2 g (I v)

: 12

Gri(Hn) I

is a vector bundle (seeref.[7],1.15.). Now we would like to construct local trivial-
izations for the complememary bundle. We do this by usinglocal framings (local
orthogonal sections)of E;(H,) which we extend.

Let now | 2 Gri(H,) be a G,-linear subspaceof dimensiond over R. Then H,,

splits into two modules!| and 17, whereH, = (I ©1?) is the closure. Let
fly;olg 1?1309

be a basisof H,, which respects the module structure and splits into basesof |

and I? . We extend this to local orthogonal sections: Choosea neighbourhood U,

s (1) =
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and sud that for all '2 U, the set
fsi(D; ;890125135009

isindependen. Then we de ne sectionsof the complemetary bundle E;? on U, by
applying the Gram-Sdmidt orthogonalization processto the above independernt

setsfor ead I'2 U,. This processdelivers an orthogonal frame

for eah 2 U, and the new sectionssj? (N are continuousin " ([7],1.3). Close
analysis of the Gram-Sdimidt algorithm also provesthat it commnutes with the
Cli®ord action: orthogonalizingthe starting basisc(x)!;; c(x)I? , wherec(x) stands
for Cli®ord-nultiplication with x, resultsin c(x)si;c(x)sj'-’ . Thuswe have produced
locally orthogonal, Cli®ord-linear framings of the complememary bundle. Map-
ping theselocal framesto the generatorsof the b er givesthe local trivialisations:

We set

to be the in nite direct sum of the standard G,-module M (seeagain sectionA);

with basisfmy; my;:::g. Then we have an isomorphismof the b er
(ED? - (1;17) 70 my;
and we can produce local trivializations on U;:
Eju U E F 1 (s (0) A my);
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Lemma 82. If Dom’ j! B; is locally trivial, then alsois
pi(Bi)i! Bi:

Proof. (of lemma) We want to construct local trivializations basedon the ones

for Dom?, or E7 (HK,,), respectively. Again we can usethe pullback

p' }(B;).—/f°Conf (E’) —/Conf (E?)

| |

B ——1Gr(HK,,)

T — 7

where

i Y
Conf (E7) :=  (I;0) | 1 2 Gri(HX,,);c2 Conf (R;(I7)k,,)

are the con gurations on the bundle E?. The argumen is that sincethe basic
Hilb ertspaces(the b ers of E’) for the con gurations form a bundle, thus are
locally isomorphic, the spacesof con gurations on them will as well be locally
isomorphic. The fact that p' }(B;) is indeed isomorphic to the pullback in the
above diagram is then easyto seeasit wasin the lemma before;it is merely a
ched of de nitions.

Recallthe local framing of the bundle

b Y
EiOE/ = (hviw) |12 Gri(HX,,);v2 Lw? |
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Around a point | 2 Gri(H) (we suppresshe Cli®ord-notation) with a given start-
ing frame f (1) := (f;;f°) of the subspaced, |7, respectively, one obtains open
neighbourhoods U(l; f) depending on | and the choice of frame, and cortinuous

sectionsof the Stiefel manifold of Cli®ord-linear framesV;(H) © V.* (H),
sy UE) i VI(H) © V7 (H) 178 sty (D) = (S5 SF )

Theseare given by the orthogonal sectionss; (); s? () constructedabove for ead
"2 U,. We usethis local sectionof framesto construct a local sectionof Cli®ord-

linear automorphismsof H:

£ :U(;f) ! AutgH):

r 7 Er: Sf(l)(r);sl?(n(r) 7! (fl;f|?):

In particular, £, = idy. This is nothing elsebut writing out the local trivialization
mapsfrom above in more detail. We get local trivializations of the con gurations

Conf (E/):
Conf (E7)juasy —IU(I;f) £ Conf (R;17) ——U(I;f) £ Conf (R;F)

(foh

(e 0 (N +E £0):

The composition of con gurations with Cli®ord-linearautomorphismsof the basic
label spaceH¥ is cortinuous for all n, k and produceshomeomorphismsof con-
“guration spaceshy lemma55.. Thus we obtain local homeomorphismswith the
product bundle as desired.

This nishes the proof of the lemma as well as the preceedingproposition.
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Summarizing, we have shown that p is a b er bundle on the B;.
2

Sothe rst condition of Dold-Thom's list is ful Tled. The next stepisto nd
neighbourhoods and deformations,sud that we can cover them by deformations
which areweakhomotopy equivalencesonthe b ers. Contracting a neighbourhood
in Fi+1 into F; meansthat we have to eliminate one symmetric pair of points (by
moving it to the basemint). For this discussionwe switch badk to the operator

spacesERT k.

Prop osition 83. For everyi, onecan de ne neighlwurhcodsN; Y2 Fi,; Y2 Elf’Tn"+1
of F; and a contracting homotopyh : N;£1 ! N; with hg = idy, andhy(N;) %2 F;.

For an operator G 2 EIan" we determine the \dimension radii": De ne

Yo 3 . Y4

r(€)=max jxj2R|dimE =, . Esp&y) 6i

In terms of con gurations, this radius courts the graded Cli®ord-dimensionof
symmetric pairs of labels within someradius; r;(c) marks the radius of the label
which makesthis dimensionjump higher than i. The radiusr; is setto be 1 , if
the con guration hasa domain of Cli®ord-dimensionlessor equalthan i (in this
casethere is no nite radius which makesthe dimensioncourt jump higher than
i). For a con guration or operator in F;, for example, all radii r;,,, are 1 for
m > 0. We denotethe pair of labelsat r;(€) by L, (6) := Esp(€?;r;(€)?) and
setL, (6) = fOgforr(6)=1.
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De ne now neighbourhoods N; %2 F;,; of F; by:

8 9
N 2 G2Fi |1i(€)=1; or E_

Z dmg (L, (©)=17

Clearly this contains Fi, sincefor all elemens in F; the radiusrj is1 . It is
an open neighbourhood of F; sincethe condition on the con gurations is open:
Assume® in N; has nite radius r;. Then we can nd a small neighbourhood
around &, cortained in N;, by perturbing L, () within somesmall open setin
the 1-dimensionalGrassmannian,and perturbing the eigervalues § r;i, within a
small open set around them in R. If otherwise, & 2 N; is already cortained in
F;, i.e. its i-th radiusis 1 , we canstill nd an open neighbourhood of it inside
N;. Either there is a neighbourhood all cortained in F; (i.e. &€ is in the interior
of F;), or dim(®) = i: Then sinceF; is cortained in Fi.1, the dimensionof labels
moving out of the basemint in an open set cannot surpassl, thuswe nd a small
open neighbourhood wherethe maximal labels are exactly of dimension1.

For the contracting homotopy we move the pair at (8)r; to the basemint. A

suitable homotopy is given by the deformation retract

h:Ni£1i! N: (&) 7! (€+ (ﬁ)l/ﬁ,i(@))i

The domainsareD; = D(h{(&)) := D(6) fort 2 [0; 1) and becomeD (€)\ L, (€)?
fort = 1, i.e. loosethe pair of labelsasit movesinto the basemint. Again this is

cortinuous as map of con gurations by Corollary 54.
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Prop osition 84. This deformation h is covered by a homotopy

H:p '(NDET!D piNi); Ho=idy s

suchthat for each point x 2 N;

Hljpi 1(x) ? pi 1(hl(X))

is a weak homotopyequivalene.

It is clear how to cover this deformation in the total spaceof our map p:
we move, in a completely similar fashion, the ring of radius r; of the preimage

con gurations out to in nit y. We set

H:p Y(NDET ! p i(N)):
H(G(G)r;E(G)r) := (G(hG)r;E(hC)r):

Recall here that the preimage of the operator & is given by operators T in
EBT (D(6)?), extending the pre-image operators G(6), E(®) with equal do-
mains D(®&), which are uniquely determined. The above line is stating that the
covering homotopy follows the homotopy on the basespaceby making the necces-
sary adjustmerts to the pre-imageoperatorson D, := D(h(8)). At the sametime
we keepthe part T unaltered. This is possiblesincethe domain of the operators
D; doesnot changeexceptat t = 1, whereit becomessmaller, i.e. reducedby

Ly, (6). Thus

T 2 EBT(D(G)?) p EPT(D(h®)?) forall t 2 [0;1];
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Here and belonv we have again suppressedhe notion of the Cli®ord structure to
avoid confusionof indices.

The above is clearly (by de nition) a covering homotopy and for & 2 N; the
map

Hi(p' (6)) i! p' '(h:6)

is given by inclusion of the b ers

ERT(D(G)?) | EBT(D(h:6)?) =
= EPT(D(6)? © L, (6)):

But this is a weak homotopy equivalenceby Proposition 75. Hencewe proved the

last condition of Dold-Thom and thereforethe theorem.

3.4 Summary

It is now easyto collect all piecesand put them together to obtain our main
statemens. First we derive the --sp ectrum properties we needto build spectra,

using the quasi- bration.

Corollary 85. There is a weak homotopyequivalene (for k > 0):
ERTX, i1 -( ERTK);
induced by the map

b: ERTK, i! -(EBPTFY):G 7 (° 1t 7! p(G;E(G)))
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whee E(G) = ﬁl/@(g) is the operator with eigenvalueﬁ on D(G).

Proof. The mapsb t into diagrams

ERTK, —/bk,, —JEbT,

) ] |

- EPT —pEPTI —EpPT R

where H is given by mapping an elemen in the total space,(G;E) to the path
in the basespacegiven by applying p to the path from (G; E) to the basemint

along the vertical °ow H descrilked in Lemma 68:

M 1
H:(GIE) 7! t7! pH(GIE)) = P(G;(Li DE + Yo

Sincethe inclusion of the ber EPTX, in our bration is G 7! (G;0p(g)), the
above is clearly a commutativ e diagram. It inducesthe long exact sequencesn

homotopy:

I EPTR ) (kL) (BT ) v (BT, )

n

;o Lb°

e —/1/f1(_ EFank+l) —ll/ﬂ(P EFank+1) —/VQ(EFank+1) —/1/41 1(_ EFank+1) I

Recall here that quasi- brations induce long exact sequencesn homotopy. The
induced maps b are isomorphismsby the v e-lemmaand the fact that the total

spacesn both brations are cortractible.

Then weXS seethat we have connective coversas claimedin the beginning:
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Corollary 86. Letk > 0. Then
EPTK » EPTO < k >

is the (kj 1)-connected cover.

Proof. Recallfrom Proposition 64, that

Vo(EF TK) = Y(EPTX) = 0, k> 1L

We see
8
2 .o )
. . 0 16 ki1l
Vo(- 'EPTY) 2 Y(ERTS) 2 bTo |
- Yo(E Tn+i); >k
and thus 8

2 o .

0 Ci6 ki1
Va(EBTX) 2 '
V(ERTO); i>k

The de-looping ceaseso work at the k-th homotopy group, since EFanO+k has

non-trivial homotopy groups:
VERTO , 2 (- LHMK Q) 2 14(- L *NK 0) 2 14EDTO:

by theorem 37 and proposition 62.
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Taking into accoun the homotopy equivalencefrom the latter proposition,
EDTX » EFTK

for all n and all k > 0, this completesthe proof of our main theorem5.
2

We have thus found a condition on the spacesof generatorsof eld theoriesto
form connective covers. The requiremert is that the even squareof the generator
shows higher Cli®ord-linearity. Certainly onewishesto translate this result badk
to the actual eld theory functors. The main obsenation hereis that the square
of the generatorGg assaiated to a supersymmetric eld theory E appearsin the
valuesthe functor takeson the reduced part of the suger moduli space of bordisms

JSEB(spt;spt)j 2 R. . Herewe have
E(l,) = € '®¢; |, 2 j]SEB(spt; spt);:

Consequetly, we can formulate the condition in terms of eld theory functors:

o 9
- 1 >
. 2 E2EFT, |Ejsu, takesvaluesin G xj G =
EFT, = >

-linear operatorsin jH S*(H¥)j :

whereSM standsfor the super moduli spaceof bordisms,in our caseSEB (spt; spt).
This condition can be formulated as well in the two-dimensionalconformal
case. Howewer, here we do not know the super moduli spaceof bordisms well

enough. It might howewer sene asa rst hypothesisfor future work.
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APPENDIX A

CLIFFORD ALGEBRAS AND THEIR MODULES

Herewe give a few remarkson the generaltheory of Cli®ord algebras.A more
detailed discussionas well as supporting proofs for facts from this short overview

may be found for examplein [20].

De nition 87. LetV be a k-vectorspace with quadatic form g. Then the Cli®ord

algebrm of V with respect to g is a quotient of the tensor algeba
X b3
TV):= TYV):= Vv Kk
k=0 k=0

The quotientis takenby the two-sidel ideal | () geneated by elementsv v+ g(v) ¢1
for v 2 V. Thus the Cli®ord algeba is de ned as

a(v;ig = T(V)=I(q)

and we haverelationsv ¢v = j q(v;Vv) ¢1.

Note 88. The Cli®ord algebasare graded algebas. We call an elementx 2 TX(V)
an elementof \pure degree" k. With respct to commutation relations in the
Cli®ord algebs, it is important whetherthe degree of suchan elementis evenor

odd. The degree therefore induces a natural Z=2-grading on the Cli®ord algeba
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into evenand odd part. The evenpart of a Cli®ord algeba is itself an algeba.

a(v;a) = A(v;g° o a(v;g*:

There is a canonical inclusion of the vectorspace V in A(V; ), by including V as
THV).

The standard examplesof Cli®ord algebrascomefrom taking real vectorspaces
R" with the quadratic form k ¢k? given by the standard metric. Theseand the
complexi ed versionof theseare the exampleswhich occur in most mathematical

and physical applications of Cli®ord algebras. They are sometimesreferedto as

the geometricalgebras.

De nition  89. The standad Cli®ord algebas are de ned by setting the form on
R™ktobeq(v) := v+ i+ Vv2j V2, i :::j V2,,. This yieldsthe algeba denote
by

G = AR™X0) = T(R")=1(9:

This is again an algeba on n + k geneators, which we typically denoteby e,f;.

They haverelations:

e;iie: €=il eg=jgea; i6j;
forinfe: f2=4+1;  fif, =i fif;; i6j:
ef; =ifje; §j:

Notation 90. Since we will not usethe mixed forms G, in this work, we shorten

the notations for the alove and set:

G =G Gn= G
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Thus G, is an algeba on n geneators, which we typically denoteby ¢ and which
squae to j 1, while the opposite C , hasn geneators f; whichsquaeto +1.

The complexi cation G, - C is a Cli®ord algeba for all n; k. It is isomorphic
to the algebra

Cl, == A(C"; );

— P n 2
whee qc(z) = |, 7

Before we start comparing these algebras,let us give a short remark on the
tensorproducts. Sincewe have gradedalgebras,we needto de ne a gradedtensor
product: Let A= A°©A?!, B = B°©B* betwo Z=2-gradedalgebras. Then their
gradedtensor product A" B hasas underlying vector spacethe tensor product of

A and B, wherethe multiplication is de ned as
(a- B 6@ 1) = (i ™D (aal) - (bl

for a and b of pure degree(even or odd). The resulting algebraA®*B is again

Z=2-gradedwith

(A_/\B)O AOO+ All

(A_/\B)l A01+ AOl

For a nice discussionof this, see[20], chapters|.1, I.3. We have the following

isomorphisms

Theorem 7. There are isomorphismsfor all n> 0

v

C1+8 C1‘ CB

G = Gn- Ge
C|n+2 2 Cln' CIZ;
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TABLE Al
CLIFFORD ALGEBRAS

n 1 2 3 4 5 6 7 8
G c H HOH  H(2) C(4) R(8) R(8)©R(8) R(16)
Gn | ROR R(2) C(2) H@2) HE@) ©HE2) H@4) C(8) R(16)
Cl, |COC C(2 C(2©C(2) C(4) C@)©CH4) CB) C(B)©C(@8) C(16)

whele

G=Cs=R(16) and Cl,= C(2):

A full classi cation is given by the table A.1.

The modules over Cli®ord algebrasshown a periodic behaviour, with period 8
and 2 in the complex case. For us an important part to note about them is the
structure of represemations: The ungradedalgebrasabove are either simple of the
shape k(n) for some eld k, or of the shape k(n)©k(n). An irr educiblerepresentation
over sud algebraswill look like k™, up to isomorphismand the isomorphismclasses
of sudh irreducible represemations are extremely well cortrolled. We have the

theorem:

Theorem 8. Let k = R;C; or H. Then up to equivalene of representations,
the only irr educiblereal representationof the matrix algeba k(n) (as algeba over
R) is the natural representation¥20n K'. The algeba k(n) © k(n) has exactly
two equivalene classesof irr educible real representations, given by the natural

representationof each factor on k(n):

Ya(X1,X2) = YX1);, Y2(X1;X2) = “X)):
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Hereequivalenceof two real represemations %2 : A j ! Homy(W;; W), i = 1;2,
of an algebra A meansthat there is a k-linear isomorphismF : W; ! W, sudh
that F +%4(a) +Fi 1 = Y(a) for all a2 A.

Now theserepresemations do not yet take the grading into accourt. We want
to determinethe freeabelian group (Grothendied group) generatedby irreducible
graded G,-modules, M (G,). We denote the Grothendiek group of ungraded G,-

modulesby M °(G,). We have relations betweenthe two:

Theorem 9. There are algeba isomorphismsfor all n

Cnil)—) d:

Note that G is not a gradel algeba. The albove isomorphismsare not graded
algeba isomorphisms. However, ungraded madulesover C° corresnd to graded
modulesover G,: The functor assigningto a graded G,-moduleM = M°© M1 its

evenpart, the G-module M °, inducesisomorphisms:

M(G) 2 MO(Q):

Togetherthe two isomorphismsgive M (G,) 2 M °(G,; 1). In the following table
we seenot only the groupsof graded and ungradedrepresemations but alsothe
dimensions(over R) of the standard irreducible represemation of G,, d,. Finally,
one column has as its ertries the cokernelsof the inclusion of one group in the
other: considerthe inclusioni : G, j! G which is induced by the inclusion

R"i! R"1!. This inducesa group homomorphism

T M(Ga) it M(G)
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TABLE A.2
CLIFFORD MODULES

n G dn M%G) M(G) A, Cli  d M(G) A
1 C 2 Z z  z= coc 1z 0
2 H 4 Z z  Z= C(2) 2 707 Z
3 HOH 4 zoez Z 0 [c@oece 2 =z 0
4 H(2) 8 z 20z Z C(4) 4 z0Z Z
5 C(4) 8 z y 0 |[cwocy 4 z 0
6 R(8) 8 z y 0 C(8) 8 z0Z Z
7/ RB)OREB) 8 z©Z Z 0 |c@eoece 8 z 0
8 R(16) 16 zZ 202 Z c(e) 16 z0zZ Z

of represemations. We setA,, := M (G,)=i’M (G+1).

Theorem 10. There are isomorphisms

MO%(Gs) 2 MYUG)

M(G:e) 2 M(G) M(G:2)® 2 M(GQ)
Ang 2 A, Al, 2 AC
dnss = 160y Co = 2d%

Here M (G,)°¢ descriles the Grothendiek group of equivalene classesof complex

representations. See table A.2 for a completeclassi cation.

De nition 91. In the following we often usethe \Cli®or d-dimensiori, dimg, (V)

to descrile the dimension of Cli®ord-linear subspces of real Hilbert spaces, as
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madules over G,. This dimension refers to the numker of copies of irr educible
G,-modulesin V, i.e.,
d,dimg, (H) = dimg(H):

We intr oduce anotherdimension,the \gr aded Cli®ord-dimension, dim%: (V), which
counts the numker of copies of the standad gradel irr educible G,-module, for

gradad subspesV. If V is a gradal G,-linear subspce, we have

dim¥(V)=k ) dimg (V)= 2:

Usually we will usethe ungraded version; we indicate it espcially if we mean to

count graded madules.

Remark 92. In geneanl, we useright G,-modulesas the standad in the follow-
ing. Note that Cli®ord-multiplication from the right with a geneator ¢ of G,
correspndsto multiplication from the left with 2e; =: f;. Thus a right G,-module

structure is equivalentto a left G ,-module structure.

Remark 93. Cli®ord algebas also come with an adjoint transformation, which
lendsthemthe structure of C'-algebas. A C'-algeba is a sub-algela of the algeba
of boundel operators on somein nite-dimensional Hilbert space H, whichis closel
under the operator norm and the adjoint. The adjoint is sometimesrefered to as
the o-operation of the algeba. Equipping the Cli®ord algebas with C°-algeba
structure is not complicated in the caseswe consider: In the caseof C , welet the
g-operation be trivial. In the caseof G, it is induced byv 7! j v for v2 R". Clearly
the algebasare closal with respect to the correspnding @-operation. Multiplication
by elementsof the Cli®ord-algeba de nesboundel operators on someHilbert space

with Cli®ord-madule structure. Their structure as matrix rings (see table A.1)
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showsthat they are closa&l under norm.

De nition 94. Let H,, be a Hilbert space with a xed right G,-module structure.
Then this module structure is compatible with the Hilbert space structure if the
action

G i! End(Hy)

is a C’-homomorphism. In the following we will alwaysassumesucha structure

on Hilbert spaces denotal with an index n.

Corollary 95. The compmatibility of the C*-structure of the Hilbert space and the
algebrm implies that orthogonal projections along the inner product in H onto a

Cli®ord-linear subspce V, are linear with resgect to the Cli®ord structure.

Proof. We do the calculation for G,. Here the condition assuresthat Cli®ord-
multiplication by vectorsx in H, is skew-adjoirt, sincethe homomorphismre-

spectsthe o-operations. We write ¢(x) for Cli®ord-multiplication with x:
c(x)” = c(x”) = ¢(j x) = j c(x); forvectorsx 2 G;:

Now wewant to seethat ¥, commuteswith all generatorse, of the Cli®ord-algebra,
i.e. that

Yy £c(e) = c(e) Y

The above impliesthat < hy;c(x)h, >= | < ¢(x)hy;h, > for all vectorsx in the
Cli®ord-algebraand all hy., 2 H,. Now if fv;g form an orthogonal basis of the

P
G, -linear subspaceV, %2 H,, we can write % (h) as < h;v; > v;. Therefore

j
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oneobtains

P
Yo (c(e)h) p<ce)hv > v = i <hjice)y >y

P P
| < hice)v; > c(e)?v; = c(e) ;< h;ce)y; > c(e)y,
c(e) ¥ (h):

The last holdsbecauseé/, is a G,-linear subspaceand becauseCli®ord-multiplication
by a unit vector, c(u), is an isometry: Let v, w 2 H,.Then by the above skew-

adjointness:

< cu)vic(uw>=j < c(u)®>v;w>=< v;w>; 8uwith kuk= 1:

Therefore multiplication of the basisv; by c(e) givesagain an orthogonal basis

of V.
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