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HIGH-BANDWIDTH, HIGH-DYNAMIC RANGE SIGNAL GENERATION
USING 1-BIT DIGITAL-TO-ANALOG CONVERSION

Abstract

by
Ajay K. Gupta

digital-to-analog conversion has as few as two output levels, providing
perfect di erential linearity. However, 2-level DAC’s su er from instability for
higher order modulation. Moreover, ’s are usually useful at high oversampling
ratios only. This dissertation presents a new interpretation for modulation
which views the circuit as solving an optimization problem. This viewpoint
shows that the algorithm is a naive solution and that much better solutions
are feasible.

A newly-developed solution, the M-algorithm, achieves unprecedented SNDR’s
and SFDR’s. This new algorithm extends the stable input amplitude range to
realize improved SNDR’s for many partially or completely unstable modulators.
Additionally, it enables useful conversion at a lower OSR (8) than prior art.

This dissertation provides hardware results for the generation of clean, high-
dynamic range 1-tone and 2-tone signals over a wide range of sampling frequencies.
Single-tone signals, with bands not a ected by the inter-symbol interference (ISI)
problem or sampling frequency- related spurs, result in an SFDR of 75 dBc in a
250 MHz bandwidth locatable anywhere in the Nyquist frequency with a sampling
frequency of 8 GS/s.
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This dissertation provides a mechanism for not only measuring the extent of 1SI
in hardware but also for solving the I1SI problem to signi cantly suppress harmonic
distortion and spurious. Thus, output signals in a 250 MHz band around 2.625
GHz provide an SFDR of 71 dBc for both 1-tone and 2-tone inputs.

A problem with low OSR systems, even when using the M-algorithm, is that
they cannot provide adequate SNDR or SFDR for most applications. This dis-
sertation presents a new multistage DAC architecture providing excellent per-
formance at extremely low OSR’s. Experimental measurements demonstrate an
SFDR performance of 83 dBc in a 125 MHz bandwidth centered at 325 MHz while
using an OSR of only 4 and an o -the-shelf DAC. The best prior art generates 68
dB at similar frequencies with 1 GS/s (albeit real-time) and employs quadrature

upconversion for higher frequency signal generation.
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CHAPTER 1

INTRODUCTION

1.1 Background

1.1.1 Two-level digital-to-analog conversion - why?

Two-level digital-to-analog conversion has only one spacing between the ad-
jacent levels, thus guaranteeing perfect di erential linearity. Di erential nonlin-
earity is the measure of the discrepancy in spacings between adjacent levels of a
multibit digital-to-analog converter (DAC) which provides more than two output
levels. The di erential nonlinearity (DNL) for a DAC is stated in terms of the
magnitude of the least signi cant bit (LSB) and is mentioned as being within

0:5 LSB for the 8-bit binary-weighted DAC in the AWG 710 [1]. This implies
that the 255 spacings between the adjacent levels of the 256-level DAC are within

0:5 LSB of each other, instead of being exactly 1 LSB ideally, which would have
resulted in zero di erential nonlinearity. Figs. 1.1(a) and 1.1(b) show the simula-
tion for an ideal 8-bit DAC and for a dithered 8-bit DAC with a triangular dither
probability density function (pdf) with support (-LSB,LSB), respectively. The
ideal DAC causes spurs and results in an spurious-free dynamic range (SFDR) of
70 dBc while dither makes the quantization noise uncorrelated with the input and
white [2] and results in an SFDR of 84 dBc.

However, when the di erential linearity is not perfect, the added dither is
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Figure 1.1. Simulation of ideal 8-bit DAC with a sampling frequency of
4 GS/s.

insu cient to make these spurs vanish, as seen in the simulations and measure-
ments in Figs. 1.2(a) and 1.2(b), respectively. The multibit sinusoid signal during
digital-to-analog conversion can be thought of as being the sum of several binary
weighted signals, each of which contains the fundamental and harmonics. When
the di erential linearity is not perfect, inexactly-weighted addition of these signals
does not cancel all the harmonics. Hence the aliased second harmonic shows up
prominently in Figs. 1.2(a) and 1.2(b).

Fig. 1.3 shows why perfect di erential linearity is coveted; it results in a per-
fectly linear input-output transfer function, since any two points can always be
joined by a straight line. Even if the the slope of the line and the o set of the
line are in error, this error translates to a benign gain error and DC o set, which
does not mar the linearity of the signal, i.e, does not cause harmonic distortion or

spurious anywhere else in the signal spectrum.
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1.1.2 Two-level digital-to-analog conversion - how?

Analog circuitry cannot provide multiple spacings with enough precision for
perfect di erential linearity. Two-level digital-to-analog conversion trades in-
creased sampling rate and circuit complexity for relaxed analog precision. This
technique, called modulation, is a useful mechanism for high-resolution digital-
to-analog conversion and usually employs few (2-32) analog output levels. Thus,
audio bandwidth digital-to-analog conversion demonstrates 16-18 bits of resolu-
tion at sampling rates which are 64-256 times the minimum required Nyquist
sampling rate while using a 2-level output [3]-[4]. When greater than 2 output
levels are used, the di erential linearity is inevitably spoilt. Even though the
number of levels is far fewer here than in a non-noise shaped DAC, leading to
much smaller di erential nonlinearity, the noise shaping is destroyed and complex
element-switching schemes (mentioned later) counter its deleterious e ect.

Two-level, i.e., single-bit modulators for high-resolution conversion are
made possible by signi cant oversampling resulting in a large out-of-band spectral
region. They quantize a high-precision signal into only two levels such that most
of the quantization noise is pushed to the out-of-band region from where it can be
easily removed by Itering. The large oversampling ratio (OSR, the ratio of the
sampling rate to the Nyquist rate) is necessary for a high degree of inband noise
shaping.

Fig. 1.4 shows the block diagram of a low-pass DAC, in which a digital,
Nyquist-rate, N-bit sequence is rst oversampled R times, then quantized to a 1-bit
sequence, then converted to an analog signal and nally low-pass Itered to remove
the out-of-band quantization noise introduced by the noise-shaping quantization

block. Chapter 2 of this dissertation presents research which improves the noise-
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Figure 1.4. Block Diagram of a lowpass DAC.

shaping block in Fig. 1.4. In case of a band-pass DAC, the rst block is usually
absent and the last block is a BPF. For a non-noise shaped multibit DAC the rst
and last blocks are absent, leaving only the quantizer and the DAC blocks and
allowing conversion over the entire Nyquist frequency. Of course, the quantizer
is not 1-bit as shown here. The digital-to-analog converter block usually outputs
a rectangular wave lasting for the duration of the sample period and having a
magnitude proportional to the DAC’s input.

Fig. 1.5 shows the widely popular error-feedback structure for a 1-bit
digital-to-analog converter (DAC) which is equivalent to the noise-shaping quan-
tization and DAC blocks in Fig. 1.4. The amount of inband noise generated by
the structure shown in Fig. 1.5 is related to the OSR and the order of the Iter,
H(z). Using linearized analysis, presented in Chapter 2, the output of the quan-
tization block is the sum of the signal multiplied by the signal transfer function

and the quantizer error multiplied by the noise transfer function.

1.1.3 Bottlenecks in two-level digital-to-analog conversion

Most of existing digital-to-analog conversion is in CD players and in wire-
less handsets and therefore restricted to small lowpass bandwidths of 20 kHz to

200 kHz. The highest frequency lowpass implementation known to the author is



Figure 1.5. Basic Modulator: Error Feedback Topology.

an implementation with a useful signal bandwidth of 5 MHz operating at a sam-
pling frequency of 120 MS/s [5]. Hardware speed limitations impose an inherent
limit to the oversampling ratio, e.g., in current technologies it is not practical
to make the digital modulator circuitry (and the digital interpolating Iters)
work at many hundreds of MHz. Thus, many wide bandwidth digital-to-analog
applications need oversampling ratios less than 10. Furthermore, the switching
action (jitter) and inter-symbol interference (ISI) in the single-bit DAC add an
inherent analog noise oor to the output which increases in proportion to the
switching frequency. Thus, high dynamic range applications will usually require
a sampling frequency much lower than what the technology can provide.

The other route to improving the inband signal-to-noise-and-distortion ratio
(SNDR) of the converter shown in Fig. 1.5 is an increase in the order of the Iter,
F (z). Schreier [6] presents the limit of SNDR for a given OSR-order con guration.
The lower the oversampling ratio, the smaller the bene t of a higher-order Iter
because of the stability requirements for higher-order loop Iters [6]. Furthermore,
loop stability requires the signal amplitude to remain small. This constraint forces
the sacri ce of a large part of the converter’s analog dynamic range. This e ect
is subtle but surprisingly important. The maximum SNDR which this device can

achieve is a function of the power in the signal and the total intrinsic analog noise



present at the input to the rst ampli er after the converter. Increasing the loop
Iter order forces a reduction in the rms signal power at the quantizer’s output (in
order to maintain loop stability), and thus, the overall SNDR begins to decrease
if the converter order is increased beyond the point where analog noise dominates
the inherent noise of the
This dissertation focuses on high-frequency two-level digital-to-analog conver-
sion though many of the ideas can be applied to low-frequency digital-to-analog
conversion as well. The high-frequency two-level analog output su ers from three
impairments. First, the output experiences signi cant intersymbol interference
(IS1). 1S1 is the contamination of a particular symbol’s waveform is by the tails of
the waveforms associated with previous data symbols. The combination of nite
bandwidth and circuit nonlinearities creates the I1SI problem. Each symbol is no
longer independent but is modulated to varying extents by all the previous sym-
bols. This nonideality generates harmonic distortion and spurious content as well
as a raised noise oor. Second, at the high output frequencies of a few to tens
of gigahertz the output experiences a lot of jitter which is a random timing error
at which the output changes. However, this random error only causes an inband
white noise oor which partially obscures the shaped quantization noise of the
M-algorithm decoder. Third, clock frequency related spurs show up at submulti-
ples of the clock frequency and these can modulate with the quantized signal to
generate intermodulation products.
The literature presents four dynamic mismatch models which present switching
non-idealities as a source of dynamic mismatch [7][8][9]. These models are for
unit elements comprising multibit DAC’s and account for temporal e ects of a

particular element (e.g., unequal turn-on and turn-o delays) [7] and temporal



e ects across elements (di erent delays in di erent elements) [8]. Other dynamic
models comprise of non-ideal output capacitance and skew in a binary-weighted
DAC [9]. Only the unequal turn-on and turn-o delay and the non-ideal output
capacitance scenarios are applicable to the two-level DAC scenario considered here.
However, these models are incomplete because switching transients occupy only
one bit period whereas ISl e ects can be present over many bit periods, especially
at high frequencies of operation. These incomplete dynamic models will only work
in low-frequency circuits where ISl e ects are greatly reduced.

Jitter also limits the output, as sampling frequencies increase, by means a
raised in-band white noise oor. The conventional approach to solving the DAC
jitter problem is by building a high-power, low-jitter sampling clock. Luschas et
al. [10] have implemented a pulse-shaped DAC in which the output has a zero
value and a zero time derivative at the instant of sample change, thereby making
the DAC performance less susceptible to jitter. Pulse-shaping can also be applied
in the scenarios presented in this dissertation to ameliorate the jitter problem.

The clock feedthrough problem has to be solved at the layout level.

1.1.4 Competition to two-level digital-to-analog conversion

The multistage noise shaping architecture (MASH) [11][12] is one competing
architecture to the single-bit error-feedback architecture in digital-to-analog con-
version. The MASH is explained in great detail in Chapter 5; the description here
iIs more high-level. MASH, unlike the single-bit error-feedback architecture is an
error-feedforward architecture. MASH, again unlike the single-bit error feedback
architecture, is unconditionally stable as long as the individual stages have un-

conditionally stable modulators. Thus, MASH is able to provide superior noise



shaping as compared to single-bit modulators, at the expense of having multiple
(greater than two) levels in each of the subsequent stages which spoils the dy-
namic range performance. Multiple levels in each of the subsequent stages can be
reduced to 2 at the expense of implementing an analog di erentiator matched to
a digital di erentiator in the architecture; something that is hard to do precisely
thereby spoiling the basic noise-shaping.

The literature contains many other multibit techniques for achieving large
dynamic ranges in digital-to-analog conversion, in both the noise-shaped (typi-
cally low-frequency) and the non-noise-shaped (typically high-frequency) regimes.
Noise-shaped multibit shaping comes with two primary advantages; the inband
noise shaping is greatly increased and and the out-of-band noise is greatly reduced.
The disadvantage of loss of linearity is nevertheless a heavy price and this archi-
tecture normally employs many complex switching schemes to address the loss of
dynamic range performance. Non noise-shaped schemes use partial or complete
segmentation, i.e. breaking up a multibit DAC into many unit-element DAC'’s,
sophisticated switching, symmetric layout and proper isolation between the clock
and the analog output [13]-[15].

One noise-shaped technique uses analog calibration schemes such as contin-
uous current calibration [5] to enhance the linearity of a multi-level DAC. This
high performance DAC may then be used either by itself or within the loop of
a ADC. Another technique, dynamic element matching [16], randomizes the
distortion and spurious into white noise. A third technique, individual level av-
eraging [17], again randomizes the distortion and spurious into white noise. A
fourth technique, mismatch shaping [7][18][19][20] actually shapes the mismatch

between unit-elements (comprising the multilevel DAC) into rst or second order



analog noise. Among non-noise-shaped multibit DAC’s containing a bank of unit
element DAC'’s, similar dynamic element matching or individual level averaging

schemes provide good dynamic range performance [21].

1.1.5 Application areas

As mentioned before, single-bit or few-bit digital-to-analog conversion is
restricted to sampling frequencies up to 200 MS/s. This dissertation explores
single-bit noise-shaped conversion at much higher sampling frequencies of tens of
gigahertz. Single-bit signal generation is a very attractive way of generating high-
resolution arbitrary signals at these high frequencies. Multibit DAC’s presently
cannot provide analog signals at frequencies beyond few GHz and are beset with
bad dynamic range performance at these frequencies. Another method of gen-
erating signals at these high frequencies, mixing, also does not provide adequate
dynamic ranges. These high-frequency signals have many areas of application.
Radar signals are sinusoids at very high frequencies and require high SFDR but
no real-time generation. These signals can also be used to characterize high fre-
guency single-bit hardware using frequency-domain methods as shown in Chapter
4. These signals can also be used to generate digital modulation waveforms at
these very high frequencies using table look-up schemes to provide truly digital
transmitters amenable to VLSI implementation [22].

With real time operation at a few hundred MHz, the multistage architecture
in Chapter 5 is applicable to digital IF generation followed by analog upconver-
sion, i.e., the output of the DAC can be Itered and then upconverted by a mixer.
Another real-time application of the architecture is for SONAR. The three exam-

ples in this chapter all exploit the ability of the Instantaneous Noise Feedforward
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Architecture to achieve good SNDR’s and SFDR’s at low and moderate OSR’s
making them suitable for wide-bandwidth digital-to-analog conversion. Both the
single-bit and multibit architectures require usually large OSR’s, e.g., 64-256
[3]-[41.[12].

1.2 This dissertation’s contribution

This dissertation’s contribution is primarily manifested in the following four
chapters. The rst of these chapters, Chapter 2, presents how an alternate view of
looking at modulation - as an optimization problem - can lead to signi cantly
better solutions to the noise-shaping problem. These vastly improved solutions:
the Viterbi algorithm and the reduced trellis search algorithms provide much
superior noise-shaping over modulation. The M-algorithm, explored in this
chapter, is one of the reduced trellis search algorithms and is nearly optimal
in certain situations. Two of the situations are actually captured; rst, when
the inverse of the noise transfer function Iter is FIR and 10-tap, at an OSR
of 4 and the second, when the inverse of the noise transfer function is an IIR
second order integrator operating with a constrained input set. The chapter also
shows that minimal M-algorithm decoding is equivalent to modulation which,
surprisingly, is optimal for the special case of the inverse of the noise transfer
function being a rst order integrator. Thus, the chapter provides tantalizing
clues that even highly restrained M-algorithm decoding is nearly optimal in certain
situations. However, a general proof has proved elusive so far.

Chapter 3 presents experimental evidence of the improved noise-shaping re-
alized in Chapter 2. This chapter demonstrates how to solve the discontinuity

problem for signal generation to achieve very high frequency single-bit digital-to-
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analog conversion of single- and double-tone signals, at frequencies of 0-4 GHz.
The chapter presents numerous spectral plots which sweep the entire Nyquist fre-

quency in bandwidth sections of &=

5 corresponding to the inband region with an

OSR of 16. The implementation provides provides fairly clean spectra; neverthe-
less, there is a large performance gap between the calculated and the measured.
The principal reasons for the discrepancy are clock feedthrough, jitter and ISI.
Clock feedthrough and jitter can usually be mitigated at the layout or component
level; ISI which has diverse causes cannot.

Chapter 4 presents two new models to capture the ISI phenomenon which
subsume the existing models of single-element non-idealities. The rst model is
completely general and captures the ISI phenomenon entirely. The intractabil-
ity of the rst model led to the development of the second model. The second
model is shown to be equivalent to the rst model and is thus applicable to all
scenarios. This chapter shows that ISI generates harmonic distortion and spurious
and provides a unique and useful method to measure the relative contribution of
various ISI components. Further, it also provides the unique ability to quantify
the relative e ects of separate causes (ISl and static) for harmonic distortion in
binary-weighted DAC systems. The chapter then goes on to solve the ISI prob-
lem and provides evidence of the e cacy of the solution across di erent hardware
implementations.

A problem with very low OSR systems, even when using M-algorithm decod-
ing, is that they cannot provide adequate SNDR or SFDR for most applications.
Chapter 5 presents a new multistage architecture to signi cantly improve single-
stage SNDR’s and SFDR’s when using M-algorithm decoding, for OSR’s as low

as four. The SNDR of a device using this architecture scales as the sum of the
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converter’s signal-to-noise-and-distortion ratio and the ratiometric precision of the
attenuator technology. Practically, however, this architecture is also a icted with
problems of ISI. Bit-to-bit interaction is another problem plaguing this multibit
architecture. Despite these problems, this OSR-4 architecture provides greater
than 80 dBc SFDR and greater than 50 dB SNDR in a 125 MHz bandwidth cen-
tered at 325 MHz with an o -the-shelf DAC. Note that this architecture (usually)
entails 1-bit conversion in each stage and, unlike conventional multibit systems,
analog tolerances here do not cause harmonic or spur generation because it is the
previous stage’s error that is quantized by a particular stage’s quantizer and not
the signal or its component, per se.

The nal chapter of the dissertation, Chapter 6, provides the conclusions and
possible future directions of research arising from the work presented in this dis-

sertation.

1.3 Contribution of this dissertation’s author and director

This dissertation comprises material from two conference papers [23][24] and
two yet-to-be-published journal papers [25][26], in addition to unpublished mate-
rial. Chapters 4 and 5 are slightly modi ed versions of the journal papers [25]
and [26], respectively. The paper that Chapter 5 is based on, \A New Multistage
Noise-Shaping Architecture,” is co-authored by a third researcher, in addition to
this dissertation’s author and director. In this paper, Sections 5.2, 5.3 and 5.7,
represent work done jointly with the third co-author and is accordingly acknowl-

edged. All the remaining work in the dissertation is by the author-director team.
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CHAPTER 2

A NEW INTERPRETATION AND EXTENSION OF MODULATION

2.1 Introduction

This chapter provides a new interpretation of modulation which portrays
modulation as a very crude optimization algorithm. The chapter goes on to
present signi cantly superior algorithms and also some optimality proofs.

The following discussion focuses on a modulator (or noise shaper) with a two-
level quantizer for a DAC but the same ideas can be extended to multiple-level
guantizers and analog-to-digital converters. Consider a modulator with the
two levels, +1 and 1 and a unity signal-transfer-function (STF) (e.g., error-
feedback structure). This modulator is trying to determine the sequence of +1's
and 1% which realizes a given, unity-amplitude-limited sequence as closely as
possible within a frequency band. De ning the frequency band through a Iter
and introducing squared Euclidean distance as the measure of closeness allows the

optimization problem to be de ned rigorously.

What is the sequence of +1's and  1’s such that the squared Euclidean distance
between the Itered sequence of +1’s and 1’s and an identically Itered, given,

unity-amplitude-limited sequence is minimized?

The equivalent block diagram is shown in Fig. 2.1, where F(z) is called the

comparison Iter. Thus, the problem is to nd the sequence y, such that the
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Figure 2.1. Optimization Problem Block Diagram.

squared Euclidean distance, e, is minimized. One method of solving this problem
for a length-N sequence is to try all 2N sequences and choose the one with minimum
e. However, when the Iter is a nite state machine, Section 2.2 shows that the
Viterbi algorithm [27], a decoding algorithm for convolutional codes, produces the
same solution much more e ciently. The Viterbi algorithm is, unfortunately, only
practical when the nite state machine (i.e., number of Iter taps) is small. Thus,
the following sections present more restricted, practicable approaches, beginning
with modulators.

Section 2.3 demonstrates how the error-feedback provides a highly local
solution to the optimization problem that the Viterbi algorithm solves optimally.
The section shows that the comparison Iter that the employs is the inverse
of the noise-transfer-function (NTF) and that the solves the problem one
instant at a time. This section also demonstrates that despite its crudeness, the

algorithm is optimal in the special case of a rst order modulator. A full
understanding of higher order modulators remains an open problem.

Section 2.4 explains how M-algorithm decoding, a sub-optimal convolutional
decoding technique, adapts to solve the optimization problem. M-algorithm de-

coding is nearly optimal for low-amplitude sinusoidal inputs; high-amplitude si-
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nusoidal inputs are beset by large-amplitude limit cycles similar to those of  ’s.
Nevertheless, this simple algorithm signi cantly improves signal-to-noise ratios
(SNR’s) and dynamic ranges over modulation. With an OSR of 4, M-
algorithm decoding generates about 25 dB of peak SNR, similar to Viterbi de-
coding, while ’s realize a peak SNR of about 15 dB. At higher OSR’s (e.g., 16
and 32), M-algorithm decoding demonstrates an SNR improvement of about 12
dB. The improvement in SNR is accompanied by an increase in dynamic range,
which is typically only 20-50% of the maximum possible in ’s because of the
onset of instability at high-amplitude inputs. These signi cant improvements re-
quire only a modest increase in complexity, delay and memory.

Section 2.5 presents algorithms which can be applied on Iters that do not
have a nite state machine representation. The comparison Iters derived from
many typical circuits cannot be represented by nite state machines, e.g., if
the NTF’s have zeros on the unit circle, viz., (1 z )"

Section 2.6 then presents a proof for the existence of a path in the tree gener-
ated by the second order integrator, for DC inputs, within a certain distance of
the Itered input. This provides a proof for the near optimality of M-algorithm
decoding for the richly-structured second-order integrator tree.

Other investigators have considered modulation as an optimization prob-
lem, but the trellis and coding formulation presented here appears to be unique
and more e cient. Roza [28] shows that the rst- and second-order, single-bit
modulation schemes are special cases of the problem he is addressing. He combines
upsampling and noise-shaping in DAC’s into a single problem and seeks a dec-
imated, Itered, high-frequency bitstream equivalent to a Itered low-frequency

PCM sequence. Thus, [28] solves a di erent problem from the one addressed here.
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In spite of the title, the results of [29] do not have anything to do with the ideas

in this chapter.

2.2 The Best Solution to the Optimization Problem

Convolutional codes are generated by convolving binary input sequences with
multiple transfer functions, producing multiple binary output sequences which
form codewords. Addition of noise over the transmission channel corrupts these
codewords, which can then be optimally decoded by the Viterbi algorithm. Op-
timal decoding by the Viterbi algorithm entails nding the codeword closest to
the received, noise-corrupted codeword. The measure of closeness is usually the
squared Euclidean distance. This optimal decoding maximizes the likelihood that
the Viterbi decoded codeword is the same as the transmitted one.

The restated optimization problem posed in the introduction in this chapter
entails nding the closest match between the Itered, high-precision input se-
guence and a Itered binary output sequence. The convolved binary sequence is
a convolutional code over the set of real numbers, instead of GF(2). The di er-
ence arises because the transfer function coe cients in conventional convolutional
codes are over GF(2) while the comparison Iter’s coe cients are over the set of
real numbers. If the Itered high-precision input sequence is considered a noise-
corrupted codeword, the Viterbi algorithm nds the binary sequence (codeword)
which generates the minimum squared Euclidean distance when compared to the

Itered high-precision input sequence.

Fig. 2.3 shows an example of Viterbi decoding applied to signal generation.

Consider a sinusoidal input, x, = cos(ZT“); n =0:::7 and a comparison lIter,

F(z) = 1+ 2z 1. The trellis shown in Fig. 2.2 is called the signal generation
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Figure 2.2. An example of Viterbi Decoding. Input sequence = f
cos(%‘)g; n = 0::7. Filter =f1,2g. Filtered input sequence =
1,2.7,1.4,-0.7,-2.4,-2.7,-1.4,0.7,1.4g. Filtered output levels =

T-3,-1,+1,+3g. Viterbi decoded sequence = f+1,+1,+1,-1,-1,-1,-1,+1g.
decoded sequence = f+1,+1,-1,+1,-1,-1,+1,-1g.

trellis. A square represents a state, and is designated by the previous and present
inputs (the only two on which the output depend) which are shown inside the
square. A line represents a transition from one state at instant k to another
at instant (k + 1). The states in the trellis at a particular instant are ordered
according to the Iter output value. The 2-tap Iter has 4 possible states, each
of which produces one of the following 4 Itered outputs: 3; 1;+1 and +3.
The bold solid line is the Itered sinusoid input. The numbers above each square
depict the squared Euclidean distance accumulated by the best path to that state.
The Viterbi algorithm generates the path (bold dashed line) closest in squared
Euclidean distance to the Itered sinusoid input.

The gure shows that the Viterbi path di ers signi cantly from the path,
given by the bold dotted-dashed line. As shown in the next section, the
chooses its path through the trellis so as to minimize the instantaneous distance

between the Itered input signal at the present instant and the Iter output of
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Figure 2.3. Simulation results for ’s, the Viterbi algorithm (VA) and
M-algorithm decoding (MA) at OSR 4 are shown for a 10-tap FIR
Iter. The peak SNR obtained with both Viterbi decoding and
M-algorithm decoding, 25 dB, is close to the maximum possible.
Record length = 8192.

the current state, i.e., it is very \greedy". For example, at the rst sample instant
(k = 1), the state arrived at is fO+ 1g since the Itered inputis +1. At k = 2, the

chooses the f+1 + 1g state over the f+1 1g state because the Itered input,
2:7 is closer to the former state corresponding to an output of +3. Continuing in
this manner, it is seen that at k = 4, the path has accumulated a squared
Euclidean distance of 0:36. However, the transition to k = 5 forces the greedily
chosen path to state f+1 1g, corresponding to an output of +1, which is
the closest output possible to the Itered sinusoid input of 2:4. This makes
the path’s squared Euclidean distance 11:92, whereas the best Viterbi path
at this instant has a squared Euclidean distance of 5:9. Ultimately the path
accumulates a squared Euclidean distance of 23:82 while the Viterbi decoded path
accrues 11:6. The next section explains conventional ’s in terms of this idea of
\greedy" minimization.

Fig. 2.3 presents simulation results showing the SNR provided by a Viterbi

19



-y

H

£

H(2)

Figure 2.4. Error Feedback Structure.

-y

H

3

L H(2)

Figure 2.5. Fig. 2.4 transforming to Fig. 2.6.

generated sequence when the input signal is a low frequency sinusoid. The max-
imum possible SNR at an OSR of 4 is 26 dB. The gure shows that the peak
SNR generated by Viterbi decoding is almost 25 dB. The curve, however,
generates a peak SNR of only 15 dB. The 10-tap Iter produces a complex signal
generation trellis, comprising 1024 states. M-algorithm decoding (which is ex-
plained in Section 2.4 and also appears in the gure) generates SNR curves nearly
indistinguishable from the Viterbi decoding SNR curves while operating with a
complexity corresponding to 32 states. Combinatorial e ects produce the SNR
drop at high amplitudes seen in Fig. 2.3, i.e., there are fewer degrees of freedom

in a stream that has to be mostly all +1’sor 1’s.
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2.3 The simplest method of nding a path through the trellis - modulation

Fig. 2.4 shows a traditional error-feedback structure. modulation is
normally explained in terms of the frequency-domain description of its \linear
model”. To paraphrase Schreier [31], this model replaces the nonlinear operation
of quantization by the addition of a noise sequence. The output can then be
shown to be the sum of the input sequence and the Itered noise sequence, with
the Iter under the control of the designer. An appropriately designed Iter shapes
the noise away from the signal band. After the digital output is converted to an
analog signal, Itering removes the out-of-band quantization noise. This results
in a high-resolution replica of the original digital signal. If X(z), Y(z) and E(2)
represent the Z-transforms of the modulator input sequence, the modulator output
sequence, and the quantizer error (additive noise) sequence respectively and H(z)
represents the Iter transfer function, then (2.1) shows the input-output relation

of the error-feedback structure.

Y@ =X@ (1 H@E® (2.1)
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Thus, if the signal is bandlimited to [0,B], a high-pass Iter (1 H(z)) will shape
the quantizer error, E(z), to the out-of-band region.

Equation (2.1) also may be used to determine the noise power spectral density
(PSD) under certain assumptions, viz., the quantizer error is uncorrelated with
the signal, uniformly-distributed, and white [31]. However, the assumption of
whiteness is patently false for the rst order modulator, as demonstrated
by Gray [30]. In higher order modulators, empirical evidence proves that the
probability distribution is not always uniform and the noise distribution not always
white. Under these simplifying but awed assumptions, the noise PSD for the
error-feedback model is derived as follows.

Since the noise and signal are assumed to be uncorrelated, the output power
is the sum of the input signal power and the quantization noise power (since the
quantization noise has zero mean). The quantizer error is white and uniformly-
distributed in [ 1;+1]. Thus the PSD of E(T) is given by %, since the noise
power of % is spread over the bandwidth [0; B] (single-sided spectral density).

Thus, the noise PSD is given below.

N (=il HEP (2.2)

There is, fortunately, another way of interpreting the operation of a modu-
lator. The error-feedback structure can be rearranged into a form in which the
modulator appears to be performing a greedy optimization algorithm. Consider
the summer on the right side of the error-feedback structure shown in Fig. 2.4.
The initial point of the wire carrying the positive input to this summer is moved
from the output of the left-side summer to its two inputs. This leads to the ad-

dition of three inputs at the right-side summer. This summer is then divided
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into two, two-input summers. The resulting topology is shown in Fig. 2.5. The

H(2)
1 H@):

new topology is redrawn in Figure 2.6 where G(z) = This new circuit is
called the optimization algorithm structure and provides the quantizer decision

rule given by (2.3).

k=R 1
ya=arg _min X+ X YdOn kY (2.3)

y2f 1;+1g k=0
Here g, is the impulse response of G(z), and x, and y, are the input and

output respectively, at the k™ instant. Thus the modulator chooses the output
to minimize the absolute modulator error (y, X,) Itered by (1 + G(z)) at the
present instant. The Iter, (1 + G(2)) is the inverse of the NTF and represents
the comparison Iter. The optimization is a greedy algorithm because it
minimizes the Itered modulator error one instant at a time.

The algorithm, despite its greedy nature, generates the optimal binary

sequence when the comparison Iter is a rst order integrator This can

be proved in the following manner. The impulse response of this comparison lter
is the discrete-time unit step. This generates an in nite tree for the Itered output
with binary inputs: nodes at 1 and +1 at the rst instant, 2;0 and +2 at the
second instant, 3; 1;+1 and +3 at the third instant and so on. Thus, the
tree generated by the rst-order integrator, has, at any instant, nodes separated
by a distance of 2. The optimum path has the minimum squared Euclidean
distance over all time from the Itered input. If there exists a path in the tree
which accumulates the minimum squared distance from the Itered input at each
instant, it must be optimum. The input is restricted to the range [-1,+1] thereby

ensuring that the Itered input at instant n lies between the extreme nodes, n

and +n. Thus, the minimum squared distance between the Itered input and
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the tree nodes at each instant is less than or equal to unity. If the instantaneous
minimum squared distance is strictly less than unity, there exists only one node
in the tree at that particular instant satisfying the condition and this node must
be included in such an optimum path. If the instantaneous minimum squared
distance equals unity, there de nitely exists one node (and possibly two), creating
one or two such possible optimum paths. Thus, the path with an instantaneous
squared distance (compared to the Itered input) less than or equal to unity for all
instants must realize the minimum squared distance over all instants. The rst-
order modulator realizes an absolute instantaneous error less than or equal to
unity [30]. Thus the instantaneous squared Euclidean distance is also less than or
equal to unity, thereby making the optimum.

Furthermore, modulators are merely the simplest examples of the M-

algorithm decoders explained in the next section.

2.4 M-algorithm Decoding

Any of the reduced complexity convolutional decoding procedures, e.g., se-
quential decoding or M-algorithm decoding, can be applied to signal generation.
This section examines M-algorithm decoding. The M-algorithm is a weaker ver-
sion of the Viterbi algorithm and keeps only the best few (say, M) paths alive
instead of all possible paths, thereby signi cantly reducing complexity. Each path
has an associated metric. The metric (i.e., squared Euclidean distance) at instant

N for the path fyi;y,;:::yng is de ned by (2.4).
R = 2
Metric(N) = fan i fiyn i (24)
n=0 i=0 i=0
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where f; represents the impulse response of the comparison Iter at instant i and
X; is the signal to be quantized at instant i. Initially, the algorithm extends the
tree until Ny time units (No = floor(log,M)) while retaining all 2N possible
paths and metrics in the list. At instant (No + 1), the algorithm considers all
possible extensions, evaluates the corresponding metrics and retains only the best
M paths and metrics in the list. The algorithm repeats this procedure at every
instant after the (N + 1)™" instant until the end of the record is reached. Bits are
output with a delay called the truncation depth.

M-algorithm decoding has much smaller complexity than Viterbi decoding. M-
algorithm decoding evaluates a maximum of 2M metrics at each instant since each
path in the list can be extended by appending a +1 or a 1. Viterbi decoding, in
contrast, evaluates 2™*1 metrics at each instant, where 2™ is the number of states
in the nite state machine. M-algorithm decoding stores M metrics and M paths
compared to Viterbi decoding’s 2™ paths and 2™ metrics. A typical M is about
64 and a typical m is about 750 for an OSR 16 Iter. Furthermore, M-algorithm
decoding can operate with short truncation depths, e.g., a truncation depth of 64
results in good performance with a code memory of 1500 (m + 1).

The simplest M-algorithm decoder is one with a list length of 1 and a trunca-
tion depth of 0. The single metric corresponding to the decoder choice need not be
stored in such a machine and the implementation of the algorithm as a circuit is
fairly simple. In fact, this is an error-feedback, unity signal-transfer-function
structure. Thus, M-algorithm decoding represents a generalization of modu-
lation which allows a greater delay, i.e., increased truncation depth. The bene t
of allowing greater delay is higher SNR, particularly at high input amplitudes.

Simulation results are presented in Figure 2.7 which show the performance of
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Figure 2.7. SNR curves are shown for an M-algorithm decoder (MA)
and a . At an OSR or 32, M-algorithm decoding provides 120 dB of
peak SNR, an improvement of about 12 dB over peak SNR. Record

length = 32768. List length = 256. Truncation depth = 64.

M-algorithm decoding at OSR 32 with a high frequency sinusoid input. The Iter
employed is a 1500-tap FIR Iter derived by truncation of the impulse response
of an 8th order IIR Iter. The peak SNR generated, 120 dB, is more than 12 dB
better than the best performance at the same OSR with 1-bit quantization
[6]. The dynamic range also shows great improvement: from an input amplitude
of 0.2 to 0.7. These signi cant performance improvements require only a moderate
increase in complexity, i.e. a list length of 256 and a truncation depth of 64.
This section has explained how M-algorithm decoding works when the com-
parison lIter is a nite state machine. However, the comparison lters for many
typical ’s are not nite state machines. The next section shows how compar-
ison Iters derived from conventional NTF’s can be used with M-algorithm

decoding even though they do not have a nite state machine representation.
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Figure 2.8. Performance curves for canonical Iters
1 z Y™ n=1;2;3;4 with M-algorithm decoding (MA) and
modulation at an OSR of 32. The record length is 8192 samples.
f/B=10/256. List length = 128. Truncation depth = 32.

2.5 M-algorithm Decoding applied to conventional NTF’s

This section shows how M-algorithm decoding applies to basic di erentiator
NTF’s of the form (1 z )". These concepts are extendable to other NTF’s, e.g.,
rational functions with zeros spread across the band of interest. The corresponding
comparison Iters for such NTF’s are IR with poles on the unit circle and
form in nite state machines.

M-algorithm decoding retains only the best few paths and metrics, thereby
restricting the search space to the region in the trellis around the Itered input,
and so the in nite number of states is automatically pruned by the algorithm. A
problem may, however, result from the generation of large values of the Itered
inputs and outputs. An extreme case occurs when a DC input is fed into an
integrating comparison Iter. This di culty is easily overcome by storing only
the Itered di erence between the binary string and the input signal. All other

features of M-algorithm decoding are similar to the nite state Iter case.
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Simulation results for ’s and M-algorithm decoders applied to NTF’s of the
form (1 z ')";n =1 to 4 with an OSR of 32 for one low frequency are shown
in Figure 2.8. The rst-order curve overlaps the rst order M-algorithm
decoding curve, as expected. The second-order M-algorithm decoding curve, in
spite of accumulating a lower metric as compared to the curve, does not show
any improvement. This is because the SNR evaluation is done in the conventional
manner where the out-of-band noise is completely discarded. However, the
and improved algorithms minimize the Itered modulator error, which includes
a (small) contribution of out-of-band noise. The third- and fourth-order Iters
are not stable with modulation and produce large-amplitude limit cycles. M-
algorithm decoding for these Iters partially remedies this problem, generating
high SNR’s up to input amplitudes of 0.9 and 0.7 for the third and fourth order

Iters, respectively.

2.6 Optimality of M-algorithm decoding for second order integrator

This section shows that M-algorithm decoding is optimal under certain condi-
tions for the following comparison Iter: the second order integrator,.

Consider the tree generated by the output alphabet passed through the second
order integrator, as shown in Fig. 2.6. The tree has nodes at 0 at instant 0, at 1

and 1 atinstant 1, at 3, 1:;1 and 3 and instant 2 and so on. At instant n, the

tree has "2 + 1 nodes given by "D nOED 4o n0ED - Neighboring
nodes are thus separated by a distance of 2. The aim of this section is to show the
existence of a path through the tree such that the path passes through one of the
two nearest neighbors of the Itered input. Since these neighbors are separated

by a distance of 2, such a path has an instantaneous distance less than or equal
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to 2 and is considered \optimal".

The following builds the framework for proving the existence of such a path
through the tree. Fig. 2.10 shows the circuit whose output is squared and accumu-
lated, in the M-algorithm decoder, to nd the distance between the Itered input
and candidate paths generating the tree shown in Fig. 2.6. While the conventional
M-algorithm decoder chooses its output based on minimum P v2 for various paths
kept alive in the list, the desired proof shows the existence of a path with a given
maximum peak error. The di erent criterion can be easily incorporated into an
M-algorithm decoder, and is adopted to help tractable analysis of the problem.

The problem can be restated as: show that there exists an output-DC input
(y x) trajectory for all time in the u-v plane, given that jvj 2 for all time, for

somex2[ 1;+1jandy 2 f 1;+1g.

2.6.1 Preliminary groundwork

The following derives the u-v plane trajectory when y is equal to a string of

+1’s at instants 1 to n. Then at instant n, the following equations apply.

v(in) = v(n 1)+u(n) (2.5)

un) = uin D+(1 x) (2.6)

Similar equations are also valid at all other instants: n 1 to 1 resulting in the

following set of equations.
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vin 1) = v(n 1)+u(n) 2.7)

uin) = un 1D+ x) (2.8)
v(l) = v(0)+u(0) (2.9)
u@ = u@®+@ x) (2.10)

Adding up all the equations (2.5), (2.7) ...to (2.9), and the equations (2.6),
(2.8) ...to (2.10) yields (2.11) and (2.12) for v(n) and u(n), respectively.

X
v(n) = v(0)+ u(i) (2.11)
i=1
un) = ul@@+n(l x) (2.12)
Substituting (2.12) in (2.11) yields (2.13).
n(n+1)

v(n) = u(n) + nu(0) + 5 1 x (2.13)

n, from (2.12), can be substituted in (2.13) to yield the equation of the trajectory

in the u-v plane given in (2.14).

u*(0)  u(0)
21 x) 2

() u(n) _

i 2o 2

v(0) =consty; X &1 (2.14)

where const; is an arbitrary constant. Similarly, the trajectory for a string of 1’s
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is given by (2.15) with const,, another arbitrary constant..

u?(0) u(0)
2( 1 x) 2

u?(n) u(n) _
2(1 x) 2

v(n) v(0) =consty; x & 1 (2.15)

Thus, (2.14) and (2.15) are equations of parabolas in the u-v plane and cap-
ture any set of successive (and even a single) +1’s or 1’s, respectively. All the
parabolas for a particular DC input have their foci lying on a straight line parallel
to the V-axis. Since the maximum possible jvj is desired to be less than or equal
to 2 (since only mapping to one of two nearest neighbors is being considered, and
the distance between adjacent neighbors is exactly 2), the trajectory bounds can
be developed in the following manner. The notation is changed henceforth from
n as an argument to n as a subscript to reduce clutter.

Equations (2.16) and (2.17) gives the equation of the family of parabolas for

the trajectories with successive +1’s and 1’s, respectively.

u3 u
P+1(un; Vn) Vnh Z(Tn)() L ConStl =0 (216)
P 1(Un;vn) Vv uiﬁ Un const; =0 (2.17)
1\Yn, Vin n 2( 1 X) 2 2 .

The bounds can be determined by nding the extremum values as functions of the
DC input x. The extremum values are obtained by setting the derivative g_\L/lerxt =
0 and then nding the resulting Po1(Uext; 2) and P 1(Uext; 2) to determine const,
and and const,, respectively. This yields the following lower and upper bounds

given by (2.18) and (2.19), respectively.
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u? u, +1 X

LB(Un;Vn) Vi m > 3 2 =0 (2.18)
_ u Un 1 x _
UB(Un;Vn) Vn (1 % 2 5 2 =0 (2.19)

Fig. 2.11 shows a particular trajectory and the bounds in the u-v plane for a given

DC input.

v (Second integrator output)

Figure 2.11. The bounds of the u-v plane trajectory (outer parabolas)
and the initial part of the trajectory (inner curves) for an M-algorithm
decoded output-DC input.

For any curve, say B(un; vn) = 0, there exist three regions in the u, v, plane,

i.e., B(un;vn) =0, B(un;vn) =0 and B(un; vnh) < 0 representing regions \above

the curve, \on" the curve and \below" it, respectively.
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2.6.2 Proof by induction

Assume, without any loss of generality, that x 0. Say trajectory exists upto

k =n. Then at k = n, the following hold.

UB(un;Vn) 0

LB(un; vn) 0

(2.20)

(2.21)

At k = n + 1, the proof requires exploration of the following three cases, any

of which the causes the trajectory (un;Vv,) to continue.

UB(Un+1;Vn+1)j(un+1;vn+1):(un 1 X;Va+un 1

LB(Un+1;Vn+1)j(un+1;vn+1):(un+1 XiVn+Un+1
Case 1: _

UB(Un+1; Vn+1)J(un+1;vn+1):(un+1 XVn+Un+1

I—B(Un+1;Vn+1)j(un+1;vn+1)=(un 1 X;vh+un 1

UB(Un+1;Vn+1)j(un+1;vn+1):(un 1 X;Va+un 1

LB(Un+1;Vn+1)j(un+1;vn+1):(un+1 XiVn+Un+1
Case 2:

UB(Un+1; Vn+1)] (Un+1Vn+1)=(Un+1 X;Vn+un+1

I—B(Un+1;Vn+1)j(un+1;vn+1)=(un 1 X;vh+un 1
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(2.22)
(2.23)
(2.24)

(2.25)

(2.26)
(2.27)
(2.28)

(2.29)



UB(Un+1;Vn+1)j(un+1;vn+1)=(un 1 X;vpn+un 1 X) 0
LB(Un+1;Vn+1)j(un+1;vn+1):(un+1 XVn+Un+1 X) 0
Case 3:

UB(un+1;Vn+1)j(un+1;vn+1)=(un+1 X;Vp+Un+1 X) 0

LB (Un+1; Va+ Dl Uns1ivne)=(n 1 xva+un 1 x) < 0

(2.30)
(2.31)
(2.32)

(2.33)

If one of the above 3 possibilities is true, then the trajectory continues to exist

beyond this critical point fu,;v,g. In particular, Case 1 yields both +1 and 1

as choices for y,+1, Case 2 yields 1 as the choice for y,+; and Case 3 yields +1

as the choice for yn+1.

The rst two conditions in each of the 3 cases are always true whenever (2.20)

and (2.21) are true. Rather than consider all 3 cases individually and an additional

case that at least one of the 3 cases is always true, a simpler alternative is to

consider the case that neither +1 nor 1 are choices for y,+1, resulting in the

following fourth case.

UB(Un+1; Vas Dl (Uns1vne)=(Un 1 xvn+un 1 x) 0
I—B(un+1;Vn+1)j(un+1;vn+1)=(un+1 X;Vn+Un+1 X) 0
Case 4:

UB(un+1;Vn+1)j(un+1;vn+1)=(un+1 X;Vn+Un+1 X) > 0

I—B(un+1;Vn+1)j(un+1;vn+1)=(un 1 x;vn+un 1 X) < 0

(2.34)
(2.35)
(2.36)

(2.37)

The 4 cases together are an exhaustive list of potential scenarios for instant

n+1. As mentioned, Case 4 equations (2.36) and (2.37) are always true whenever

(2.20) and (2.21) are true. The other two Case 4 equations, (2.36) and (2.37), and

(2.20) and (2.21) are true i the following inequalities hold:
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Figure 2.12. Various inequalities to simultaneously hold for a solution
for up.

The inequality (2.41), by itself, captures the inequalities from (2.36) and (2.37).
Negating it refers to a solution of the inequalities (2.24) and (2.25). However, in
conjunction with inequalities (2.20) and (2.36), and (2.21) and (2.37), it refers to
the occurrence of at least one of Cases 1, 2 and 3. Fig. 2.6.2 plots the curves for

inequalities (2.38) to (2.40) and the negated inequality (2.41). The upper bound
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TABLE 2.1
MAXIMUM AND MINIMUM DIFFERENCE BETWEEN FILTERED
DC INPUT AND TREE NODES.

DC (16,4) (32,8) (32,16)

amplitude Max Min Max Min Max Min

0.70 1.9974 | -1.8225 | 1.9974 | -1.7088 | 1.9974 | -1.5991

0.72 No path | No path | No path | No path | 1.9952 | -1.7694

0.74 No path | No path | No path | No path | 1.9897 | -1.9054

0.76 No path | No path | No path | No path | 1.9959 | -1.9739

0.78 No path | No path | No path | No path | No path | No path

0.80 No path | No path | No path | No path | No path | No path

in (2.38) is the bold line with circles; the lower bound is the thin line with circles.
Similarly, the lines with squares capture the negation of (2.41); the bold line is
the upper bound and the thin line, the lower bound. Inequalities (2.39) and (2.40)
are displayed by the plain thin and plain bold lines respectively. From the gure,

it is apparent that the inequalities admit a solution for fu,;v,g if and only if

0 x<0:827 (2.42)

The induction is also true for the initial conditions; (2.20) and (2.21) are satis ed
for (up; vo)=(0;0) and all x 2 ( 1;+1). Hence, if x satis es (2.42), there exists
a path in the tree generated by the second order integrator among one of the 2
neighboring nodes of the Itered DC input.

Table 2.1 presents the simulation results of the presence of a path and the

37



maximum ltered error when a path is found with a Itered error less than or
equal to 2. Thus the simulations verify the existence of a path till x = 0:76.
The existence of a path does not provide an indication of how far into the tree
the search must execute to nd one, i.e., how large a truncation depth and list
length are required. Thus, for reasonable M-algorithm decoding parameters that
were simulated, the simulation provided paths with a Itered error of 2 up to a
DC amplitude of 0.76 only. All the M-algorithm decoder parameters that were

simulated did not provide a path for a larger DC amplitude.

—— LL=16, TD=4, Max
—— LL=16, TD=4, Abs min

6| —o~ sigma delta, Max
—6~ Sigma delta, Abs min

Filtered output-Filtered input

0.2 0.4 06 08 10

X (Dc input)

Figure 2.13. vs. M-algorithm decoder Itered output- Itered input
for a DC input.

Hein and Zakhor [32] presented similar parabolic trajectories for the second
order modulator (di erent from the error-feedback structure) with DC input
and realized bounds on the integrator states. However, since the modulator
is naive the integrator states result in much larger values. Fig. 2.6.2 compares the

Itered error for a error-feedback modulator and an M-algorithm decoder with
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a maximum ltered error of 2. However, the modulator is stable up to unity.
If the constraint of maximum Itered error of 2 is removed from the M-algorithm
decoder, it is also stable up to unity.

Similarly, modest M-algorithm decoders nd paths in the tree generated by
integrators of orders 3 and 4 as seen in Fig. 2.8, whereas 2-level modulators
with conventional 3" and 4™ order integrators as the noise-transfer function, i.e.,

1 z Hand (@ z H*are completely unstable.

2.7 Conclusion

This chapter has provided improved noise shaping by interpreting the algo-
rithm as a naive solution to an optimization problem. It also provided the optimal
solution to the optimization problem: the Viterbi algorithm, a decoding algorithm
for convolutional codes. The computational complexity of the Viterbi algorithm
for interesting Iters resulted in practicable approaches like M-algorithm decoding,
which still provided substantial gains in noise shaping. The next chapter presents
the testing and implementation of the improved noise shaping for sinusoidal signal

generation.
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CHAPTER 3

HARDWARE IMPLEMENTATION

3.1 Discontinuity problem and solution

This section paraphrases [33] which lucidly and succinctly presents the dis-
continuity problem and its solution. The discontinuity problem occurs when the
high-precision digital signal repeats onto itself but the two-level analog waveform
generated by repeating the output signi cantly distorts the analog output. This
causes the noise oor to be signi cantly raised resulting in a drastic reduction of
both the SNR and the SFDR.

The discontinuity problem occurs because the sinusoid (or any other inherently
repetitive signal which needs to be quantized) is represented by a nite sequence
of bits. Fig. 3.1(a) shows the PSD of a single tone. Let X be the time domain
record of this tone containing an integral number of cycles. Fig. 3.1(b) shows
the (well-behaved) PSD of the corresponding M-algorithm decoded bitstream, Y.
However, when Y is repeated, the noise oor degrades as shown in Fig. 3.2(a).

The problem is that the concatenation of the M-algorithmdecoded bitstream
with itself, i.e., Y, = [Y,Y,Y, ...], will not produce a low metric. Every M-
algorithm decoded bit inherently depends on all preceding and succeeding bits
and the last few bits in Y are not designed to have a smooth ow into the rst

few bits in Y. Therefore, repeating the bitstream creates an abrupt transition
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Figure 3.2. Multiple-record PSD’s.
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